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Analysis and Computation of Fuzzy Differential
Equations via Interval Differential Equations with a
Generalized Hukuhara-type Differentiability
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Abstract One of the most efficient ways to model the propagation of epistemic uncertainties (in dynamical
environments/systems) encountered in applied sciences, engineering and even social sciences is to employ Fuzzy Differential
Equations (FDEs). The FDEs are special type of Interval Differential Equations (IDEs). The IDEs are differential equations
used to handle interval uncertainty that appears in many mathematical or computer models. The concept of generalized
Hukuhara (gH) differentiability shall be applied in analyzing such equations. We further apply a highly efficient
computational method to approximate the solution of some modeled FDEs. The results obtained clearly showed that the
method adopted in the research is efficient and computationally reliable.
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1. Introduction

It is no exaggeration to say that differential equations play
important roles in modeling of physical and engineering
problems, such as those in solid and fluid mechanics,
viscoelasticity, biology, physics and many other areas, [1].
The theory of Fuzzy Differential Equations (FDEs) has
focused much attention in the last decades since it provides
good models for dynamical systems under uncertainty, [2].

In general, the parameters, variables and initial conditions
within a model are considered as being defined exactly. In
reality, there may be only vague, imprecise or incomplete
information about the variables and parameters available.
This can result from errors in measurement, observation,
or experimental data; or maintenance induced errors. To
overcome uncertainties or lack of precision, one can use a
fuzzy environment in parameters, variables and initial
conditions in place of exact (fixed) ones by turning general
differential equations into FDEs.

In real applications, it can be complicated to obtain exact
solution of FDEs due to the complexities in fuzzy arithmetic,
creating the need for use of reliable and efficient numerical
techniques in the solution of FDEs. Thus, there are many
methods that have been derived to study FDEs. The first and
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most popular approach is using Hukuhara differentiability
for fuzzy number value functions. Here, the existence and
uniqueness of solutions of FDEs are analyzed. Under
appropriate conditions, the FDEs that will be considered
have locally two solutions. Some methods that exist in
literature for the solutions of FDEs under the Hukuhara
differentiability concept include Adomian decomposition
method [3, 4], modified Euler’s method [5], Improved
Runge-Kutta method [6], He’s homotopy perturbation
method [7], Simpson’s rule [8], Picard method [9],
Combined Laplace transformation and variational iteration
methods [10], among others.

Of recent, some results have been published on random
FDEs. The random approach can be adequate in modeling
of the dynamics of real phenomena which are subjected
to two kinds of uncertainty: randomness and fuzziness
simultaneously, [2]. Also, according to [5], the study of
FDEs forms a suitable setting for mathematical modeling of
real-world problems in which uncertainties or vagueness
pervade.

In this research, we shall be interested in the analysis and
computation of FDEs of the form

y'(®) = f(ty(),
y(to) =Y
where VY is a fuzzy function of t, f(t,y) is a fuzzy
function of the crisp variable t and the fuzzy variable
y,y' is the fuzzy derivative of y and y(t,) =Y, is a
triangular or a triangular shaped fuzzy number.

te[to,T]} O
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The sufficient conditions for the existence of a unique
solution to the FDE (1) are that f be continuous function
satisfying the Lipschitz condition,

|f @& x)—f(ty)<Lx-y

We replace the interval t e[t,,T] by a set of discrete
equally spaced grid points

, L>0 (2)

ty <t <ty <..<ty =T, N

t =t,+ih, i=0,12,..,N

2. Preliminaries

In this section, some definitions shall be presented. We
shall also introduce some necessary notations that shall be
employed in this paper.

Consider the space R" of N— dimensional real

numbers and let KQ be the space of nonempty compact and

convex sets of R". If n=1, denote | the set of (closed

bounded) intervals of the real line. Let E be the set of all
upper semi-continuous normal convex fuzzy numbers with

bounded « — level intervals. Then, T is the set of all
triangular or triangular shaped fuzzy numberand U €T .
Definition [11]

A fuzzy number is a fuzzy subset of the real line with

normal, convex and upper semi continuous membership
function of bounded support. A fuzzy number Yy is

represented by an ordered pair of functions
y= Q(a),y(a)), 0 < a <1 which satisfies the following
three conditions:
() y(a) is a bounded left continuous non-decreasing
function Va e[0]]

(ii) ;(a) is a bounded right continuous non-increasing
function Vo €[01]

(i) y(@)<y(a) VO<a<l

A fuzzy number is a generalization of a regular, real
number in the sense that it does not refer to one single value
but rather to a connected set of possible values, where each
possible value has its own weight between 0 and 1. This
weight is called the membership function.

It is important to state that our fuzzy number will be
triangular shaped. A triangular fuzzy number N is defined
by three real numbers a <b < C, where the base of the

triangle is the interval [a,c] and its vertexisat t =h.
Triangular fuzzy numbers will be writtenas N = (a\b\c).

The membership function for the triangular fuzzy number
N is defined as

N(t){(t—a)/(b—a), a<t<b -

(t-c)/(b-c), b<t<c
For a fuzzy number to be triangular shaped, we require the

graph of the corresponding membership function to be
continuous and

(i) monotonically increasing on [a, b]

(i) momotonically decreasing on [b, c]
also, the core of a fuzzy number is the set of values where the
membership value equals one, [12].

Definition [5]

Let X be a nonempty set. A fuzzy set U in X is
characterized by its membership function u: X —[0,1].
Then u(X) is interpreted as the degree of membership of
an element X inthe fuzzy set U foreach X € X .
Definition [13]

The generalized Hukuhara difference of two sets
ABe KQ ( gH — difference for short) is defined as
follows,

(a) A=B+C
or (b) B=A+(-1)C

A®gB=C<:>{ Q)

Definition [5]
Let t, e (a,b) and h be such that t,+he(ab),

then the gH-derivative of a function f :(a,b) — 1 canbe
defined as

f (t, +h)OF (t,) ©
h

f'(t;) = lim

If f'(t,) el satisfying (5) exists, we say that f is
generalized Hukuhara differentiable ( gH — differentiable
for short) at t, . It is important to state that sometimes, f

may be strongly generalized (Hukuhara) or weakly
generalized (Hukuhara) differentiable at t, .

We denote the fuzzy function y by Yy = &5/] where

X,;/ are lower and upper branches of V.
Definition [14]

Let | beareal interval. A mapping y:1 — E iscalled
a fuzzy process and we define its & — level set as

[yOl, =[yta), yta) tel, ac@1 ©
Definition [14]
b
The fuzzy integral Jy(t)dt, a,bel, 0<a<b<i

a

is defined by
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b b b__
D y(t)dt} {j y @t [y (t)dt} )

provided that the Lebesque integrals on the right exist.
Note that if f:1 — E" is Hukuhara differentiable and
its Hukuhara derivative f ' is integrable over [0,1] then,

t
f(t)=f(t)+ [ f(s)ds (8)

t0
for all values of t,, t where 0<t, <t<1.
Definition [15]
A numerical integration scheme is said to be  A(«) -stable

for some «a 6[0,7[/2] if the wedge

S, ={z:|Arg(-z)| <, =0} 9)

is contained in its region of absolute stability. The largest
a( L.e. amax) is called the angle of absolute stability.

3. Interval Differential Equations
and the Generalized Hukuhara
Differentiability

According to [13], generalization of the concept of
Hukuhara differentiability can be of great help in the study of
IDEs. Consider the IDE

y'=1@ty), vyt =Y,
where f :[a,b]x| — 1 with,
6y =] Fty), Ty)] for yel
y=[y. v] Yo=[¥, Yo |

Lemma 3.1 [13]
The IDE (10) is locally equivalent to the integral equation

(10)

YO, Yo = | F(t,y(®)dt 1)

to

The existence of gH-difference imply that the integral
equation in (11) is actually a unified formulation for one of
the integral equations

YOy, = [ £(t, y()dt

)

and

YoOy (1) = f(t, y(r))dt
fo

with ® being the classical Hukuhara difference.
This integral equation formulation helps us in obtaining
existence result for IDEs.

Theorem 3.1 [13]

Let Ry =[ty,t; + pIxI, y, el
f:R,— 1 be continuous. If f satisfies the Lipchitz
condition D(f(t,y), f(t,z))<L.D(y,z) ¥V (t,y), (t.2) eR,;.,
then the interval problem (10) and by extension the FDE (1)
has exactly two solutions Y, ;/:[to, t, +a] — E(yo,q)

nontrivial  and

satisfying
Yo (t) =Y

t
Yo (0O Yo = [ T (L., (D)t

More precisely, the successive iterations

Y, 0=yo+ [ fty Ot

and

u— t —
Yo = Yu®) = [ £y, (D)t

t0
converge to these two solutions y and y respectively.
See [13] for proof.

4. Derivation of a Computational
Method and Analysis of Its Basic
Properties

In order to compute the approximate solution to FDEs of

the form (1), we derive a highly efficient two-step
computational method that has the form,

AQY =Ey, +hdf(y,)+hbF(Y,)

and also analyze its basic properties like order, convergence,
consistence and stability region.

The derivation is carried out using power series basis
function of the form,

(12)

r+s-1

y(t) = Z a,t"

where rand s are the numbers of collocation and
interpolation points respectively.

Let the approximate solution to FDE (1) be given by
power series of degree 5; taking r+S—1=5 in equation
(13) gives,

(13)
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5
y(t)=> at"=a,+at+at’ +at’ +a,t’ +at® (14)

n=0
Differentiating equation (14), we get

y'(t) =a, +2a,t +3at’ +4a,t> +5a,t*  (15)

Substituting (15) into (1) gives,
f(t,y)=a, +2a,t+3at* +4a,t> +5a,t* (16)
3

Interpolating (14) at point th.s,S and collocating (16)

at points tnwrzo(%jg, leads to a system of nonlinear

equation of the form,

TA=U

17)

where

A=[a, a, a, a, a, a

Lt, U, t, ty g,
2 2 2 2 2
1 2t 3t 4 5t
1 2t 3, 4, b5t
n+— n+§ n+§ n+=
T = O 1 2tn+1 3tr$+1 4tr?+l 5t:+1
1 2t , 3%, 4, b5t
n+5 n+§ n+E n+E
0 1 2tn+2 3tr§+2 4tr?+2 5t:+2

Solving the system (17) by Gauss elimination method for
the a;'s, j=0(1)5 and substituting back into the power

series basis function gives a linear multistep method of the
form,

2
. 1
T O =50y, s+ 50y =0 3]z 09
U = yn fn f 1 fn+1 f fn+2 2 2 =0
n+E n+—
where the coefficients of 'y, and f , aregiven by,
o, =1
2
By = ﬁ (192x° —1200x* + 2800x® —3000x* +1440x — 243)
B, = —7—;0(384x5 —2160x* + 4160x° — 2880x2 + 459) (19)
B = 6—10 (48x° —240x" +380x* —~180x* —27)
By = —7—;0 (384x° —1680x" + 2240x° —960x? +189)
B, = L(lgzxs —720x" +880x° —360x? +27)
1440
and X isgiven as
X = t-1, (20)
h
Evaluating (18) at t = %(%j 2, gives a discrete two-step computational method of the (12) given by,
[ 251 (323 -11 53 -19 |
- - - - 0 0 0 —|— - - — = = — |- -

Y 1 Y 1 1440 f 720 60 720 1440 || f ,
1000| ™3 0001)| "3 0 0 o 29 =5 31 2 1 -1 n+s
0200 Yna |_[000L) Yoy | 180 foa|, (45 45 45 180 | fan 1)
0010]|y 4 0001y , 27 f 51 9 21 -3 f 3

n+— n-— 0 0 0 — n-— - - - — n+—
0001 2 0001 2 160 80 20 80 160 2
Yns2 R Lfo ] (32 4 32 7 |Lfe]

L 45 ] L 45 15 45 45 |
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Figure 4.1. Stability region of the computational method

Some basic properties of the computational method
derived are analyzed below:

(i) Theorder P ofthe computational method and error
constants are given respectively by
p=[5 5 5 6] and

2.9297x10" 1.7361x10™

2.9297x10° —6.6138x10°

(if) The method is adjudged to be consistent since it has
order p>1. Note that consistency controls the

magnitude of the local truncation error committed at
each stage of the computation, [16]
The computational method is said to be zero-stable,

if the roots 2515:1,2,...,k of the first
characteristic p(z) defined by

p(z) =det(zA® —E) satisfies |ZS| <1 and

(iii)

polynomial

every root satisfying |ZS| =1 have multiplicity not

exceeding the order of the differential equation, [16,
17]. The first characteristic polynomial is given by,

1000 0001
p(z)=20100—0001
0010f (0001
0001 (0001

z 0 0 -1
0 z O
o o 2 _1|7FEY
0 0 0 z-1
Thus, solving for Z in
’(z-1) =0 (22)
gives 2, =2,=2,=0and z,=1 Hence, the

computational method (21) is said to be zero-stable.
(iv) The computational method is convergent since it is
consistent and zero-stable.
(v) The region of absolute stability of the computational
method is shown in the figure below
The stability region obtained in Figure 4.1is A(«) -stable,
since the stability region consists of the complex plane
outside the enclosed figure. Note that the unstable region is
the interior of the curve (when the curve is on the positive
plane) while the stability region contains the exterior part of
the curve.

5. Results

Let Y =[Y,Y] and y=[y,y] denote respectively the

exact (analytic) solution and approximate (computed)
solution of the fuzzy differential equations of the form (1).
That is,
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Y O, =Yt a).Y ()],
[y®l, =[y(ta), y(t; a)]

Also, let absolute error g = [E, E] be defined by

[E®)], =[Et @), E(ta) ]
(Yo -yt F ) -yt a)]

We shall apply the computational method derived on some
FDEs to test its efficiency and reliability. It is important to
state that the FDEs that shall be solved in this section are all
interval differential equations.

Problem 5.1:

Consider the Fuzzy differential equation,

y'(t) = y(t) te[0]] (23)
y(0) = (0.75+0.25¢, 1.125-0.125¢)

The exact solution is given by,
Y(t;a)=[(0.75+0.25a)et, (1.125—0.125a)et], (24)
O<a<l

The exact solution is computed at t =1.
Source: [18]

Table 5.1. Showing the result for Problem 5.1 at t = 1

Exact Solution Computed Solution

Error in Computational Method Error in [18]

YL ) Y a) yGa) v @)

- — val t
E@Ga) E(La) EGea) E(La) =

0.10 2.106668417 3.024088534 2.106668416 3.024088533
0.20 2.174625463 2.990110011 2.174625462 2.990110009

0.30 2.242582508 2.956131488 2.242582507 2.956131486
0.40 2.310539554 2.922152965 2.310539553 2.922152963
0.50 2.378496599 2.888174443 2.378496598 2.888174441
0.60 2.446453645 2.854195920 2.446453644 2.854195918
0.70 2.514410691 2.820217398 2.514410690 2.820217396
0.80 2.582367737 2.786238874 2.582367736 2.786238872

0.90 2.650324783 2.752260351 2.650324782 2.752260349
1.00 2.718281828 2.718281828 2.718281827 2.718281826

1.0296e-09 1.2764e-09 | 8.7741e-(08) | 1.2595e-(07) | 0.0813
1.1746e-09 2.3475¢-09 | 9.0571e-(08) | 1.2453e-(07) | 0.0821
1.1267e-09 2.4189e-09 | 9.3401e-(08) | 1.2312e-(07) | 0.0829
1.1354e-09 2.4987e-09 | 9.6231e-(08) | 1.2171e-(07) | 0.0831
1.1789e-09 25252e-09 | 9.9062e-(08) | 1.2028¢-(07) | 0.0841
1.2345¢-09 2.5867¢-09 | 1.0189e-(07) | 1.1887e-(07) | 0.0845
1.2567e-09 2.6000e-09 | 1.0472¢-(07) | 1.1745e-(07) | 0.0849
1.3271e-09 2.6547¢-09 | 1.0755-(07) | 1.1604e-(07) | 0.0857
1.4456e-09 2.6784e-09 | 1.1038e-(07) | 1.1462e-(07) | 0.0861
1.5537e-09 2.7745¢-09 | 1.1321e-(07) | 1.1321e-(07) | 0.0867

35
3 - —4—Exact Solution{Lower
Branch)
- L
2.5 Py N
PNV =k :
y | ——Exact Solution(Upper
= Branch)
=
1.5
Computed
1 Solution{Lower
0.5 Branch)
== Computed
0 L S R S B H Solution{Upper
01 020304050607 0809 1 Branch)
Membership Value

Figure 5.1. Graphical results comparing the exact and computed solutions for Problem 5.1

Problem 5.2:
Consider the Fuzzy differential equation,
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y'(t) = y(t)A-2t), t>0
Vl-a Jl-«a (25)
y(0)=| - , , ae[0]]
2 2
The exact solution is given by,
Y(ta)=| - JVi-a et -a e , ael0,]] (26)
2 2
The exact solution is computed at t =0.1.
Source: [6]
Table 5.2.  Showing the comparison of absolute errors of our computational method with that of [6] at t = 0.1 for Problem 5.2
Error in Computational Method Error in [6]
a — — Eval t
E(0.3 ) E(0.1 ) E(0.La) E(0.La)
0.10 5.2156e-09 5.2156€-09 6.45e-(07) 6.45e-(07) 0.4536
0.20 5.3278e-09 5.3278e-09 6.12e-(07) 6.12e-(07) 0.4732
0.30 5.4387e-09 5.4387e-09 5.77e-(07) 5.77e-(07) 0.5106
0.40 5.6782e-09 5.6782e-09 5.40e-(07) 5.40e-(07) 0.5527
0.50 6.1789¢-09 6.1789¢-09 4.56e-(07) 4.56e-(07) 0.6671
0.60 6.2167€-09 6.2167e-09 4.08e-(07) 4.08e-(07) 0.6901
0.70 6.3461e-09 6.3461e-09 3.53¢e-(07) 3.53e-(07) 0.7614
0.80 7.1728e-09 7.1728e-09 2.88e-(07) 2.88e-(07) 0.8734
0.90 7.2314e-09 7.2314e-09 2.04e-(07) 2.04e-(07) 0.9200
1.00 7.3561e-09 7.3561e-09 0 0 0.9452
8E-09
7E-09 X —4—Error in [6] at Lower
6E-09 MH’* Branch
= oE-09 == Error in [6] at Upper
5 AE-09 Branch
S
w 3E-09 . .
Error in Computional
2E-09 Method(Lower
Branch)
1E-09
=== Error in Computional
OBEE SR B BE EE mn mE o mr omm o gn W Method(Upper
0102030405060.70809 1 Branch)
Membership Function
Figure 5.2. Graphical results comparing the absolute errors in the computational method with that of [6] for Problem 5.2
Problem 5.3:
Consider the Fuzzy differential equation,
y'(t) =-y(t) te[0]] @7)
y(0) =[(0.9375 +0.0625¢) — (1— )(0.1875), (0.9375 +0.0625¢r) + (1— )(0.1875)]

The exact solution is given by,
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1 (0.9375+0.0625a)e ™" — (1-)(0.1875)e",

Y(ta) . | eclo (28)
(0.9375+0.0625)e ™ + (1—«)(0.1875)e
The exact solution is computed at t=0.1
Source: [18]
Table 5.3.  Showing the result for Problem 5.3 att = 0.1
Exact Solution Computed Solution Error in Computational Method Error in [18]
(24 . - . - — — Eval 1
YO0Lea) | YO0.La) | YOLa) y(0.La) | E(0La) | E(0La) | E(OLa) | E(0.La)
0.10 | 0.667442721 1040437906 0.667442783 1.040437917 6.2196¢-08 1.1196¢-08 2.852e-(02) 2.852¢-(02) 0.1345
0.20 | 0.693819909 1.025371185 0.693819956 1.025371198 4.7456¢-08 1.0034e-08 2.535e-(02) 2.535¢-(02) 0.2356
0.30 | 0.720197098 1010304464 0.720197047 1010304475 5.1435¢-08 1.1034¢-08 2.219e-(02) 2.219e-(02) 0.2784
040 | 0.746574287 0.995237430 0.746574271 0.995237448 1.6142¢-08 1.8534¢-08 1.902e-(02) 1.902e-(02) 0.3183
050 | 0.772951475 0.989171022 0.772951477 0.989171035 2.0267e-08 1.3017e-08 1.585¢-(02) 1.585¢-(02) 0.3975
0.60 | 0.799328664 0.965104301 0.799328682 0.965104315 1.8789¢-08 1.4712¢-08 1.268e-(02) 1.268e-(02) 0.4452
0.70 | 0.825705852 0.950037581 0.825705867 0.950037593 1.5316¢-08 1.2746¢-08 9.510e-(03) 9.510e-(03) 0.4562
0.80 | 0.852083041 0.934970860 0.852083043 0.934970876 2.0791e-08 1.6641e-08 6.340e-(03) 6.340e-(03) 0.4615
0.90 | 0.878460229 0.919904139 0.878460298 0.919904149 6.9725¢-08 1.1545¢-08 3.170e-(03) 3.170e-(03) 0.5193
1.00 | 0.904837418 0.904837418 0.904837419 0.904837419 1.8253¢-09 1.8253e-09 1.092e-(13) 1.092e-(13) 0.5901
1.2
1 - —&4—Exact Solution(Lower
Branch)
A
ps
0.8 — =
- . .
o =fl—Exact Solution(Upper
= Branch)
= 0.6
0.4 Computed
Solution(Lower
0.2 Branch)
Computed
0 T T T T T T T T T ] 50|ut'|0n(U pper
0.10203040506070809 1 Branch)

Membership Value

Figure 5.3. Graphical results comparing the

From the results presented in Tables 5.1 to 5.3, it is clear
that the computational method derived is efficient and
reliable in approximating the solution to fuzzy differential
equations of the form (1). We observed that the results
obtained show that the method derived perform better that
the ones with which we compared our results with. The
evaluation time per seconds obtained were also observed to
be very small, showing that the computational method
generates results very fast. The graphical results presented in
Figures 5.1 and 5.3 further buttress the fact that the exact and
computed solutions converge for Problems 5.1 and 5.3. For
Figure 5.2, it is clear that the error in the computational
method is by far smaller than that of [6] for Problem 5.2.

exact and computed solutions for Problem 5.3

6. Conclusions

IDEs with a generalized Hukuhara type differentiability
were studied to obtain an existence theorem and uniqueness
of two solutions for FDEs. Special case interval differential
equations called the fuzzy differential equations have been
studied. We also looked at the influence of Hukuhara
differentiability on such differential equations. It is however
important to state that the setback of this approach is that the
solution becomes fuzzier as time goes by. Thus, the fuzzy
solution behaves quite differently from the crisp solution. To
avoid this setback, [19] interpreted FDEs as a family of
differential inclusions. However, the main shortcoming of
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using differential inclusions is that we do not have a
derivative of a fuzzy-number-valued function, [5].

In view of these shortcomings, the generalized
differentiability was introduced in [20, 21, 22] where the
original initial value problem is replaced by two parametric
ordinary differential systems which are then solved
numerically using classical algorithm. You may refer to the
work of [23], where they applied the block backward
differentiation formula under generalized differentiability.

Conclusively, one may also say that the computational
method adopted in this research effectively approximates the
FDEs.
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