American Journal of Computational and Applied Mathematics 2018, 8(2): 27-31
DOI: 10.5923/j.ajcam.20180802.01

{ -State Solutions of a New Four-Parameter 1/r"2 Singular
Radial Non-Conventional Potential via Asymptotic
Iteration Method

A. J. Sous

Faculty of Technology and Applied Sciences, Al-Quds Open University, Nablus, Palestine

Abstract In the present work, we give a numerical solution of the radial Schrédinger equation for new four-parameter
radial non-conventional potential, which was introduced by Alhaidari. In our calculations, we applied the asymptotic iteration
method (AIM) to calculate the eigenvalues of the potential for arbitrary parameters and any ¢ state. It is found that this method
gives highly accurate results that compares favorably with other. Moreover, some new results were presented in this paper.
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1. Introduction

There has been a growing interest in investigating the
numerical solutions of the Schrédinger equation for some
physical potential models. This is because exact solutions of
the Schrodinger equation are very limited, and only
obtainable for a few number of physical potentials [1-3].
The hyperbolic potentials are commonly used to model
inter-atomic and intermolecular phenomena. Among such
potentials are the Poschl-Teller, Rosen-Morse, Scarf, and
hyperbolic single wave potential, which have been studied
extensively in the literatures [4-11]. The hyperbolic
potential under investigation here is, in fact, a
generalization of the hyperbolic Pdschl-Teller potential.

This four-parameter radial potential was introduced by A. D.

Alhaidari [2, 3] and reads as follows

V(r) [Vy+7; tanh? (A7) + ¥ tanh*(27) |, (1)

" sinh2(Ar)

Where {4,V;} are that
A>0,Vy>0 ,7,#0 , and A is a length scale that
determines the range of the potential. Near the origin, it is

real parameters such

1/r? singular, but as » —> 00 it decays exponentially to
zero signifying that it is short-range.

There are three distinct physical configurations of the
potential (1). The first one is when the potential has two local
extrema (one local minimum and one local maximum). In
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this configuration, the potential could have resonances but
no bound states, or it could have both. The second
configuration occurs when the two extrema coincide at an
inflection point or when the potential has no local extrema.
In these two cases, the potential can support neither bound
states nor resonances. In the third configuration, the potential
has one local minimum and could support only bound states
but no resonances. Due to the shortness of the potential range,
we expect that the size of the bound states energy spectrum
to be finite. These speculations will be verified below [2, 3].

If V,=0, potential (1) becomes the well-known
hyperbolic Pdschl-Teller potential, which belongs to the
conventional class of exactly solvable problems [2, 3] and
has the following energy spectrum formula:

2 2
5, =X (on1e fTron /i - i) @

where 7=0,1,...,N and N is the largest integer less than or
equalto §\[1-21 /2> ~ L b2y, /27 -1

For non-zero angular momentum, A. D. Alhaidari wrote

V. ~
the four-parameter radial potential as V() =—+V(r),
r

which makes 17(}’) a non-singular short-range potential
and gives the total Hamiltonian as
W d 0 +1)+ 2V,
BT E—
2m dr 2r

Thus, the time-independent radial Schrodinger’s equation
can be written as

+V(r) 3)

;i W"(r){&tlh V(r)}u(r) =Ey() 4
m 2r
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In this paper, we present the Asymptotic Iteration
Method (AIM) to calculate the eigenvalues not only for
one-dimensional Schrédinger equation, but also for the
three-dimensional and spherically symmetric radial case.

2. Basic Elements of the Asymptotic
Iteration Method

The AIM method is based on solving a second order
differential equation of the form:

L0 =2 £,00+5) £, ©)
Where Ay(x)#0 and A,(x),s,(x) are functions in
C_(a, b), the prime denotes the derivative with respect to x.

So(x) and Ay(x) are
differentiable. To find a general solution to this equation, we
differentiate (5) with respect to x and find

£y ()= 2(x) f,(x)+5,(x) £, (x) (6)

The variables, sufficiently

Where
A () = 2 (%) + 5 (%) + A (),
51(6) = 5 () + 5 (x) A ()
Similarly, the second derivative of (5) yields

FP@ =4 f,x)+5,x) £, B

(7

Where
2 () = A () 5, () + Ay (X) 4y (),
$5(x) = 5,(x) +5(¥) 4 (x)
Equation (5) can be easily iterated up (k+1)th and

(k+2)th derivatives, k=1,2,3,...
Therefore, we have the recurrence relations

SEDV )= 4 (x) £, +5,4(x) £, (x)

)

, (10)
SED(x) = 4(x) fo(x) +5,.(x) £,,(x)
Where
A (X) = A () + 5 (%) + A (%) Ay (%), o

5 () = 53 (1) + 50 (%) Ay (%)
From the ratio of the (k+1)th
derivatives, we have

and (k+2)th

e o J @)
1=
@mMuwzgﬂm] (12)

%JU%@HXﬁQﬂM]

We now introduce the ‘asymptotic’ aspect of the method
[12]. If we have, for sufficiently large &

8 (%) _ S () - a(x)

13
AL (x) A (x) (13)
then, (12) reduces to
d SE@ - A4
L nr £ED ()] = Lo = Lk
e R A= S

which yields the general solution of (5) can be obtained as:

S, () =exp(=[ a(x)dx)[C, +C, [exp( [ [ (x,) + i~

2a(x,)]dx, )dx;]

The termination condition of the method in (13) can be
arranged as

AL (x) =4, (x) 55 () = A () 5, (%) (16)

where k shows the iteration number. For the exactly solvable
potentials, the energy eigenvalues are obtained from the
roots of (16), and the eigenvalues will not depends to chose
of x, and the radial quantum number # is equal to the iteration
number £ for this case. However, for nontrivial potentials
that have no exact solutions and for a specific principal
quantum number n, we choose a suitable x, point,

determined generally as the maximum value of the
asymptotic wave function or the minimum value of the
potential [12-15]. Then, the approximate energy eigenvalues
are obtained from the roots of Eq. (16) for sufficiently large
number of iterations k, where £ is always greater than n.

The stability of the results in AIM depends on different
factors: First; an appropriate choice of coordinate
transformations and functional transformations to transfer
Schrddinger equation into suitable form, because of the fact
that choosing unsuitable coordinate transformations lead to
instability results. Second; the stability of results depends on

choosing a suitable x, point which leads to correct and

stability results, and if we change x, point to another value,
we might reach to instability results, that is why it is critical
to choose the right initial value x, very carefully. Third;
when choosing suitable x, point and substituting it in

equation (16), then as much as we increase the iterations we
can reach to convergence and stability results.

3. The Potential Eigenvalues by AIM

In order to overcome the convergence problem noted
above, we make a change of variables as follows

x = 2tanh(Ar)* -1

After making the convenient change of variable, a
straightforward calculation shows that equation (4) becomes
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2h (2 A2 9% (x) o(x) —+(/12<0(x) Z(x)) j
" d

I(I+1) a7
2 _— — =
1 210) +V(x)-E)y=0
Where
wo(x)=(x+1), (18)
p(x)=(x-1) (19)
y(x)=3x+1 (20)
1(x) = arctanh? (%\ [2x+2) 2))
with
v =-2Dp 1 V (x)+— V @] (22)

o(x)

then, we obtain the second-order homogeneous linear
differential equation in the following form:

VO Y sy e

Where
R ACI N
P 0w o B
and
—2m

SO (x) - Shzﬂ,zq)(x)z a)z (x)n(x) [4¢(x)77(x) I/0
2p (K +e@S @@
+4o(x)n(x)E =222 (I + D) o(x)]
It is now possible to calculate A, (x), and s, (x)

applying equation (11). Finally, one finds the energy
eigenvalues of the potential in (1) by using the quantization
condition given in (16) and choosing the proper initial point
X, - In order to improve the energy eigenvalues, the iteration
number has to be increased within the range of convergence
of the method.

4. Results and Discussions

The AIM method should satisfy the condition in equation
(16), and the results in Table 1 prove the convergence of the

method, our results for E,, show very good agreement with

the results of £, =—10.606766 which obtained from (2).

Convergence seems to take place with increased the number
of iterations £.

In Table 2, a comparison between AIM results and
numerical results obtained by the tridiagonal representation

approach (TRA) for the potential (1) with V=1,

Vi=-50, V,=2,1=1,1=0, and A=m=1. 1t is
found that the results obtained by AIM are in good
agreement with the results of the tridiagonal representation
approach and up to 8 significant digits in the ground state.

In Table 3, we presented the eigenvalues for the potential
(1) when ¥, =0 which corresponds to the well-known and
exactly solvable hyperbolic Péschl-Teller potential. This is
to illustrate the accuracy of the AIM as compared to the TRA.
We took V,=1, V;=-50,V,=0, A=1,1=0,

Zi=m =1 . The Table shows that the eigenvalues
calculated by AIM, are in a good agreement with the exact
values obtained from equation (2).

In Table 4, we compare the bound states energies obtained
by the AIM and those obtained by the complex scaling
method in [2, 3]. The parameters are taken as

Vo=2, ¥, =-80,V, =120, A =1 and for various values
of the angular momentum ¢. Our results are in good
agreement with those listed in [2, 3].

In Table 5, we presented the eigenvalues for the potential

(1), the Vy =0, I, ==70,

V,=20, A=1, and various values of the angular

and

results obtained with

momentum L. The results in this Table considered as new
results which have not been addressed before, and it confirm
that the AIM is valid for arbitrarily values of parameters.

In our calculation we have chose several values for X,
and found the unique one that does not produce instability
and that value was x,=0. Finally, we point out that the

accuracy of the results for the higher excited states could be
increased if the number of iterations were increased limited
only by the stability and convergence properties of the AIM.

Table 1. The rate of convergence of AIM for ground state EO , with

V,=18,V,=—-80,V, =0,4=2,1=0 h=m=1,
computed with the number of iterations & ’

k E,

100 -10.606351

200 -10.606683

300 -10.606733

360 -10.606744

370 -10.606746

380 -10.606747

390 -10.606748

Table 2. A comparison of the energy eigenvalues F ,, of the potential (1)
with A=m =1 and ¥V, =1V, ==50,V, =2,A=1,1=0

n En by TR Approach En by AIM
0 -27.878950096074 -27.87895010
1 -14.799140053574 -14.79914003
2 -5.854541479288 -5.854537386
3 -0.996376819225 -1.003141164
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Table 3. A comparison of the exact energy eigenvalues En of the

potential (1) with V., =0 as obtained by the exact formula of Eq. (2) and
those obtained numerically by the AIM and the TRA. We took
A=m=1,ad V=1V =-50, V,=0, A=1,[=0

n E, Exact(Eq.3) E, by AIM E, by TRA
0 -28.21876953 -28.21876951 -28.21876951
1 -15.19378513 -15.19378521 -15.19378511
2 -6.168800730 -6.168809024 -6.16880072
3 -1.143816328 -1.152171723 -1.14394908

Table 4. A comparison of the energy eigenvalues £ ,, of the potential (1)

obtained here by the AIM and compared to those obtained by the complex
scaling Method (CSM) in [3] We took

Vb =2, V] =-80, V2 =120, A =1 and for various values of the

angular momentum L

? n E, by CSMin[5] E, by AIM

0 - 27.66703017245 -27.66215332
° 1 -4.96995355885 -4.962786443

0 -21.21593606495 -21.09575480
: 1 -0.8517865495 -.7002047775
2 0 -11.585302647445 -11.56852380
3 0 -1.44701935596 -1.448553820

Table 5. The energy eigenvalues En of the potential (1) with

V,=0,V, ==70,V, =20, A=1 .

angular momentum L

and various values of the

n L=0 L=1 L=2 L=3

0 | -63.61657472 -40.32439957 -30.00145387 | -20.83425508

1 | -40.74048413 -22.75675584 - 15.04669318 | -8.687891472

2 | -23.13743830 -10.35480424 -5.271906619 | -1.615752588

3 | -10.67884685 -2.918758897 | -0.6798685034

4 | -3.122016663 | -0.3543795891

5 | -0.1725443285

5. Conclusions

We calculated the energy eigenvalues of the Schrodinger
equation for a new four-parameter [/"2 singular
non-conventional potential using the AIM. Our method is
easy to apply and leads to a good agreement with the
complex scaling method (TRA, also its agreement with the
results obtained by tridiagonal representation approach
(TRA). To the best of our knowledge, this paper is the
first to study the eigenvalues associated with this new
four-parameter radial non-conventional potential.
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