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Abstract

We study an initial value problem for nonlinear implicit fractional differential equation with Riemann-Liouville

fractional derivative. In the process, we obtain the existence and uniqueness of solutions of an implict fractional differential
equation by Banach fixed point theorem. Further, we discuss the uniqueness of solutions via the application of Bihari and

Medved inequalities.
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1. Introduction

The study of fractional calculus that grows out of
traditional concepts of the calculus derivative and integral
operators. Several authors were introduced many different
forms of noninteger differential operators and discussed
varous results on existence, uniqueness; and qualitative and
quantative properties of solutions for fractional differential
equations, the reader referred to [7, 11, 12, 16, 23] and the
monographs: Samko et al. (1993); Miller et al. (1993);
Podlubny (1999); Hilfer (2000); Kilbas et al. (2006);
Cresson (2007); Diethem K. (2010); Katugampola (2011)
and Abbas S. et al. (2012).

Podlubny 1. [20], studied the existence and uniqueness of
an initial value problem:

Dx(t) = f(t,x(®)), (1.1)
DY ()]0 = %0 € R, (1.2)

where 0 <a <1, 0<t<T<o, f:[0,T)XR->R; R
denotes the real space and D* denotes Riemann-Liouville
fractional derivative operator.

Recently, Chinchane V. L. and Pachpatte D. B. [2] have
discussed the uniqueness of solution of fractional differential
equation with the Riemann-Liouville derivative. Existence
and uniqueness of an implicit fractional differential
equations via the Liouville-Caputo derivative have studied
by authors in [17] using the fixed point concepts. Kucche
et al. [10] investigated existence, uniqueness, continuous
dependence and estimates of solutions foran implicit
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fractional differential equations.

Motivated by the above mentioned works in this
manuscript, we discuss the existence and uniqueness of the
solution for the following implicit fractional differential
equations with Riemann-Liouville derivative:

Dx(t) = f(t,x(t),D*x(t)),

Da_lx(t)h:o =Xy € R, t E] = [0, b] (14)

where D* (0 <a<1) denotes Riemann-Liouville

fractional derivative operator and f is real conitnuous

valued function on / X R X R into R; R denotes the real
space.

Furthermore, our intention is to extend the results
presented by Chinchane V. L. and Pachpatte D. B. to
nonlinear implicit fractional differential equation.

The paper is organized as follows. In Section 2, some
definitions, lemmas and preliminary results are intoduced to
be used in the sequel. Section 3 will involve the assumptions
and main result of existence and uniqueness by fixed point
theorerm. Finally Section 4 deal the results of uniqueness for
the problem (1.3)-(1.4) via inequalities.

(1.3)

2. Preliminaries

Let us recall some definitions and concepts of the
fractional calculus [9, 10, 15, 17, 20, 21] and state the few
results which are used throuhout this paper.

Definition 2.1. The fractional derivative of order
0 < a < 1 ofacontinuous function f: R* - R, is given
by

—a
DU =t o € =) f()ds,

provided that the right side is pointwise defined on R*.

21)
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Definition 2.2. The fractional primitive of order « > 0,
of a function f : R* - R, is given as follows

1 t a-1
1°f(®) = ;5 ot =) f(s)ds,

provided that the right side is pointwise defined on RY,
where T'(a) = fom e *x%ldx.

In [19], Medved introduced a special class of nonlinear
functions and developed a method to estimate solution for
nonlinear integral inequalities with singular kernel. The
functions of such class are defined as follows:

Definition 2.3. Let ¢ > 0 be a real number and
0 <b < o. The function w: Rt - R satisfies the
following condition

e w9 < R()w(e *u), (2.3)
for all w e R,,t €[0,b], where R(t) is a continuous,

nonnegative function.
Remark 2.1. If w(u) = u™,m > 0, then

e~ w(u)]? = eMm~Datyy (et y), (2.4)

for any g > 1. i.e the condition (2.3) is satisfies with
R(t) = e~V For w(u) = u+au™, where 0 <
a < 1,m = 1,thefunction w satisfies the condition (2.3)
with ¢ > 1 and R(t) = 27 1e®™ see [14].

Lemma 2.1 [19] Let 0<T<o ,
u(t),b(t),a(t),a (t) € C([0,T),R+); w € C(R*,R) be
nondecreasing function, w(0) = 0,w(u) > 0 on (0,T),
and

22

u(®) < a(®) + [, — )P T h(s)w(u(s))ds,  (2.5)

for t € [0,T) where g > 0 is constant. Then following
hold:

(i) Suppose B > % and if w satisfies the condition (2.3)
with g = 2, then

1
u(t) < e'{Q7'[Q2a()?) + g (D)2,  (2.6)
for t € [0, T,], where
9:() = =B [ R(©)b(s)2ds, 2.7)
where T is gamma function, Q(v) = f” d(s) vy > 0,071

is the inverse of Q, and t € R, is such that Q(2a(t)?) +
g,(t) € Dom(Q™1) forall t € [0,T}].
(ii) Let g = (0,%] and w satisfies the condition (2.3)
i — = 1 -t -1
with g = z = 2, where z = 5 , 1. e. ﬁ—ZH. Let Q, Q
be as in part (i). Then

1

u(t) < e {Q7'aa()?) + g (O},  (2.8)

for ¢ € [0, T;], where
g,(t) = 297K [T R(£)b(s)?ds, (2.9)

1
_[fQ-e)]p  _ 2z _ zt2

K, = [ pl-ep =P T (2.10)
and T, € R, is such that Q(297'a(t)?) +g,(t) €

Dom(Q™1) forall t € [0,Ty].

Lemma22[19]Let 0 < T < o,
u(t),b(t),a(t),a (t) € C([0,T),R+); w € C(R',R)
and

u(t) < a(®) + [t — )P 1 b(s)u(s)ds, (211)

for t € [0,T) where g >0 is constant. Then following
hold:

(i) Suppose B > % then
u(t) < (\/E)a(t)exp[ fotb(s)zds + t],
for t € [0,T].

@i)if g = ﬁ for some z > 1, then

2r(2p-1)
4B

(2.12)

u(t) < (2‘7_1)% a(t)exp [qu—_lKZq fotb(s)q ds + t], (2.13)

for t € [0,T], where K, is defined as in (2.10), g = z + 2.

For detail proof of above two theorems see [16].

Lemma 2.3 ([3, 18], p. 152) (Bihari inequality) Let u
and f be nonnegative defined on R, , let w(u) be
continuous nondecreasing function defined on R*, and
w(u) > 0,0n (0,). If

ult) <k+ fotf(s)w(u(s))ds, (2.14)
for t € R, where k is nonnegative constant, for 0 <t <
T7

ut) < 61 [G(k) + f(s)ds], (2.15)

where

G(r)—jt d()r>0r0>0

and G™1 is the inverse fucntion of G and t; € R, is
chosen so that G(k)+f0tf(s)ds € Dom(G™Y) for all
t € R, layingintheinterval 0 <t < t;.

Lemma 2.4 Let (X,d) be a non-empty complete metric
space with a contraction mapping T: X — X. Then T admits
a unique fixed point x* in X (i.e. T(x*) = x*).

3. Existence and Uniqueness

In this section, we prove existence and uniqueness result
for the problem (1.3)-(1.4). We first note that if x € C(J, R)
is an absolutely continuous function satisfying (1.3)-(1.4),
then

x(t) = -1

r(a) — )% 1f (s, x(s), D*x(s))ds.

(3.1)

Theorem 3.1 Assume that there exist M, L > 0 such that
lf&x,y)—f&,x, P <Mlx—x|+Lly-yl, (32
for each x,x,y,y € R. If (— + L) < 1, then the problem

(1.3)-(1.4) has unique solution x € C(J, R)on J.
Proof. Consider a function F:C(J,R) -» C(J,R) and
defined by

s
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F(z() = f( Ta )t“ 1 +mf (t — s)*1z(s)ds, z(t))

te]j. (3.3
Let z;,z, € C(J,R). Then we have

= Ta )f (t =) Mzy(5) = z()ds + L]z, (¢) — 22 (1)

a

< lzs = z2)lleo + Lz (t) — 2z, (2)]
F( ) 1 2) 1 2
m”h = 2Z)le + Lllz; — 23) |- (3.4)
Hence

IF(z0) = Fz )], < (Fm+ L)1z = 2l (35)

for each z;,z, € C(J,R). From the Banach fixed point
theorem, Lemma 2.4, there exists a unique z € C(J,R) such
that z = F(z). Therefore

zt)=f (t 0 _pa-ly F(la) fot(t - s)""lz(s)ds,z(t)),

I'(a) x(t) =% te1 +m f (t — s)* (s, x(s), D%x(s))ds
tej. (3.6) 4.3)
Set and
x(t) = F(a) —— et +F( )f (t=s)"z(s)ds.  (37) y(®) —F(a) et +r(1)f( = 5)* 7 f(s,¥(s), D%y(s))ds.
This implies that D*x(t) = z(t) and therefore (4.4)
Dx(t) = f(t,x(t),D"‘x(t)),t €. Hence we have
(0 =y < 5 F( ), = 9152069, Dx(®)) — £5,¥(), DY ds
e+ﬁf (t = )* T [MP(|x(s) — y(s)]) + LID* (x(s) — y(s))|]ds. (4.5)
But by hypothesis (4.1) forany t € [0,b] and any x,y € R,
ID*(x(©) —y(@)| = | f (& x(@),D*x()) — f (& y(©), D y())|
< Mo(|x(t) — y(©D) + LID* (x(t) — y (D).
This implies
D" (x(6) —y ()| < IMTLGD(Ix(t) —y(@®D. (4.6)
Using above estimation in (4.5), we get
(0 = YO S ¢+ s [ (0= 97 [MOUx() = YD + 1 0(1x(5) ~ ysID] s
Y= "T@ ), y 1-1L y
1 ¢ ~ ML
ol A A LR LI CORSIODLE
1 ¢ ~ L
< +mf0 (6= 3 M |1+ =] @(1x(s) ~ y(s)as
< €+ s [y (=) T (x(s) — y($)ds. .7

Now an application of Lemma 2.3 to (4.7) which yields

This shows that the function x(t) satisfies the problem
(1.3)-(1.4) and uniqueness of the solution follows from the
unique existence of z(t). This completes the proof of the
theorem.

4. Uniqueness via Inequalites

In this section, we discuss the uniqueness of solution of
the initial value problem (1.3)-(1.4).

Theorem 4.1 If f:J xR XR - R is continuous and
satisfies condition

|f(t,x,J’) —f(t,f,_')_/)l < M(D(lx_fl) +L|y_3_}|! (41)

whre M is positive constant, L € (0,1) and @ is a
continuous nondecreasing function on 0 <u < A, with
®(0) =0 and

A du
fO &)
then the problem (1.3)-(1.4) has unique solution on J.
Proof. Let x(t) and y(t)be two solutions of the problem
(1.3)-(1.4). Then we have

(4.2)
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M b ~
r@a —L)f =9 lds]

: M (t—s)*
' [CD(E) Tra-0 -« '0]

_ M b* (t—b)*
L [q)(e) + r@)(1-1L) (? a a >]
M
I'(a+1)(1-L)

lx(t) —y(@®)] < P! [cb(e) +

<o [@(e) + (b« = (¢t = b)), (4.8)

where ®(x) is primitive for ﬁ. We shall prove that the right-hand side of (4.8) tends toward zero as € —» 0. As
|x(t) — y(t)| is independent of e, it follows that x(t) = y(t), which we need. Let us remark that condition (4.2) implies
®(e) » —oo for € - 0, no matter how we choose the primitive of $. Thus ®~1(x) —» 0as x — —oo. Consequently,

€ — 0 in the inequality (4.8), the right-hand side tends toward zero. This completes the proof of the theorem.
Theorem 4.2 If the function f is continuous and satisfies the conditionz
If(t,x,y) — f(&,%,9)] < Mlx —x[ + LIy — ¥I, (4.9)
for some positive constant M and L € (0,1) then the initial value problem (1.3)-(1.4) has unique solution in the interval J.
Proof. Let x(t) and y(t) be two solutions of the problem (1.3)-(1.4). Then we have

x(t) = F’EZ) el 4+ %fot(t —8)%71f(s,x(s), D%x(s))ds (4.10)
and
y(@) = F(Z) et +mf (t—s)*1f(s,y(s), D%y (s))ds. (4.11)

Therefore, using these (4.10), (4.11) and hypothesis (4.9), we have
1t _ « a
lx () =yl < @JO (t = $)*7|f(s,x(s), Dx(s)) = f(5,¥(s), D*y(5))|ds

<e+ %fg(t —5)e1 [M(Ix(s) —y(s))) + L|D“(x(s) — y(s))|]ds. 4.12)
But by again hypothesis (4.9) forany t € [0,b] and any x,y € R,
ID*(x(&) —y ()| = | f (&, x(),D*x(t)) — f (t,y (@), D y(®))]
< M(Ix(@) —y(@®)D + LID“(x(t) — y(©)I.
This implies
D (x(6) —y()| < 1MTL (Ix(@® = y(@©OD. (4.13)
Using (4.13) in (4.12), we obtain

- 1 w1 [y ML
(©) =y = €+ s | @977 [MOx© ~ @D + 7

(1) =y ds

Lot _ ML
+m‘f(‘) (t—S) 1[M+m] (Ix(s)_y(s)l)ds

1 ¢ L
+ mf (t—s)*1M [1 +—] (Jx(s) — y(s)]ds

< e+ [1(t =) =" (|x(s) — y(s)Dds. (3.14)

r(a)1-L

A

Now, (a) suppose that a« > % then applying Leema 2.2 (i) to (4.14), we have
[ V2a -

lx(t) —y(t)| < V2 eexp )2ds + t}

M
[ c@an
2V2a -
<\/2_eexp[ e (F(a)(l—L))zfds-l_t

2 J2a- 1
<\/_eexp[ M y2p 4t

r(a) 1-L)

(4.15)
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for t €] .Since £ was arbitrary, as ¢ — 0 the inequality (4.13) implies that x(t) = y(t) on]J.
(b) Let « > ﬁ for some z > 1. Then by Lemma 2.2 (ii) to (4.14), again we have,

r@((1-1)

-1 t
lx(t) —y(®)] < (2‘7‘1)% € exp [%qu J (LL)st + t]
0

1y 2971 g
< (29 Naeexp [TKZ (—

for t € [0,b) where K, is defined by (2.10). Since & was
arbitrary in (4.16), implies that x(t) = y(t) as € - 0. This
completes the proof of the theorem.
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