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Abstract

In this paper, we introduce a certain subclass of harmonic multivalent functions in the unit disk

U={z e C :|z|< 1}. We obtain some interesting properties, like, coefficient conditions, convex set, distortion theorems,

weighted mean.
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1. Introduction

A continuous function f = u + iv is a complex-valued
harmonic function in a domain D c C if both u and v are
real harmonic in D. In any simply connected domain D, we
can write f = h + g, where h and g are analytic in D. We
call h the analytic part and g the co-analytic part of f. The
harmonic function f =h+ g is sense-preserving and
locally one-to-one in D if |h'(2)| > |g’'(2z)| in D. See
Clunie and Sheil-Small [3].

Forp>=1ke€ N, denote by G(k,p) the class of
functions f = h+ g that are harmonic multivalent and
sense-preserving in the unit disk U={z € C :|z|< 1}, where
h and g are defined by

h(z) = zP + Z azk,
k=p+1
9(@2) =X, bez", |by] <1 (1)

which are analytic and multivalent functions in U .
Also, denote by G(k,p) subclass of G(k,p) consisting
of harmonic functions f = h+ g where h and g are of

the form
@ =77 = ) laglh
k=p+1
9(2) = _Z?=p|bk|2k, |bi] <1 2

In 1984, Clunie and Sheil-Small [3] investigated the class
Sy and as well as its geometric subclasses and obtained
some coefficient bounds. Since then, there have been
several related papers on Sy and its subclasses. For more
basic results one may refer to the following standard
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introductory text book by Duren [4], see also Ahuja [1],
Jahangiri et al. [5] and Ponnusamy and Rasila ([6], [7]).
The convolution of two functions of form
f@) =27 + . pry az* and
F(2) = 2P + X741 Axz® is defined as

(f *F)(2) = f(2) * F(2) = 2P + Eip1 @Az (3)
Let Gp(k,p,A,B,1) denote the subclass of G(k,p)
consisting of functions f = h+ g € G(k,p) that satisfy
the condition
pizP + (1 - D22 (f(2))
«(f @)

os/131,u<pi,ﬁzo,pzz 4)

Define Gp(k,p,4,B,1) = Gp(k,p, 4, B, 1) N G (k, p).

Lemma (1) [2]: Let @ = 0.Then Re{w} > a if and
only if [w—(1+a)| <|w+ (1—a)|, where w be any
complex number.

Re{(1—-21)+

> (BA+ (1= DpHu,

2. Coefficient Estimates

We begin with a sufficient condition for the function in
f tobe the class Gp(k,p, A, B, 1).

Theorem (2.1): Let f = h+ g defined in (1). If
Yiepsl(X = Dk (ke — p*p) — PAuk]|ay|
+ Xiepl(1 = Dk (k — p?u) — BAuk]|b| —p <0, (5)
Where 0 <A<1,u <pl,p > 2, then f is harmonic
Multivalent sense-preserving in U and f € Gp(k,p, A, B, 1t).
Proof: Let

BAzP + (1 - l)Zz(f(Z))"} _4A@)
z(f(2))' " B(2)
By lemma (1), we must show that (4) holds true. It
suffices to show that

w(z) = {(1 -1+
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lA(z) = (1 + (BA+ 1 = Dp*Hu)B(@)| - 14(2) + 1 — (BA+ (1 = Dp*)u)B(2)| < 0
Substituting for w and resorting to simple calculation, we find

|A(Z) = (1 + (B2 + (1 = Dp?u)B()|
= |1 =Dz(f @) +pAzP + 1 = D[22 F (@)~ A+ B2+ 1 = Dp)wz(f ()]
= | = D2[(h@) + W@ + 227 + (1 = D22 [(h(2) + (9@ | - (1 + B2+ (1 = DpAIWz[(h() + (9@ |

=|1-DpzP+ (1 -21) Z ka,z*

k=p+1

+(1-2) Z kbyz* + BAzP + (1 — Dp(p — 1)zP

k=p
+(@1-=-2 k(k — 1)a,z*
+(1-2) Z k(k — )bz — (1 + (BA + (1 — Dp?)p)pz?

k=p
— (U B+ (A= DPIW) ) kgt = L+ (BA+ (L= DpDw) ) kbyz*

k=p+1 k=p

=[[A-Dp+A-Dplp -1 +pA- A+ (Br+ A - Dp>)wplz?

+ Z [(1= Dk + (1 = Dk(k —1) — (1 + (BA + (1 = Dp)wk]axzX

k=p+1

+Z[(1 —Dk+ 1 —-Dkk—1)— 1+ (Br+ Q- DpHuklb,z*|

k=p

= [(BA+ (1= Dp(A = p) = plz? + Y [(1 = k(e = p*) — BAak — Klayz*
k=p+1

+ D 10 = Dk(l = p*0) = pagk — bz |
ie=p

[ee]

<[(B1+ (1 -Dp*)(A —pw) —pllzI” + Z [(1 — Dk — p?u) — Bk — kllay 2|
k=p+1

+ i[(l — Dk(k — p?u) — Bk — k]|b ||z
|A(z) + (1 - (B2 +k(‘1”_ MpHw)B(2)|
= |1 =Dz(f(2) + pAzP + (1 = D[22 (@) |+ A = (BA+ 1 = Dp)w[z(f (2)']]|
= | = Dz[(r@) + @Y + pAzP + (1 = Dz [(h(2) + (9())|

+ (1= (B2 + (1= DpPHwz[(h() + @) ]|
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=|(1-DpzP+(1-2) Z ka,z*

k=p+1
(-2 Z kb2 + BAzP + (1 — Dp(p — 1)2P
k=p
1A= ) k(k=1Dagz*
+(1-2) z k(k — 1)byzk + (1 — (BA + (1 — D)p?))pz?
i=p
FA=BA+ A=W ) kagz* + (1= BA+ (1= D) ) kbyz*

k=p+1 k=p

=[[A-Dp+QA-=Dplp -1 +pr+ 01— (Br+ 1 - Dp*)uplz?

+ Z [(1 = )k + (1= Dk(k = 1) + (1 — (BA+ (1 = Dp2))klaz*
k=p+1

+ Z[(l —Dk+ 1 =-Dk(k—1)+ 1 —(BAr+ (1 - DpH)wklb,z|
k=p

[ee]

= 11082 + (1 = D) (A = pi) + plz? + D" [(1 = Dk = p*w) — BAak + Klay z¥
k=p+1

+ ) 10 = kel = p?w) = fAuk + kb7 |

k=p

[ee]

> [(BA+ (1 = D)p*) (1 —pp) +pllzlP - Z [(1 = Dk(k — p*p) — BAuk + kllay||z|*
k=p+1

= D 1C1 = DkCk = p2) = Atk + llbellzl*
ie=p

|A(z) — (1 + (B2 + (1 = DpPHWB(2)| — |A(2) + (1 - (BA+ (1 — Dp*)u )B(2)]

[oe]

<[(BA+ @ -Dp*)A —pu) —pl + Z [(1 = Dk(k — p*u) — BAuk — k]|ay|
k=p+1

+ ) 10 = DkCk = p?10) = Ptk = kllby
k=p

[oe]

(162 + (1 = D)) (A = pi) +pl = D [(1 = kel = p?w) — BAak + K]l |

k=p+1

= D 10 = Dk(k = p?10) = Btk + llby
k=p

= —2p+2 ) [(1= Dk = p*) — fAuklla] +2 Y [(1 = Dkl = p*) - fAuk] byl
k=p+1 k=p

[oe]

D10 = Dkl = p?) = Bukllag] + ) [(1 = Dk = pu) = pAuklii] = p < 0
k=p+1 k=p
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[oe]

~ X, . Vi Nk
@ = k;1 [(T— Dk —p2) — paak]” kZM[(l — Dk(k — p?u) — BAuk] @
where

Z 1%l +Z|Yk =

k=p+1

[oe]

D1 = Dkt~ 0 muk]|ak|+2(1—1)k(k p*H) — Bkl b ZmuZm

k=p+1 k=p k=p+1
Theorem (2.2): Let f = h + g with h and g given by (2). Then f € Gp(k,p, 4,5, 1) if and only if
Yipa[ (1 = Dk — p*p) — BAuk]lay | + T [(1 — Dk (k — p?) — BAuk]lb] < p. (©6)

Proof: From theorem (2.1) to prove the necessary part, let us assume that f € Gp(k,p, A, B, 1) using (4), we get

Baz? + (1 - NZ(f(2))
Re {(1 A+ 2F @Y }
{(1 D2(f @) + pAzP + (1 - 1) 2(f(2)) }
@)

(1= Dz[(h@) + (9@) ] + p222 + (1= D2 (k) + (9) |
z [(h(z))’ + (g(z))’]

_ {[(1 — Dp® + pAZP — Eip il — Dkl — X, [(1 — l)kzllbkl(f)k}
pzP — Xipr klaglz* — X, kb (2)*

= Re

> B+ (1 - DpHu.

If we choose z to be real and let z — 17, we obtain the condition (6) and the proof is complete.

3. Convex Set

Theorem (3.1): The class Gp(k,p, A, 8, 1) is convex set.

Proof: Let the function f;(z)(i = 1,2) be in the class Gp(k,p, A, B, u). It is sufficient to show that the function H
defined by:

H(z) =1 -e)fi(z) +ef,(z), (0<e<1) (7
is in the class Gp(k,p, A, B, 1) we have
fi=2" - Z |ag|2* —Z|bkl|z
k=p+1

Since for e (0 <e < 1)

H() =27 - Z (1= x| — elaca|) 2 —Z<<1—e>|bk1|—e|bk2|>z

k=p+1

In view of Theorem (2.1), we have

D10 = DkeCk = p2) = Al (1 = )l aga| = elaz]) + ) [0 = DIk = p2) = BAkl((1 = || = elecal)
k=p+1 k=p
=@-e Z [ = Dkl = p) — pAuk]|ax | + Z [(1 = Dk = p*) — pAuk]|brs |

k=p+1 k=p
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[oe]

ve| D 1( = Dkl — pP) — fukl|ags] + D 1(1 = Dkl = p) — pask]|be 4

k=p+1
<(1-e)p+ep=p.
Hence, (z) € Gp(k,p, 4,8, 1) . This completes the proof.

4. Distortion and Covering

The next Theorem is on the distortion and covering bounds for functions in the class G_p(k, A B, 1.
Theorem (4.1): If f € Gp(k,p,A,5,1),|z| =r <1, then

If(2) | = (1= |b,|)r? — pl1-|by|] o+ ©

@+D[A-D)(1+p-p2W)-BAu]

and

< 1 p[1_|bp|] p+1 )
F@ 1= (+ b1 + o mr v ©)

Proof: Assume that /'€ Gp(k,p, A, B, ). Then by Theorem (2.2), we obtain

@)1= - Z oyl 2* —Z|bk|(z)k > (1 [by|)r” - Z (lagl + 1bDr*

k=p+1 k=p+1

= (1|, [)r? - Z (Il + b v+

G
= (= I - =B T Mﬂkzp“(“ DI = D1+ p = p0) — p2ul ] + [by ro*?
= (=15 ~ = z)(11+ e ST kil[(l = Dk = p*) = pApk) (lax| + b DrP+?

= (1= I - o= = =l Pl

= (1=l - ol 1l

P+ DIA-DA+p—p*w) — pAu]
Relation (9) can be proved by using the similar statements.
The covering result given in corollary (4.2) follows from the inequality (9) of this Theorem.

Corollary(4.2): If f € Gp(k,p, 4,3, 1), then

p[1 = |by]
. —|b P _
{W wl < (1 =By )r [+ DIA = DA +p — p2) — Bl

}cf(U) .

5. Weighted Mean
Definition (5.1): Let f and F € Gp(k,p, 4, B, 1), where

f2) =2 - Z ||z —z|bk|z and F(z) =7V — Z |A|2* —Z|Bk|z

k=p+1 k=p+1

Then the weighted mean E;(z) of fand g is given by
1
Ei(z) = E[(l -Df@+A+DF(2)], 0<i<1.

In the theorem below, we will show the weighted mean for this class:
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Theorem (5.2): If f and F be in the class Gp(k,p, A, B, 1), then the weighted mean of f and F is also in the class

Gp(k,p, 4, B, ).

Proof: By Definition (5.1), we have

- %[(1 —Df @ + A+ Dg(@)]

E(z)—— a-0fz- Z lag|2¢ —Zlbklz +(A+0)| 2 - Z 4|7 —ZlBklz

Ei(2)

k=p+1 k=p+1
1
=5 zP — Z (1 —Dlalz* —Z(l—l)lbklz + | zP - Z (1 + )| Az —Z(1+1)|Bklz
k=p+1 k=p+1

[oe]

=P _ Z =[(1 = Dlag| + 1+ D)|Ax]]z

k=p+1

;—\

5 [(1 = Dlbil + (1 + DBy ]]Z*

Since f and F are in the class Gp(k,p,A, B, 1) so by Theorem (2.2), we get

Yiepil (1 = Dk(k — p?p) — BAuk]lay | + X, [(1 — Dk(k — p?p) — fAuk]|b| <1
» <
and
Yieps1 (X = Dk(k — p? ) — PAuk]|Ax| + Xi_pl(1 — Dk(k — p? ) — PAuk]|By| <1
» <
Then
1—-MDk(k - Auk
= Z L= R P70 — PR (L a4+ 1+ ol
k=p+1 p
[(1 = Dk(k — p*u) — BAuk]
+; . (310 = DIl + 1+ D1BN)
EEDR [mpﬂ[u — kel = p*) = pAuk]lay] + Tl = Dk(k — p*u) = fAk] by
=5 >
1 [ZRepea (@ = Dkl = p? 1) = BAuk ]| Ag | + Xipl(1 — Dk (ke — p?p) — BAuk]|By |
+-(1+19)
2 P
1
5(1—1)+ (1+1)—1
[4] P. Duren, Harmonic Mappings in the Plane, Cambridge
Tract in Mathematics, 156, Cambridge University Press,
Cambridge (2004).
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