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Abstract In this paper, we study the mean time to system failure of three dissimilar redundant systems consisting of two
subsystems A and B in series each. System I consists of Subsystem A containing two units A; and A, in cold standby,
subsystem B has two units B, and B, unit in cold standby and with one external supporting unit connected to subsystems A
and B. System II consists of Subsystem A containing two units A; and A, in cold standby, subsystem B has two units B, and
B, unit in cold standby and with two external supporting units, one connected each to subsystems A and B. System III
consists of Subsystem A containing two units A; and A, in active parallel, subsystem B contains two units B and B, unit in
cold standby and with two external supporting units, one connected each to subsystems A and B. The systems are analyzed
using Kolmogorov forward equation method. Explicit expressions for mean time to system failure are derived. Comparisons
are made analytically and numerically to determine the optimal configuration.
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1. Introduction

With advancement of modern science and technology,
complex systems have been manufactured to meet the
demand of industries, economic growth and populace in
general. Companies and organizations heavily rely on these
systems to conduct their business. Due to their importance in
promoting and sustaining industries and economy, reliability
measures of such systems have become an area of interest.
Among the reliability measures of interest are, the
steady-state availability, busy period, profit function and
mean time to system failure, (MTSF). Modelling the
reliability and availability of the system is important because
it will assist in diagnosing the best time to carry out a
preventive maintenance which leads to increase in mean time
to system failure and availability of a system and related
profit. Reliability modeling and analysis of complex systems
have drawn the attention different researchers. [3]
Investigated  multi-objective  reliability = redundancy
allocation  series-parallel  problem using efficient
epsilon-constraint. [4] Proposed multi-objective particle
swarm optimization method for solving reliability
redundancy allocation problems.

Many research results have been reported on the analysis
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and comparison of reliability measures mention above. [1]
studied MTSF and cost effectiveness of 2-out-of-3 cold
standby system with probability of repair and inspection, [2]
have analyzed the Availability of k-out-of-n: G systems with
non identical components subject to repair priorities, [5]
performed computational comparisons of confidence
intervals for the steady-state availability of a repairable
system, [6] performed comparative analysis between two
unit cold standby and warm standby outdoor electric power
systems in changing weather. [7] performed comparative
analysis of availability between three systems with general
repair times, reboot delay and switching failures. [8]
performed comparative analysis of availability between two
systems with warm standby units and different imperfect
coverage. [9] Performed comparative analysis of some
reliability characteristics between redundant systems
requiring supporting units for their operation. [10] Have
analyzed the mean time to system failure of 2-out-of-4 warm
standby system attended repair machines and repairmen
while [11] performed comparative analysis of profit between
three dissimilar repairable redundant systems using
supporting external device for operation.

The present paper is devoted to deal with mean time to
system failure (MTSF) comparison between three dissimilar
redundant systems that worked with the help of an external
supporting device. Explicit expressions for mean time to
system failure have been developed. Analytical and
numerical investigation on the optimal configuration has
been performed.
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2. Notations, Description and States of
the Systems
@, : Repair rate of unit A, for both systems, &k =1,2
@, : Repair rate of unit B, for both systems, k =1,2
P, : Failure rate of unit A, for both systems, k =1,2
3, : Failure rate of unit B, for both systems, k =1,2
Q5 : Repair rate of the supporting unit for both systems
[ : Failure rate of the supporting unit for both systems
Pt (t), k =1,1I,1I : Probability row vector
P,(?),y =1,2,3 : Probability that the system is in state S,

3. Mean Time to System Failure Models
Formulation

Let P.(¢) to be the probability that the systems at time
t20 are in the states S;, i=0,1,2,3,4,5,6 for system
I, i=0,1,2,3,4,56,7,8,9 for
i=0,1,2,3,4,5,6,7,8 for System IIL. Also let P’(¢),

j=1,11,1Il be the probability row vector at time ¢, we

have the following initial conditions for system I, IT and III
respectively:

System II and

3.1. Mean Time to System Failure of System I
Let P.(t) to be the probability that the systems at time
t>20 are in the states S, ,i=0,1,2,3,4,5,6

P! (1) =[1,0,0,0,0,0,0] be the probability row vector for
system I with the following differential equations.

and

d
—(P(1)) =T,P(?) )
dt
where

(-¢ & @« 0 0 0 0]

B —q 0 a,

B 0 -9, o 0 0 0

L= 0 B B -4 o o a,

0 0 0 B -a 0 0
0 0 0 B 0 -a O
o 0 0 B 0 0

L —a, |
Q=B+h . a=a+p . G=a,+p
g =a,+a, +f+ B+ B

It is difficult to evaluate the transient solutions, the

procedure to develop the explicit expression for MTSF] is
to delete the fifth, sixth and seventh rows and fifth, sixth and
seventh column of matrix 7] and take the transpose to

produce a new matrix, say M. The expected time to reach
an absorbing state is obtained from

E [T P(O)»P(absorbing)} = MTSF, = P(0)(-M, ")

(2)
3 3 3
) Z:Bn +0,0, /5 Z:Bn +650,/3 Zﬂn +0,8 8
n=l n=l n=l

3
8BS 2B,

where

-9 B B 0
a -q 0 B,
a, 0 -9, A
0 a o -4
2
O =200, 8, + 2000, B, + o s + e ey
2 2
ooy o f o fif +a B+ B

+ azﬂzz ta, B+ ﬂlzﬂz + ﬂlﬂzz + 8,5,

2, B2
0, =20, + 20,5, + oy fy + oy, +ay + f

+ B85, + B

S =BBta i+ fy+anfh+afi+ayp
+a,fy+ BB+ /322 +28,5, + 1312

2
Oy =2ay B+ 2005, + oy By + oy + a0, + B

+ ﬂzz + B, 5

3.2. Mean Time to System Failure Analysis of System I1
Let P,(f) to be the probability that the systems at time
t>0 are in the states S;,71=0,1,2,3,4,5,6,7,8,9 and

P (t)=1[1,0,0,0,0,0,0,0,0] be the probability row
vector for system II with the following differential equations.

d
E(P(t)) =TP(1) ®)

where
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~h, o a 0 0 0 0 0 0 0
B -h 0 o o qa 0 0 0 0
B 0 -h a 0 0 a, a 0 0
0 B, B -h 0 0 0 0 o a
0 5 0 0 -o 0 0 0 0 0
b= 0 B 0 0 0 -a 0 0 0 0
0 0 5 0 0 0 -a, O 0 0
0 0 5 0 0 0 -a, 0 0
0 0 0 B 0 0 0 0 -o 0

| 0 0 0 B 0 0 0 0 0 -a,]

hy=p+ 5.

h=a+p+ B+ 5,
hy=a,+p+5+5,
hy=a,+a,+p+p,

Following the procedure used in computing MTSF,

1
E[TP(O)HP(absorbing)] = MTSF, = P(O)(_Mz_]) i = & )
1
1
~hy B B 0
M, = o —h 0 p
a 0 -h p

0 o o -k

N, = Ba’ +a B +ajay” vy’ + B+ By
+hha’ v, B+ fiay’ + Bl + Bl + By
+ BBy + Bian’ +3a, B By + 30,0, By 20, By
+3a, B, + 3P0 o + 20, 0y + 2.8, Byt + 20, By
+20, B 43P By +3B B + 2B B 288y
+3, Byaty + 30,0, B+ 4, By o + 0 B B+ 25 By
+28,8; + 28BSy + o BBy + 3B, + & By + ay, B
+20,8; + BBy + BBy + 2885 + B3+, B By
+ 0,5 s+ BBy + B3 By + v B+ 05 B+ 20,
+3a,8.5, + ﬁ13 + 2ﬂ12ﬂ2 +a, B p, + ﬂ]ﬂzz +a, B s
+ o, s + BBy + By

Dy =B+ B+ 6B, + 2,0, B + 45, B
T2 BBy + 6B B o + 200 3 B + 300 By B
3B By, + Bl + BB+ Byl + BB
+ BBl + BB+ By Bl + A e o
roya, B, BB roya, B+ By By,

+ BB + BBy + By By’ + By fra,
+Byay Pya, + 20, B +AB B + 657 By

3.3. Mean Time to System Failure Analysis of System III

Let P(#) to be the probability that the systems at time
t>20 are in the states S,,i=0,1,2,3,4,56,7,8,9 and
P" () =[1,0,0,0,0,0,0,0,0]
vector for system II with the following differential equations.
P™(1)=11,0,0,0,0,0,0,0,0] be the probability row
vector for system II with the following differential equations.

be the probability row

< (P)=T,P() ©
dt
-y, ¢4 & 0 a 0 0 0 0]
Boo»n 0 a 0 @ 0
N O 0 0 o
o 5 B » 0 g a 0 0
T, =| B 0 0 -, 0 0 0 0
0 0 B 0 - 0 0 0
0 0 A 0 0 -a 0 0
O B4 0 0 0 0 0 -a O
0 0 B 0 0 0 0 0 -g

Vo=B+B+B.y=a+B+B . m=+B+p,
= ta,+f+
Following the procedure used in computing MTSF], the
expected time to reach an absorbing state is obtained from

1
a1 N,
E[TP(O)—)P(absorbing)J = MTSF; = P(O)(—M3 ) | =—2 (6)
1
Yo IBI ﬂz 0
a - 0
M, = 1 i 5,
@ 0 -»n B

0 a, o —)
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N, =3aya, B +30, B, B, +3B 2, B, + 3y, B,
+3ﬂ12ﬂ2 +a ﬂ12 +2azﬂ12 +2¢ ﬂzz "’0‘2/322

2 2 2, p3, p3 2 2
1308, + By + By + B+ Bty oy,

+ﬂ1(“2al toy’ 420, i+ 30, o+ B2 B+ oy +,B22)

+,32(3ﬂ10‘1 +a’ vy +2ha B+ B2 By +ﬂ22)
+B B (28 + 2B, + oy +ay)

Dy =B+ B 3B B B+ 2P0 B + 4B
38,8, 5, + 20, 2 B, + 20, By By + 28 By
+ 47, + e’ +Apay By + ey B+ By ]
oy, By + B By, + B fyan” + By By’
+3B1a By, +3P,0 fray + 20, 5 + 457 B,
6878, + B B +4AB B + 20, By + By By
3B,y + 3B, B oy + By’

4. Comparative Analysis

The purpose of this section is to present analytical and
numerical comparisons for the mean time to system failure
between the systems using MAPLE and MSTLAB software.
Five different cases are presented below: Cases I — IV are
analytical comparison between the systems while case V is
the numerical comparison.

Case I: Comparison MTSF, i=1,2,3 when a; # Q,

and S, # 5,

MTSF, — MTSF, >0 7)
MTSF, — MTSF, >0 (8)
MTSF, — MTSF, >0 9)

Va,>0,a, >0, >0,8,>0,5,>0

Equations (7), (8) and (9) are too spacious to be shown
here. From (7), (8) and (9)

MTSF, > MTSF, > MTSF,

Case II: Comparison MTSF, i=1,2,3 when o, =,

MTSF, - MTSF, = % >0 (10)
3

Ny = 20‘1351 + 20‘13,32 + 80‘12/312 + 80‘12:31ﬂ2 + 0‘12/322
+ 120‘1:[’)13 + 130‘1ﬂ12ﬂ2 + 3a1ﬂ1ﬂ22 + 6:314 + 7ﬂ13ﬂ2 + 2ﬂ12ﬂ22
D, = Zﬂlz (251 +5, )(%ﬂl +tayf, + Zﬂlz + ﬁlﬂ2)

MTSF, — MTSF, =%>o (11)

4

N, =20} fy +4a) ;) +10a; B,y + i f; +1601 i}

240 7 By + 5! BBy +24aq 3 +300, ]

+ lzﬂls + Sahglzﬂzz + 181514:62 + 6ﬂ13ﬂ22
D, = 21512 2B+ 5, )(alzﬂz + 20‘1ﬂ12 +2a,5,

+48} + 28 B,)

MTSF, — MTSF, = % >0 (12)

5

Ns=5, (a,4 +4a13ﬂ1 +a13ﬂ2 + 70‘121312 +30‘12ﬂ1/32

+ 60‘1ﬂ13 + 4a1:312ﬂ2 + 4ﬂ14 + 2ﬂ13,32)

Dy =2p(ay p + o, 5, + 2ﬁ12 + 5,5 )(alzﬂz + 4ﬂ13

20‘1:6'12 +2a, 8, + 21312ﬂ2)

From (10), (11) and (12)

MTSF, > MTSF, > MTSF,
Va,>0,5>0,3>0,8 >0

Case III: Comparison MTSF, i=1,2,3 when g =p,

MTSF, — MTSF, = % >0 (13)
6

4 4 492, 4 3 2
Ne=aja b +ay a5+ By + oy f Sy +4a;a; B

+ 305130(22,83 + 150{130:2ﬂ12 +16a13a2ﬂ1ﬂ3 + 30:130:2,332
+11a} 7 +13a; 7 sy + 305 B 5 +5aiar

+ 30:120:23,83 + 370:120122ﬂ12 + 330:120:22,81,33 + 6a12a22ﬂ32
+80ai e, +93ei' e, i iy + 290 o B B

+ 20 a, iy +460; B +64ai B+ 64ai B By
+260 B 5 +30l B + 20405 B + i By

+ 250,05 B +19a,05 B, By + 3en,05 By + 2,05 By
+105eq05 B +108a,3 B By + 31y B, By +485¢
+172a00, B + 22100, B By + 8Ty, B By

+ 100‘10‘2ﬁ1ﬂ33 + 840‘11815 + 1300‘11314ﬂ3 + 64a1ﬂ13ﬁ32
+10a, B2 5 + 205 B + 3 B, s + 20053 5 +108cx, 3
+160, 51 B; + 30,5 +T4a ) +830 s
+290; L 5 + 305 B.; +1500, B, By + 445, B;
+68a, 8 B; +10a, B B; +803 B, + 813 B

Dy = ﬂ12 2B+ By ay +a, +25) e +a, + 45

+28) ey + oy By + 20,0 + oy By + 4ﬂ12 +25,;)

MTSF, - MTSF, = % >0 (14)

7
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Ny =005 By + oy B + 20} o B s + ) fB}
+ai Bl Py + alos By + 20t a3 i+ 8ates B By
+ata; i} +9aia, f +16atay B By + Tai B
+ 30‘12a2ﬂlﬂ32 + 905121313:33 + 20‘12:3121832 + alazsﬂlz
+2,05 B, B; + 94,03 B +16c,0;5 B 5 +18¢4 ]
+30,05 B 5 + 26040, B +360,0, 5 By + 0 3]
+9c,0, B 5 + 240, ) By + T B 55 + e B By
+ 7azzﬂ14 + 90‘221313133 + 20‘22ﬁ12ﬁ32 +18a, /5 + 12ﬁ16
+240, B By + T, 5 5 + 18 By + 6 5 5

o

= /3’12 2B+ By +ay + 2 (o, By + 4ﬂ13
+ alﬂlz +a, B+ azﬂlz +a,Bp; + 2ﬂ12ﬂ3)

MTSF, - MTSF, =%

Dy

(15)

Ny =—(a5'c; By + 205 0, B, s + @t} o, B + a1 B s
+ & B + ot fy —aial B+ 8l B — o B
+ 203 7 20 B + Ve o i By + 8a s B B
+aiay B + 705 BBy + 60 BBy + o B + 4B B
— 05 B +30,05 B By + 0 7 = Tona; 5 =120, 3]
+150,05 B By + 9,05 B 55 + ez B — 1y, B
+ 25a1a2,b’13ﬂ3 + 230‘10‘2ﬂ12,332 + 40‘1a2ﬂ1ﬂ32 - 7azzﬂ14
+160,5. 55 +4a, B B3 + 205 L By + 5 B By
+ 16ﬁ15ﬂ3 + 80‘22,313ﬂ3 + 70‘22ﬁ12ﬂ32 + a%ﬂlﬂ;
+140, B By +16 B By +18a, B 5 +4a, B By

Dy = fi(af + oy B+ 20, B+, By + 4ﬂ12 +28,5;)
(o +ay +46 + 2B ), 5 + alﬂf +a,p s
+ 4,313azﬁ12 +a, BB+ 2ﬂ12,33)
From (13), (14) and (15)
MTSF, > MTSF,

MTSF, > MTSF,
Va,>0,5>0,5>0,5>0

while the sign of MTSF; — MTSF, depend on Ny
Case IV: Comparison MTSF, i=1,2,3when o, =,

and 5, = 3,

MTSF, — MTSF, = % >0 (16)

9

Ny =605 B, +4ai By + 220 B2 +170 B, + 123
20‘12ﬂ32 + 300‘11313 + 28a1ﬂ12ﬂ3 + 6“1181:332
+ 14ﬂ13ﬁ3 + 4ﬁ12ﬁ32

D, = 2:812 2B+ B)Ba py+2a, 5 + 4ﬁ12 +28,5;)
MTSF, — MTSF; =&> 0
10

Ny, = 20‘14ﬂ3 + 40‘13ﬂ12 + 100‘13:31:33 + afﬂf +12/8
16al B} +24al BBy + 50 BB + 240, B}
+ 300‘1ﬂ13ﬂ3 + 8a1ﬂ12ﬂ32 +1 8ﬂ14ﬂ3 + 61313ﬂ32

a7

Dy, = 2ﬁ12 Q2B+ ,6’3)(0(12ﬁ3 +2a, 05 + 4ﬁ13 + 2ﬂ12ﬂ3)
MTSF, — MTSF; =& >0
11

Ny, = 20‘1453 - 20‘13ﬂ12 + 9a13ﬂ1ﬂ3 + 20‘131332 - 60‘12ﬂ13

16ct B s + 6] B5 B, — 60, B + 140, 3] B,

+ 81314ﬂ32 + 41313ﬂ32

Dy, =2p(af By + 20, B +20, B, B + 415 + 2 By)

Gy +20 55 + 41312 +28,5;)
From (16), (17) and (18)

MTSF, > MTSF, > MTSF,

Va,>0,5>0,5>0

(18)

Case V: The objective here is to present specific numerical
comparisons for the mean time to system failure. In this part,
we numerically compare the results for mean time to system
failure for all the developed models. For each model the
following set of parameters values are fixed throughout the
simulations for consistency: o, =0.L,a, =0.3, S, =0.2,

B, =015 =04

From Figures 1 the MTSF results for the three systems
being studied against the repair rate ¢, . It is clear from the
figure that it is clear that system I has higher MTSF with
respect to ¢, as compared with the other two systems. The
differences between the MTSF of system I and the other two
systems widens as ¢, increases. These tend to suggest that
system I is better than the other systems. Figure 2 depicts the
MTSF calculations for the three systems against f,. The

observations that can be made here are much similar to those
made on Figure 1. Figure 3 shows the MTSF results for the

three systems being studied against the repair rate &, . It is
clear from the figure that it is clear that system I has higher
MTSF with respect to &, as compared with the other two



American Journal of Computational and Applied Mathematics 2015, 5(5): 140-146

systems. The differences between the MTSF of system I and
the other two systems widens as ¢, increases. There is
slight difference between the MTSF of system II and that of
system III with respectto ¢, . Itis evident here that system I

is has higher MTSF than systems II and III. From Figures 4,
it can be seen that the MTSF of system I decreases much
slower than those of the other two systems with increase in

[, . By comparing systems Il and I11, it can be observed that
there is slight difference between the two. System III is
decreasing a little faster than system II with respect to /3, .

We can conclude as before that system I is better than the
other two systems in all the three figures.

60 T T T T T T T T T
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5. Conclusions

In this paper, we studied three dissimilar systems each
consisting of two subsystems A and B each containing two
units with supporting unit attached to the systems. We first
formulated models three different repairable redundant
systems that used an external supporting device for their
operation and obtained the explicit expressions for mean
time to system failure (MTSF) for each system and
performed comparative analysis  analytically and
numerically to determine the optimal system. It is evident
from case I to V that system I is better than the other two
systems. The study of mean time to system measures will
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help the engineers and designers to develop sophisticated
models and to design more critical system in interest of
human kind.
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