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Peristaltic Transport of a Nanofluid in an Inclined Tube
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Abstract Peristaltic transport of a nanofluid in an inclined tube under the assumption of long wave length and low
Reynolds number has been investigated. The coupled equations in temperature profile and nanoparticle phenomena are
solved by using Homotopy Perturbation Method. Byusing this method the closed form solutions of pressure drop, time
averaged flux and frictional force have been calculated. It is found that the pressure drop increases with the Brownian motion
parameter N, but decreases with the thermophoresis number N, and inclination «. It is also found that the pressure drop
decreases with wave amplitude and increases with wave length. The frictional force increases with Brownian motion
parameter N, wavelengthand decreases with the thermophoresis number N,, inclination a and wave amplitude. It can be
seen that, thattemperature profile decreases with the Brownian motion parameter N, and increases with the thermophoresis
number N,. Thenanoparticle phenomena increases with the Brownian motion parameter N, and decreases with the
thermophoresis number N,. It is observed that, the maximum pressure gradient occurs for different values of wave
amplitude for sinusoidal, multi sinusoidal, triangular, trapezoidal and square waves. The size of the trapped bolus in multi
sinusoidal wave is small as compared to the sinusoidal wave.
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1. Introduction

The study of peristaltic transport has received
considerable attention in the recent past, as it is known to be
one of the main mechanisms for fluid transport in biological
systems. It is found that physiological flows are maintained
by sinusoidal pressure gradient as well as motion of the
boundaries. Peristaltic transport widely occurs in many
biological systems as well as in many industries. For
example, food swallowing through the esophagus,
intra-urine fluid motion, circulation of blood in small blood
vessels, the flow of many other glandular ducts and toxic
liquid transportation in the nuclear industry etc.

Peristalsis was first studied by Latham [11] in 1965. He
analyzed the fluid motion in a peristaltic pump. Several
investigators have contributed to the study of peristaltic
motion in both mechanical and physiological situations.
Shaprio et al. [20], Fungand Yih [5], Radhkrishnamacharya
and Srinivasulu [19], Misra et al. [16], Mekheimer [15].

Though all the above investigations consider the fluid to
be Newtonian, some researchers studiedperistaltic transport
of non-Newtonian fluids also: Devi and Devanathan [4],
SrivastavaandSrivastava [21], Muthu et al. [17], Maruthi
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Prasad and Radhakrishnamacharya [12]. Maruthi Prasad
et al. [14] studied unsteady peristaltic flow of a viscous fluid
in a two dimensional curved channel.

In recent days many researchers have focused their
attention on the study of nanofluid for different flow
geometries. Choi [2] was first person who initiated to study
the nanofluid technology. A detailed examination of
nanofluid was discussed by Buongiorno J [1] in Convective
transport in nanofluids. Das et al. [3] studied Pool boiling of
nanofluids on horizontal narrow tubes. Noreen Sher Akbar
et al. [18] studied Peristaltic flow of a nanofluid in a
non-uniform tube. They analyzed the temperature profile and
nanoparticle phenomena using homotopy perturbation
technique. Khan and Pop [9] studied boundary layer flow of
a nanofluid passing a stretching sheet.

It is known that many ducts in physiological systems are
not horizontal but have some inclination with the axis.
Maruthi Prasad K et al. [13] studied Peristaltic pumping of a
micropolar fluid in an inclined tube. However, the study of
peristaltic transport of a nanofluid in an inclined tube has not
been studied.

Motivated by these studies, the peristaltic pumping of a
nanofluid in an inclined tube under the assumption of long
wavelength and low Reynolds number is investigated. The
resulting equations of the temperature profile and
nanoparticle phenomena are solved using homotopy
perturbation technique. The analytical solutions of velocity,
pressure drop and frictional forces are obtained. The effects
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of various parameters on these flow variables are
investigated. The pressure gradient versus sinusoidal wave,
multi sinusoidal wave, triangular wave, trapezoidal wave and
square wave are presented graphically. The stream lines for
sinusoidal wave and multi sinusoidal waves are represented
graphically at the end.

2. Physical Model and Fundamental
Equations

Equations for an incompressible fluid for the balance of
mass, momentum, temperature and nanoparticle volume
fraction are given by [10]

divV =0,
dv _ _
prgr = B+ UV,

(pc)fa = kV°T + (pc),[DpVC.VT + TTOVT. VT ],

ac _ 27 4 [PT] w2

% = Dyv C+[ﬁ]v T,

where py is the density of the fluid, p, is the density of the
particle, C is the volumetric volume expansion coefficient,
¥ is the velocity vector, f is the body forces, ;—t represents
the material time derivative, p is the pressure, C is the
nanoparticle phenomena, D is the Brownian diffusion
coefficient and Dr is the thermophoretic diffusion
coefficient. The ambient values of Tand C as 7 tend to h
are denoted by T, and C, .

3. Mathematical Formulation

Figure 1. Peristaltic transport in an inclined tube

Consider the peristaltic motion of an incompressible
nanofluid in an inclined tube of uniform cross-section of
radius ‘a’ with sinusoidal waves travelling along the tube
with speed c;, amplitude b and wave length A. Further
suppose the tube is inclined at an angle a with the
horizontal axis as shown in Figure 1. Heat transfer and
nano-particle phenomena are considered. At the center of the
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tube, symmetry condition is used on both temperature and
concentration, while the walls of the tube maintain
temperature T, and nanoparticle volume fraction C,.

The geometry of the wall surface is defined as

H(zt) = a(Z) + bsin > (Z — ¢;D), 1)

where a(Z) = a + kZ, ‘a’ is the radius of the inlet, k is the
constant whose magnitude depends on the length of the tube
and t is the time. Cylindrical coordinate system (R, Z) is
chosen, so that Z —axis coincides with the center line of the
tube and R is transverse to it. Further, the flow is assumed to
be axisymmetric.

Using the transformations

Z=7Z-c¢t, T=R, )

u="U. )
From a stationary to a moving frame of reference, where
U,W and @, w are velocity components in the radial and
axial directions in the fixed and moving frames respectively,
the governing equations in a fixed frame for an
incompressible nanofluid in an inclined tube are given by

W=VT/—(:1,

19Gw) | oW _
For Tz 0 “)
_du _ou
P[“ﬁ*W@
P 927 10u 02w u cos a
B AP R | B O
[_aw+_aw _oP *w 10w d*w
PIar "Woazl T ez TH|orz TFor T 0z2
+pga(T —T,) + pga(C - T,) +=, ®)
oT _oT|  [9*T 14T o°T
Yt Woz|T *|ar trar T oz
ocoT | 9CaT ﬁ[ﬂz ﬂz]
+T{DE [ar‘ar‘+az‘az‘ + T, (ar‘) +(az‘) }' Y
'_aé+_ac_ 92C 10C 9%C
Yor "Wzl T VB |or2 TFor | 972
L
+ T, ar‘2+r‘ar‘+azz’ ®)

where T =% is the ratio between the effective heat
f

capacity of the nanoparticle material and heat capacity of the
fluid.
The boundary conditions in the wave frame are as follows

ow aoT ac _
E—O,E—O,E—Oatr—o. (9)

v_v=0,’1_'=’ITO,5=C_0at7’=i_1=a(2)+bsin27n(2). (10)

The following are non-dimensional variables:
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a’p T-T, ot
p = ) = = :t =,
Cll‘lﬂ To A
2 cC-C,
6=E’Re: pC1a’0'= _o‘
A u C,
LT L Py p=_k
=—= sin2nz, f = ———,
a a, (pC)y
_ (pC)pD5C, _ (pC)pD1T,
YTy T (OB
v 9Ba3T, gBa3C,
b=5.G =", B =775, (11)

in which B., Ny, N, G, and B, are the Prandtl number, the
Brownian motion parameter, the thermophoresis parameter,
local temperature Grashof number and local nanoparticle
Grashof number.

Introducing the non-dimensional variables into equations
(4)-(10) under the assumption of long wave length and low
Reynolds number approximations, the equations (4)-(10)
reduces to

du u ow

—+-+—-=0, (12)

3_1: _ _co;a’ (13)

AL %a%(ri—f)+6r9+3r0, (14)
(B nEEen (@ o
o=1 (D) () w

. - oP . .
From equation (13) it is clear that 5, isa function of z
only.
The non-dimensional boundary conditions are

ow
ar

w=060=0 =0 atr=h=1+/1a£+®sin2ﬂz. (17b)
0

a0 do
=0,2 =0, =0atr =0, (17a)

4. Solution

The combination of the homotopy method and
perturbation method is called Homotopy Perturbation
Method (HPM). This method eliminates the drawbacks
present in the traditional perturbation method and at the same
time all the advantages remain the same.

The homotopy for the equations (15) and (16) are as
follows [6-8]:

H(q,0) = (1 = q)[L(6) = L(610)]

L@+ MZLeN (2)]  as
H(q,0) = (1 — )[L(0) — L(010)]
ral@+ (2 ()] (19)

. 19 a\ . .
For convenience, L =——(r—) is taken as linear
r or ar
operator.

610(r,2) = (rzlhz) , o9(r,2) = — (rzlhz)

are defined as initial guesses which satisfy the boundary
conditions.
Define

0(T,Z)=00+q01+q202+ - -, (21)
o(r,z) =0y +qo, + q%0p + — — — —. (22)

The series (21) and (22) are convergent for most of the
cases. The convergent rate depends on the nonlinear part of
the equation.

Adopting the same procedure as done by HeJH [6-8], the
solution for temperature and nanoparticle phenomena can be
written for g=1 as

(20)

60r,2) = (“2) Ny = Vo), (23)
o(r,z) = — (rZZhZ)IIVV_;l (24)

Substituting the equations (23) and (24) in the equation
(14) and applying boundary conditions, the closed form of
analytical solution for velocity can be written as

r2 — h? sina dP
w2 =\—3 (_ F +E)

B N, (r* r?h? N 3h*
" N, \ 64 16 64
T6 7ﬁzhll- h6

= G (N = Ne) (2304 “ e T ﬁ)' (25)
The dimension less flux g in the moving frame is given by
q= foh 2rwdr. (26)

By substituting equation (25) in equation (26), the flux
value will be

sina dP
— _ . 4
qg = —(0.125) ( g + dz) h

+Br:,’—;h6(o.02083) + G, (N, — N;)h8(0.01628). (27)

. dpP .
From equation (27), —, ¢an be written as

dP 8q  sina N, ,
Frialia + - + (0.16664)B. N_bh
+ (0.13024)G, (N, — N,)h*. (28)
The pressure drop over a wave length AP; is defined by

APy = —f) Lz (29)

Substituting equation (28) in equation (29), AP; can be
written as
Where

Ly =8 [} —dz and (31)
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— (0.13024)G, (N, —
(32)

L, = fol{

NE)/hdz.

N
—Ltp2
N

Following the analysis of Shapiro et al [20], the time
averaged flux over a period in the laboratory frame Q is
given by

_ 2
Q=1+S+gq (33)

Substituting the value of g from equation (30) to equation
(33), the equation of time averaged flux can be written as

(34)

A_ 1L 0P Ly
Q—1+2+L I

The dimensionless friction force F at the wall is given by
F=fin?(-)dz (35)

Five wave forms have been considered for analysis of
pressure gradient namely sinusoidal wave, multi sinusoidal
wave, triangular wave, trapezoidal wave and square waves.
The non-dimensional expressions for these wave forms are
as follows:

1. Sinusoidal Wave:
Akz
h(z)= 1+ e + @Sin(2nz)
0
2. Multi Sinusoidal Wave:
Akz
h(z) =1+ . + @Sin(2mmnz)
0

3. Triangular Wave:

(_ )n+1

h(z)—1+/1i+(23{ Neres:

—————Sin(2r(2m — 1)z) }

4. Trapezoidal Wave:

Akz 32 Sm 2m-1)
h(z) =1+ o +0 {nz Zl WSm(Zn(Zm - 1)2)}

m=

5. Square Wave:

hd n+1
h(z) = 1+—+®{%Z( Dl Cos(Zn(Zm—l)z) }

5. Results and Discussions

Analytical solutions for pressure drop (AP)), time
averaged flux (Q) and frictional forces (F) are given by the
equations (23), (34) and (35) respectively. The effects of
various parameters on pressure drop (AP,), time averaged
flux (Q), frictional force (F), temperature profile and
nanoparticle phenomena have been calculated numerically
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by using Mathematica 9.0 software and the results are
graphically presented in figures 2(a)-5(b). The pressure
gradient for sinusoidal wave, multi sinusoidal wave,
triangular wave, trapezoidal wave and square waves has
been graphically represented from figures 6(a)-6(e). Stream
lines for sinusoidal and multi sinusoidal waves are
represented from figures 7(a)-7(b).

The effects of various parameters on the pressure drop
(AP,) are shown in figures 2(a)-2(e), for various values of
Brownian motion number (N,), thermophoresis parameter
(N,), inclination (@), wave length (1) and wave amplitude
(@). It is observed that pressure drop increases with
Brownian motion number ( N, ) but decreases with
thermophoresis parameter ( N,) and inclination (a).
Pressure drop (AP;) decreases with wave amplitude (@)
and increases with wave length (1) but it is interesting to
note that the pressure drop converges to a particular value
when the value of § exceeds 1.

Figures 3(a)-3(e) represent the behaviour of frictional
force (F) for different values of Brownian motion number
(Np), thermophoresis parameter (N,), inclination (a), wave
length (1) and wave amplitude (@). It is observed that
frictional force increases with the Brownian motion number
(Np) but decreases with the thermophoresis parameter (N,)
and inclination (a). Frictional force (F) decreases with
wave amplitude (@) and increases with wave length (1)but
converges to a particular value when Q exceeds 1.

It can be seen from figures 4(a)-4(b) that,
temperatureprofile (8) decreases with the Brownian motion
parameter (N,) whereas increases with the thermophoresis
parameter (N,).

Nanoparticle phenomena (o) has been shown from figures
5(a)-5(b) for different values of Brownian motion number
(Np) and thermophoresis parameter (N,). It is observed that
nanoparticle phenomena increases with the Brownian
motion parameter ( N, ) but decreases with the
thermophoresis parameter (N,). From the graphs it is
interested to note that the temperature profile has an opposite
behaviour as compared to the nanoparticle phenomena.

Pressure gradient ( ) has been presented from figures

6(a)-6(e) for different values of wave amplitude (@) for
sinusoidal wave, multi sinusoidal wave, triangular wave,
trapezoidal wave and square waves. Maximum pressure
gradient occurs in sinusoidal wave, triangular wave and

trapezoidal waves for ze[0.5,1] but interestingly for square
dpP

wave pressure gradient (d—z) is  maximum for
z€[0.25,0.75] whereas for multi sinusoidal wave, the
pressure gradient (‘;—:) is maximum for ze[0.25,0.5].

Figures 7(a)-7(b) shows streamlines for sinusoidal and
multi sinusoidal waves. It is noticed that the size of the
trapped bolus in multi sinusoidal wave is small as compared
to the sinusoidal wave.
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Figure 2(c). Effectof Q and AP, (N, = 0.1, N, = 4.6,G, = 0.2,B, = 03,6 = 0.4,F = 0.1,k = 0.04, A =0.01,¢ = 0.4,a, = 0.01)
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Figure 2(e). Effectof Q and AP, (N, = 0.3,N, = 0.8,G, = 0.2,B, = 0.3, = 30%, € = 0.4,F = 0.1, k = 0.04,a, = 0.01,0 = 0.4)
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Figure 3(a). Effectof Q and F (N, = 4.6,G, = 0.2,B, = 0.3, = 30°,& = 0.4,F = 0.1,k = 0.04, 1 = 0.01,¢ = 0.4,q, = 0.01)
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Figure 3(b). Effectof Q and F (N, = 0.1,G, = 0.2,B, = 0.3,@ = 30°,¢ = 0.4,F = 0.1,k = 0.04, 1 =0.01,¢ = 0.4, a, = 0.01)
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Figure 3(d). Effectof Q and F (N, = 0.3,N, = 0.8,G, = 0.2, B, = 0.3, = 30°,¢ = 0.4, F = 0.1,k = 0.04, 1 =0.01,a, = 0.01)
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Figure 3(e). Effectof Q and F (N, = 0.3,N, = 0.8,G, = 0.2,B, = 0.3, = 30%, e = 0.4,F = 0.1,k = 0.04,a, =
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Figure 4(a). Effectof rand 6(r,z) (k = 0.04,4 = 0.05,a; = 0.03,¢p = 0.1,N, = 0.2,z = 0.2)
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Figure 4(b). Effectof rand 8(r,z) (k = 0.04,4 = 0.05,ay = 0.03,¢ = 0.1,N, = 0.2,z =0.2)
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Figure 6(a). Pressure gradient versus Sinusoidal wave (k = 0.04,4 = 0.01,q, = 0.01,G, = 0.2,B, = 0.3,N, = 0.3,N, =0.8,Q = 0.2)
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Figure 6(b). Pressure gradient versus multi Sinusoidal wave (k = 0.04,1 = 0.01,a, = 0.01,G, = 0.2,B, = 0.3,N, = 0.3,N, = 0.8,Q = 0.2)
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Figure 6(c). Pressure gradient versus Triangular wave (k = 0.04,4 = 0.01,a, = 0.01,G, = 0.2, B, = 0.3,N, = 0.

3,N, = 08,0 =0.2)

Figure 6(d).

Pressure gradient versus Trapezoidal wave (k = 0.04,1 = 0.01,q, = 0.01,G, = 0.2,B, = 0.3,N, = 0.3,N, = 0.8,Q = 0.2)
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Figure 6(e). Pressure gradient versus Square wave (k = 0.04,4 = 0.01,a, = 0.01,G, = 0.2,B, = 0.3,N, = 0.3,N, = 0.8,Q = 0.2)
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Figure 7(a). Stream lines for Sinusoidal wave (1 = 0.01,a, = 0.01,k = 0.04,0 = 0.4,a = 30°,B, = 0.3,G, = 0.2,N, = 0.3,N, = 0.8,F = 0.1,¢ =
0.2,0=0.2
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Figure 7(b). Stream lines for Multi Sinusoidal wave (1 = 0.01,a, = 0.01,k = 0.04,0 = 0.4,a = 30°,B, = 0.3,G, = 0.2,N, = 0.3,N, = 0.8,F =
0.1,6=02,Q=02m=2)
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6. Conclusions

This study examines the peristaltic transport of a nanofluid
passing through an inclined tube under the long wave length
and low Reynolds number assumptions. Temperature profile
and nanoparticle phenomena have been calculated using
Homotopy Perturbation technique while analytical solutions
have been calculated for velocity profile, pressure drop, time
averaged flux and frictional force. Pressure gradient versus
wave amplitude for various waves have been represented.

The main points of the analysis are as follows:

a. The pressure drop increases with the Brownian
motion number (N,), whereas decreases with the
thermophoresis parameter (N,) and inclination ().
Pressure drop decreases with wave amplitude (@)
and increases with wave length(1) but converges to
a certain point after Q exceeds one.

b. The frictional force increases with the Brownian
motion number (N,), whereas decreases with the
thermophoresis parameter (N,) and inclination ().
Frictional force decreases with wave amplitude(®)
and increases with wave length(1) but converges to
a particular value after Q is one.

c. The frictional force has a similar behaviour
compared to the pressure drop.

d. The temperature profile decreases with the
Brownian motion number (N,) and increases with
the thermophoresis parameter (N,).

e. The nanoparticle phenomena increases with the
Brownian motion number (N,) and decreases with
the thermophoresis parameter (N,).

f. The temperature profile has an opposite behaviour

compared to nanoparticle phenomena.

g. For sinusoidal, triangular and trapezoidal waves,
maximum pressure gradient occurred for ze[0.5,1]
with increase in wave amplitude. For square wave,
it is for ze[0.25,0.75] and multi sinusoidal wave it
is for ze[0.25,0.5].

h. The size of the trapped bolus in multi sinusoidal
wave is small as compared to the sinusoidal wave.
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