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Abstract This paper aims to study a SIR model with and without vaccination. A reproduction number R, is defined and it
is obtained that the disease-free equilibrium point is unstable if Ry > 1 and the non-trivial endemic equilibrium point exist if
Ry > 1 in the absence of vaccination. Further, a new reproduction number R,, is defined for the model in which vaccination
is introduced. The linear stability and the global stability of both the models are discussed and the comparison of both the
models is done regarding the existence of the disease-free equilibrium point and endemic equilibrium point. Finally, a

numerical example is given in support of the result.
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1. Introduction

Diseases are the main threat in today’s society.
Urbanization and other factors which are making our life
easier to live on the other hand are major cause of diseases.
These diseases then lead to huge epidemic and the result is
big loss of population. Hence, the modeling of infectious
diseases is very important so that it can be controlled and the
epidemic can be reduced. It is a tool which is used to study
the mechanism by which the strategies can be made to
control the epidemic.

An epidemic model is a simplified means of describing the
transmission of communicable disease through individuals.
Since many years, the outbreak of disease has been
questioned and studied. The ability to make predictions
about diseases is expected to enable scientists in evaluating
inoculation or isolation plans which will further have
significant effect on the mortality rate of particular epidemic.
The SIR model in epidemiology gives a simple dynamic
description of three interacting populations, the Susceptible,
the Infected, and the Recovered. In spite of its simplicity, the
SIR model, exhibits the basic structure generally associated
to the spread of a disease in a population: after a possible
initial epidemic, the infected population either tapers to zero
or to a stable endemic level. Many variations of the SIR
model have been studied in recent years to more accurately
model more complex diseases and infection mechanisms.
For instance the susceptible population may be divided into
subgroups with different infection rates[1,4,5,6,11], the
disease may affect reproductive rates in the infected or
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recovered population[2], or there may be multiple levels of
infections, some lethal, some sublethal[3, 7]. These more
complicated models can lead to instabilities, and even cyclic
behavior in the infected population. There are many diseases
that bring great economic and human cost to society which
accommodate multiple infection routes. Other than through
direct contact, diseases are often transmitted through animal
or insect vectors (e.g. malaria or plague), through fecal
contamination of water or food supplies (cholera, typhus,
avian influenza), or through ingestion of infected tissues
(brucellosis, bovine spongiform encephalopathy). Detailed
modeling of these infection routes can be quite complicated,
involving such issues as the life cycle of the vector, or the
diffusion of infected materials through water sources. The
model we study does not attempt to understand the details of
such mechanisms, but, as with the SIR model, is meant as a
broad conceptual tool for giving rudimentary insight into the
general behavior of the dynamics of such diseases.

In this paper, we discuss the stability analysis of
susceptible-infected-recovery (SIR) epidemic model with
and without vaccination. The disease-free equilibrium point,
endemic equilibrium point of the model is discussed. The
local and global stability analysis of the model is determined
by the basic reproduction number. Models with a similar
feedback mechanism were studied in[8, 9, 10].

The paper is organized as follows: In section 2, we have
presented our model 1, description of parameters, linear
stability, global stability of disecase free and endemic
equilibrium point. In section 3, we have presented our Model
2 and its stability analysis. In section 4, we have given a
numerical example in support of our result and in the last
section conclusion is given followed by the application of the
models. SIR model is studied earlier by many researchers but
we have extended it by the linear, global stability analysis
and a numerical example in support of our result. Further we
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have compared the result with Model 2 in which we have
included vaccination. The results are also supported by the
graphs in the section of numerical example.

2. Mathematical Model & Stability
Analysis (Model 1)

The SIR Model is used in epidemiology to compute the
amount of susceptible, infected, recovered people in a
population. This model is an appropriate one to use under the
following assumptions:

e The population is fixed.

¢ The only way a person can leave the susceptible group
is to become infected. The only way a person can leave the
infected group is to recover from the disease. Once a
person has recovered, the person received immunity.

e Age, sex, social status, and race do not affect the
probability of being infected.

o There is no inherited immunity.

e The member of the population mix homogeneously
(have the same interactions with one another to the same
degree).

e The natural birth and death rates are included.

o All births are into the susceptible class.

e The death rate is equal for members of all three
classes, and it is assumed that the birth and death rates are
equal so that the total population is stationary.

As defined earlier:

The model starts with some basic notation:

o S (t) is the number of susceptible individuals at time t.
o [ (t) is the number of infected individuals at time t
o R (1) is the number of recovered individuals at time t
o N is the total population size

The assumptions lead us to a set of differential equations:

=N - B0 s (M
dl _ IS _

== Y@ =@ 2
d

% = yI(t) - uR(t) (3)

where S (t) is the number of susceptible at time t, I (t) is the
number of infected people at time t, R (t) is the number of
recovered at time t, B is the transmission of disease from an
infected person in a time period, i is the is the death and birth
rate which are assumed to be equal, v is the recovery rate and
the population size is constant, so that

N =S ()+ ()+R (t)

And
dN _dS | dl

dR
d—t—z+d—t+z—0 4)

For simplicity, we can consider the prevalence i.e. the
proportions by redefining
s

.1
s==—and i =-—
N N
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Substituting the above assumptions in equations (1), (2)
and (3), we get

a =) =7 () - (ﬂN-ENﬁ-MS)

-uep () §) -

ds
o = MW= Bis—us Q)
Similarly we get,
di . . .
E—Bls—yl—;u 6)
dr .
T=yi—pr (7)
with the initial conditions
s(0) = 0,i(0) = 0,r(0) = 0.

Here p is the recruitment and natural death rate, f is the
effective contact rate between susceptible and infected
individuals and y is the recovery rate of infected individuals.

By considering the total population density, we have
s@+i)+r@=1=r)=1-s(t)—i(t).

Therefore it is enough to consider

ds
& = M= Bis—yps ®)

E=Bls—w—ul )

The following set is positively invariant for the above
system of equations:

N = {(s(t),i(t)) € R%,s(t) + i(t) < 1}.
There are two equilibrium points that exists for above model:
1. Disease-free Equilibrium Point Ey(s=1,i=0)
2. Endemic equilibrium point
vyt . _ uB-y—p)
E*(s =—,i =
( B By+u) )
REMARK 1: The endemic equilibrium point exists only
when > y + u i.e the infection rate must be greater than
the death rate of the infected individuals or Ry > 1, where

Ry = y% is known as reproduction number which
determines the asymptotic behavior of the model.

Reproduction number is the number of secondary infection
occurring from the primary infection.

Further, in order to obtain the positive equilibrium points
of the system, we solve i from the equation (8) and obtain
i =22 we substitute this into the second equation, which
yields to

vy K vy M
s —s<1+ + )+< +—> 0
B B/ \B B
The discriminant of the above equation is
vy U Y H
A=@++) ~a(5+4)
B B BB
Then for the positive solution of the equation 4 > 0
Or
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(o5es) o)

1 4 L . .
Or (1+ R—)Z = e which is again equivalent to Ry = 1
0 0
Now we will be studying the linear stability of both the
equilibrium points by Jacobian.
—Bi—wu —Bs ]
Bi Bs—v—u
The jacobian matrix evaluated at E,
-B
B-v—u
The characteristic equation corresponding to the disease
free equilibrium point is
ks
0 B-—yv—un—42
which gives the eigenvalues A;=-p and 1,=B-p-y.
Here, 1; < 0. Now, considering A,,
Ifp—p—y<Othen <,u+y0r#ﬁTy< lorRy<1

I(s, 1) =

J(1,0)= [_0”

Then, the disease-free equilibrium point is locally
asymptotically stable as both the eigenvalues are negative.
For any infectious disease, one of the most important
concerns is its ability to invade a population. This can be
expressed by a threshold parameter Ry . The infected
individual in its entire period of infectivity will produce less
than one infected individual on average if Ry <1. In
disease-free equilibrium point case, the system is locally
asymptotically stable. This shows that the disease will be
wiped out of the population. Moreover infected group exists
onlyif B >u+vy.

The disease-free equilibrium point is unstable if f —p—y >

u% > 1 because if Ry > 1, then the each infected
individual in its entire infective period having contact with
susceptible individual will produce more than one infected
individual, which will then lead to the disease invading the
susceptible population, and the disease-free equilibrium
point will become unstable.

The characteristic equation of the endemic equilibrium

point is given by

0 or

up
P+——2A+uB-y—-w) =0
o ulB—-—y—u
Note that coefficients _},Mf# and u(B —y — u) are both

positive.
The roots of the above polynomial or the eigenvalues are:

2= [~ JW2BE Gt )T = 4n(B —y — W]
Or

1
A=5[-uR t JuZRS —4u(B -y —w]

Since p(p-y-p) is positive, the quantity under the square
root is either smaller than u?R3, or greater than u?RE. If
U?R% < 4u(B —y — u) than the eigenvalues are complex

with the real part —uR,, which is negative. If u?R3 >
4u(B — y — p) then the quantity under the square root must
be smaller in absolute value than u?RZ, but still the real part
is negative. Either way, we conclude that the endemic
equilibrium is stable since the real parts of both eigenvalues
are negative. It shows that the endemic equilibrium point is
stable i.e. both the susceptible and infected population will
survive in either of the cases and the trajectories will
approach to the endemic equilibrium point.

REMARK 2: It is concluded from the linear stability of
the equilibrium points that the disease-free and endemic
equilibrium point cannot exist simultaneously. If Ry <1,
then the disease-free equilibrium point is stable and if
Ry > 1, then the endemic equilibrium point is stable.

Now, we will be studying the global stability of the disease-
free equilibrium point and the endemic equilibrium point by
Lyapunov function.

THEOREM 1 If Ry <1, then the disease free
equilibrium point of the system is globally asymptotically
stable on (.

PROOF To establish the global stability of the disease
free equilibrium point, we construct the following Lyapunov

function V:Q - R V(s,i) =i(t) Then, the time
derivative of V is
V(s i) =i(t)
V(s,i)= Bis — (y + w)i
V@J%=@+uﬁb+#s—ﬂ
V(s, D)= (y + wi[Ros — 1]
Thus ¥ (s,i) <0 for Ry <1
Further V(s,i) =0 if i(t)=0 or s(t)=1 and R, = 1.

Hence, the largest invariant set contained in the set L =
{(s,i€,n/ V(s, i) =0} is reduced to disease free
equilibrium point. Since we are in compact invariant set,
hence by Lasalle invariance principle, the disease-free
equilibrium point is globally asymptotically stable in 02[15].

REMARK 3: Unlike Lyapunov’s theorems, LaSalle’s
principle does not require the function V(x) to be positive
definite. If the largest invariant set M, contained in the set E
of points where V vanishes, is reduced to the equilibrium
point, i.e. if M = {x,}, the LaSalle’s principle allows to
conlude that the equilibrium is attractive. But a drawback of
Lasalle’s principle, when significant, is that it proves only
the attractivity of the equilibrium point. It is well known that
in the nonlinear case attractivity does not imply stability. But
when the function V is not positive definite, Lyapunov
stability must be proven. This is why LaSalle’s principle is
often misquoted. Some additional condition enables, with
LaSalle’s principle, to ascertain asymptotic stability. To
obtain stability from LaSalle’s principle some additional
work is needed. The most complete results, in the direction
of Lasalle’s principle to prove asymptotic stability, have
been obtained by LaSalle himself (LaSalle:[13], in 1968,
completed in 1976 [14].)

THEOREM 2 The endemic equilibrium point E*(s*,i*)
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of the system is globally asymptotically stable on 2.
PROOF: We construct a Lyapunov function L: 2, — R
where 02, = {s(®),i(®) e 2! s(t) >0,i(t) >0} given
by L(s,i) =W; [S —s*In (si)] + Wi —i*In (ii*) Where
Wi, W, are positive constants to be chosen later. Then the
time derivative of the Lyapunov function is given by

G=Wils =) (~Bi—pu+5) + Wyl —i)(Bs
(y + 1)) considering the equilibrium point we get,
u= Si — Bi* and y + u = Bs*. Thus, we get the following
equation
dL N —s*)2
= Bls = s — iYWy — W) — uwy &2

ss*

dL —s*)?
For W, =W,=1, — = — @
i dt ss
== 0. Hence, by Lasalle invariance principle, the endemic

equilibrium point is globally asymptotically stable.

< 0 Also, if s=s* then

3. Mathematical Model & Stability
Analysis (Model 2)

Now, we present our second model in which we have also
induced vaccination and the suggested model is as follows:
ds

- = (A =pu—Pis—pus (10)
%=Bi5—yi—ui (11)
L=yi-pr (12)

= = pu— pv (13)

where s are the susceptible, i are infected population, r is the
recovered population and v is the group to which
vaccination is given, p is the mortality rate, p is the
vaccination rate, v is the recovery rate and

s+i+r+v=1
By considering the total population density, we have
s@W+i®)+r@)+v)=1 = r(t)
= 1-s() —i(t) —v(b).

Therefore it is enough to consider

d .
== —pu—Bis—us (14)
di . , .
E—ﬂlS—]/l—ﬂl (15)
d
—=pu—pw (16)

The feasible region for the above system is
2, = {(s@®),i@®),v®) € R}, s(®) + i(t) +v(t) < 1}
There are two equilibrium points that exists for above model:
1. Disease-free Equilibrium Point Ey(s=1-p , i=0, v=p)
2. Endemic equilibrium point
vtu o _ pBA—p)y—w)

E.(s =5t W;V—P)
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In order to show the existence of endemic equilibrium
point, we calculate the value of i from (14) and is substitute it
in equation (15), which yields to

52_5(1_p+z+ﬁ)+<(1—p)y+(1_p)ﬂ>=0

B B B B

The discriminant of the above equation is

A =<1—p+%+%)2—4((1_ﬁp)y+(1 —ﬂp)#)

Then for the positive solution of the equation 4 > 0

Or (1—p+%+§)2 24(%4_(1—8_13)!1)

Or (B(l—p)ﬁ+(v+u))z > 4((1—13?3(\/+u))

Y2 B(1-p))? < 240G+
or (4 (1+ y+u) > 4( )

Or (1+R,)? = 4R,
Or (R, —1)2>0
Which is equivalent to R, > 1
REMARK 4: The effect of vaccination can be easily seen
on the existence of the disease-free equilibrium point and
endemic equilibrium point. The susceptible population has
decreased by a parameter p (vaccination rate). Further a
major impact is on the reproduction number i.e. the number
of secondary infections. The new reproduction number is
R, = Ry(1 — p) after the induction of vaccination in the
model. The endemic equilibrium point will only exist if
R, > 1.
Now we will be studying the linear stability of the disease-
free equilibrium point and the endemic equilibrium point.
The characteristic equation corresponding to the disease
-free equilibrium points is
—u=2 -B(1-p) 0
0 BA—-p)—y—pn—4 0 |=0
0 0 —u—A
The above determinant gives three eigenvalues:
M=—uy=—pand 3=B(1—-p)—y—u
Here, 1; and A, are negative. Now considering A3,
o If A3 > 0 whichmeans (1 —p) >y +u
Hence, Ry(1 —p) > 1 or R, > 1 which means that the
disease -free equilibrium point is not locally asymptotically
stable.
e If A3 < 0 whichmeans B(1—p) <y +u
Hence, Ry(1 —p) <1 or R, < 1 which means that the
model is linearly stable as all the eigen values are negative
and hence there is no epidemic and the trajectories will
approach to disease-free equilibrium point.
The characteristic equation corresponding to the endemic
equilibrium points is

up (1-p)
vl (ORI
ulB(A—p)—y—u] —2 0 =0
y+u
0 0 —u—-A



American Journal of Computational and Applied Mathematics 2014, 4(1): 17-23 21

Solving the above determinant we get:

(u+ DA% +

1—
Wl+u[ﬁ(l—p)—y—u]}=0

Note that coefficients ’w}ir;;p) and u[f(1—p) -y —ul

are both positive.
On solving the above equation we get the following eigen
values:

M=—u
__#p—p)
2T y+u
+/12B2(1 = p)? /(v + w* — 4ulB(1 —p) —y — ul
Or

Ay = —uR, +Ju?RZ — 4u(y + (R, — 1)
Since u[B(1 —p) —y —u] is positive, the quantity
under the square root is either smaller than u?R2 , or it is

greater. If greater, then the solutions are complex with real
part %, which is negative. Otherwise, the square root
must be smaller in absolute value than u?R?2, but still the
real part of the eigenvalue is negative. Either way, we
conclude that the endemic equilibrium is stable since the real
parts of both eigenvalues are negative and A4; is also
negative. It shows that the endemic equilibrium point is
locally stable i.e. both the susceptible and infected
population will survive in either of the cases and it can be
seen that the infection rate has reduced because of the
vaccination parameter i.e. p.

Now, we jump to the global stability of the disease free
equilibrium point and the endemic equilibrium point.

THEOREM 3 The disease-free equilibrium point of the
system is globally asymptotically stable on ;.

PROOF To establish the global stability of the disease
free equilibrium point, we construct the following Lyapunov
function V:02; - R V(s,i,v) =s(t) +i(t) Then, the
time derivative of V is

V(s,i,v) = s(t) + i(t)

V(s,i,v) = (1 —plu—pus — (v + wi

; . 1-p) ,
V(siv) = 0 + Wt — s =]

V(siv) = O+l =1 =]
V(s,i,v) = % [UR, — 1Rys — Bi]

Thus, if R, < 1 then V(s, i,v) < 0 and the disease -free
equilibrium point is globally asymptotically stable. Further,
at (1—p,0,v) ,V(s,i,v) =0 . Hence, by LaSalle’s
invariance principle, the disease-free equilibrium point is
globally asymptotically stable.

THEOREM 4 The endemic equilibrium point
E*(s*,i*,v*) of the system is globally asymptotically stable
on ().

PROOF: We construct a Lyapunov function L:£2, = R

where 0, ={s@®),i(t) e ! s()>0,i(t) >0,v(t) >
0} given by
Li(s,i,v) =W, [s —s*In (%)]

+W, [i —i"In <li*)] +Wy[v—v"In (%)]

where W;, W,, W5 are positive constants to be chosen later.
Then the time derivative of the Lyapunov function is given
by

dL 1-—
—1=W1(s—s*)[#—ﬂi—u]

dt
Wy = )[Bs — 7 — 4]
F W3 = v ]

cy e . 1—
Considering the equilibrium points, we get y = (S—f)u —
B*i*, Bs* =y + u and v* = p and putting the values in
the above equation we obtain

dL, (s —s%)?
1w —p)
wWi( p) Py

dt
+ W, =W —i")(s —s7)
— Wsu(v —v*)*

IfW1=W2=W3=1 then

—s*)?
dd% =—uW;(1—p) (SS;*) — Wiu(v —v*)?<0 and
if s=s" and v =v" then a _ 0. Hence, by LaSalle

dt
invariance principle, the endemic equilibrium point is
globally asymptotically stable.

4. Numerical Examples

We will discuss the results of both the models by taking a
numerical example. We consider the parameters p =0.5, B=
1.98time™, y=0.5 for the model 1 without vaccination and
conclude that the susceptible population decreases to a lower
level due to the effect of infection rate f (Figure 1). The
endemic equilibrium point is (0.5052, 0.2470).

SIR Model without Vaccination
0.8 T T T

susceptible

arlk infected
0Br 1
o5t =
04r B
03F B
02F B
0.1 L

i 2 4 b g 10 12

¥ o——
Figure 1. SIR model without vaccination with § =1.98
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Gradually, we increased the infection rate f =2 and saw
that the susceptible population declines to a lower level. The
endemic equilibrium point is (0.5002, 0.2495) (Figure 2).

Figure 2
0.8 T

susceptible
infective
0.7 B

08F B

ost

0.4 g

02 B

2 4 51 g 10 12

Figure 2. SIR model without vaccination with f=2

The endemic equilibrium point corresponding to f=2.5 is
(0.4002, 0.2999) (Figure 3).

Figure 3
0.8 T

susceptible
a7l infective |

03f
02t 1
01 , . ‘ , .
0 2 4 6 8 10 12
¥ >
Figure 3. SIR model without vaccination with f=2.5

The endemic equilibrium point for B=3.5is (0.2857,
0.3572) (Figure 4).
Figure 4
08 T T T T

susceptible
infective

0af B

03f 1

0.2F B

01 . 1 1 1 1
]

-~
4

Figure 4. SIR model without vaccination with § =3.5

Stability Analysis of SIR Model with Vaccination

REMARK 5: It can be easily seen that the susceptible
population declines to half of its level due to the presence of
infection and the infected population suddenly rises because
of infection. As the infection rate increases, the susceptible
population decreases and the infected population gradually
increases and at B =3.5, the infected population becomes
more as compared to the susceptible population.

Further, the linear stability of both the points are
calculated and it is concluded that the eigen values of the
disease free equilibrium point is 4y = —0.5,4, = 0.98 and
the reproduction number is 1.98>0. Thus it confirms our
result that when Ry > 1, the trajectories cannot approach
towards the disease free equilibrium point. The characteristic
equation of the endemic equilibrium point is given by

A2 +0991+049=0

and the eigen values are 1 = —0.495 F 0.4949i. Since the
real parts of both the eigenvalues are negative, hence the
endemic equilibrium is stable which again confirms our
theoretical result that at Ry > 1, the endemic equilibrium
point is linearly stable.

Now, we have taken the same set of parameters and also
added the parameter p=0.6 as a vaccination rate for model 2
i.e with vaccination. The endemic equilibrium point
corresponding to model 2 is (0.3858, 0.0050, 0.3995).
Figure 5).

SIR with vaccination
07

T
susceptible

infectives
vaccinated

06+

0.1 =

Figure 5. SIR model with vaccination with § =3.5

REMARK 6: The susceptible population decreases to a
lower level due to vaccination. Further, the infected
population declines drastically due to vaccination and the
vaccinated population increase which can be seen from the
above graph.

The reproduction number R, = 0.792 <1 concludes
that the disease free equilibrium point is stable. The
eigenvalues corresponding to the disease free equilibrium
point are ;4 = —0.5,1, = —0.5,1; = —0.208. Hence, it is
linearly stable. Thus, we can see that when we apply
vaccination in the SIR model, the infected population which
was at 0.2470 decreases to 0.0050 at the infection rate 3
=1.98 due to the effect of vaccination.
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5. Conclusions

In this paper, two models have been discussed. In the
models, the effects of disease on populations with and
without vaccination are discussed. For both the models it is
found that the dynamics of the infection were dependent on
the value for the basic reproductive ratio i.e. R, or Ry,

In model 1, it is observed that disease-free equilibrium
state (DFE), exist only when the reproduction number R, is
less than 1 and all the trajectories will be approaching
towards the DFE. The linear and global stability of the
disease free equilibrium point is also discussed. Further, it is
noticed that both the equilibriums, disease free equilibrium
and endemic equilibrium cannot exist together. The endemic
equilibrium can only exist when R, is greater than 1. The
linear and global stability of the endemic equilibrium point is
also discussed.

In comparison to model 1, in model 2 where the
vaccination is induced, a drastic change in the reproduction
number is observed and it changed from Ry to R, =
Ro(1 —p). Again, the disease-free equilibrium point is
stable when R, <1 and the trajectories approach to
endemic equilibrium point when R, > 1. Further, the effect
of infection rate is also seen on the susceptible and infected
population. The susceptible population gradually decreases
and infected population increases as the infection rate B
increases. But as we induce vaccination in the susceptible
population, the infected population suddenly decreases to a
very lower level. Thus, we can conclude that the infection
rate and reproduction number plays a very important role for
an epidemic to occur and this epidemic can be controlled by
vaccination.

6. Application

The above two models are very useful for controlling the
epidemics in a given population in a particular region or
locality. There are number of diseases like influenza, HINI,
dengue and many more in developing countries like India,
Indonesia etc. According to the models which we have
studied, the feasibility of controlling an epidemic critically
depends on the value of Ry and R,. The more severe the
epidemic (i.e. the greater the value of Ry, or R,) the more
intensive the intervations must be to significantly reduce the
number of infections and deaths. Not surprisingly, the levels
of vaccination or treatment necessary for control are lower if
interventions are targeted. For e.g.[11,12] modeled the
effects of age-specific targeting strategies and found
vaccinating 80% of children (less than 19 years old) would
be almost as effective as vaccinating 80% of the entire
population.

In the next paper, we will be extending our model by
including the parameter of targeted individuals to be
vaccinated, so that we can see the effect of it on the
reproduction number.
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