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(1,2) - Domination in Line Graphs of C,, P, and K, ,
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Abstract In this paper we discuss the (1,2) - domination in line graphs of C,, P, and K , .(1,2)-domination number of
paths, cycles, star graphs are found and compared it with the usual domination number. Also we find the domination number

ofline graphs of these graphs.
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1. Introduction e
P3

Let G = (V,E) be a simple graph. A subset D of Vis a
dominating set of G if every vertex of V- D is adjacent to a
vertex of D. The domination number of G, denoted by y(G),
is the minimum cardinality of a dominating set of G.[1,2]

A (1,2) - dominating set in a graph G = (V,E) is a set S
having the property that for every vertex v in V - S there is
atleast one vertex in S at distance 1 from v and a second
vertex in S at distance almost 2 from v. The order of the

{2,3} is a(1,2) - dominating set.
Ya2)=2
1 2
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{2,3} is a(1,2) - dominating set.

smallest (1,2) - dominating set of G is called the (7,2) - Ya2) =2
domination number of G and we denote it by v 2).[7] 1 2 5

The line graph L(G) ofa graph G = (V,E) is a graph with . . . ° °
vertexset E(G) in which two vertices are adjacent if and only Ps
if the corresponding edges in Gare adjacent.[8]

{2,3,4 } is a (1,2) - dominating set.
. . . ’Y(l’z) = 3

2. (1,2) - domination in Paths 1 2 3 4 5

Throughout this paper P,, denotes a path on n vertices, C, i i i P i - -

. . . 6

denotes a cycle with n vertices and K, , is a star graph.

Consider the following paths {2,3,4,5} is a (1,2) - dominating set.
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{2,3,4,5,6} is a (1,2) - dominating set.

Ya2)=3
2 3 5 6 7 8
Ps
{2,3,4,5,6,7} is a (1,2) - dominating set.
Y12)=6
2 3 5 6 7 8 9
Pg
{2,3,4,5,6,7,8} is a (1,2) - dominating set.
Yazy =7
2 3 5 6 7 8 9 10
PlO

{2,3,4,5,6,7,8,9} is a (1,2) - dominating set.
Ya2)=8

Fromthe above examples we have the following theorem.

Theorem 2.1

(1,2) - domination number of a path graph P, forn> 4 is
n-2.

Proof:

Let P, be a path with n vertices vy, vy, ...,vy,. Then v,
V3, ...,Vn.1 are of degree 2 ,v; and v, are of degree 1. That is
n-2 vertices are of degree 2. Each vertex v, is adjacent to vi;.
Therefore, v;'s are at distance one from v;;;. Each vertex vii,
is at distance 2 fromv;. So to forma (1,2) - dominating set we
have to include all those vertices of degree 2. But there are
n-2 vertices of degree 2.

Hence y(1 2) =n-2.

The following lemma is due to Gray Chartrand and Ping
Zhang.[3]

Lemmal. y( P,) = ’7%—‘

The following theorem gives the relationship between
domination number and (1,2)-domination number.

Theorem 2.2

The domination number of the path P, is less than (1,2)
domination number.

Proof:

We have y(P,) = lrg—‘

In a graph G, domination number is less than or equals
(1,2) domination number[6]. Let G be a graph and D be its
dominating set. Then every vertex in V-D is adjacent to a
vertex in D. That is, in D, for every vertexu, there is a vertex
which is at distance 1 from u. But it is not necessary that
there is a second vertexat distance atmost 2 fromu. So if we
find a (1,2)- dominating set, it will contain more vertices or
atleast equal number of vertices than the dominating set. So

the domination number is less than or equal to
(1,2)-domination number.In particular, for paths domination
number is less than(1,2) domination number. Hence the
theorem.

3. (1,2)-domination in Cycles

Consider the following cycles

1 2
Cy:
3 4
{2,3} is a(1,2) - dominating set.
Yo2)=2
1
2 3
Cs:
3 4
{1,3,4} is a (1,2) - dominating set.
Ya2) =3
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1 = n ifn is even
Case 2:n is odd
2 6 If n is odd, we remove one vertex v, then the other n-1
vertices form a path P,; and n-1 is even. But (1,2) -
C - domination number of P,_; is n- 3. These n-3 vertices and the
6° vertex v; froma (1,2) dominating set. Hence the cardinality
ofthe (1,2)dominating setis n- 3+1. thatis n-2. Hence y(; 2=
3 3 n-2, ifn is odd.
4. (1,2)-domination in Star Graphs
4 Consider the following star graphs.
{1,2,4} is a (1,2) - dominating set. Y 2)= 3
1 1
2 7
C;:
3 6
2 3 4
b}
4 {1,2} forma (1,2) - dominating set.
{1,3,4,7} is a (1,2) - dominating set. Ya2) =2
Yao) =4 1
Fromthe above examples we have the following theorem.
Theorem 3.1

n.. .
5,1f nis even

Foreyele G, n24 Y129 n_2if nisodd

2 3 4 5
Proof:
Every cycle C, have n vertices and n edges in which each
vertex is of degree 2. That is each vertex dominates two
vertices . {1,2} forma (1,2) - dominating set.
Case 1:n is even. Ya2)=2
Letvy, vy, ...,vy be the vertices of C,. v and v, are adjacent.
Also v, is adjacent to v,, v, is adjacent to v and so on. Each 1

vi, 1 <1<n is not adjacent to Vi, Vi3, Visd».., V1. Let US
construct a (1,2) - dominating set. If we take the vertexvy,v;
is adjacent to v, and v, and non-adjacent to all other n-2
vertices. v3 and v, are at distance 2 fromv;. So we have to
take v, and any one of v3, v, in the set. If we take v,, v, 8
adjacent to v; and v3 and non- adjacent to vy, Vs, ... v,. That 1§
n-3 vertices and v4 and v,, are at distance 2 from v,.
Similarly we can proceed upto all the n vertices. Finally we 2 3 45 6
get a (1,2)- dominating set containing vy, vz, Va4, Vg, Vno-

n n
Th dinality ofthis set is 1+ —-1, that is —. H. ot -
€ cardmality o 1S SE€t 1S 2 , that 18 €Nnce vY(1.2) {1’2} form a (1’2) _ domlnatmg set. Ya2)= 2
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{1,2} forma (1,2) - dominating set.

Ya2)=2
Theorem 4.1

Forany star K , y(1,2)(Kin) = 2.

1 2 3
Py *——o—9 L(Pa)
P
1 2 3 4
Py . » » . Li{Ps)
Py
1 2 3 4 3
Ps: o . * . e L(Ps)
Ps

Next consider the cycles and the corresponding line graphs

165

Proof:
In a star K, ,, there are n+1 vertices v, vy, va, ...,Vy. V is
adjacent to all other vertices vy, vy, ...,Vy. {V1, V2, ...,Vy} form

an independent set. Fach of vy, v,, ...,v, are at a distance 1
fromv and each of v, , v3,...,v, are at a distance 2 fromv;.So
we can form a (1,2) dominating set as {v, v;}. Clearly the
cardinality is two. Hence y(1 2)(Kj ) = 2.

5. (lf’%)) domlnatlon in the Line Graph
l‘l’

In this section first we discuss the line graphs of paths,
cycles and star graphs.
Consider the paths and the corresponding line graphs

1n°

P
1 2 3
— o o
Ps
1 2 3 4
. . * .
Py
L(G)

2
3 4

IA /1\
3 2 3

L(Cy)

1 2
3 4

Consider the following star graphs and the corresponding line graphs
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Kj2: L(K )
1
1 2
P,
2 3
Kis: L(K;3)
1 1
2 3
2 3 4
Ki4: L(K14)
1
1 2
2 3 4 5
3 4

From the above examples and from[7] we have the L(K;n) = C, forn>3.

following observations Theorem 5.1
The line graph of P,, L(P,) has (1,2) - domination number of L(P,) is n-3.
(i) n-1 vertices and n-2 edges Proof:
(i) 2 vertices of degree 1 and n-3 vertices of degree 2. P, has n vertices and n-1 edges and L(P,)) is P,.; with n-1
Hence I(P,) = P,,;. vertices and n-2 edges. Then by theorem 2.1, (1,2) -
The line graph of C, has domination number of P,; with n-3. Hence (1,2) -
(i) n vertices and n edges domination in the line graph of L(P,) is n-3.
(i1) Each vertex is of degree 2 Theorem 5.2
(iii) The graph is cyclic n.. .
Hence L(Cy)= Cy. E,lf n is even
The line graph of K, ,, has ) o _
(i) n-1 edges and n vertices (1,2) - domination number of 1(C,) n—2.if nis odd

(i1) Each of'the n vertices is of degree 2.
(iii) The graph is cyclic
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Proof:
The line graph of C,,, L(C,) is C, itself. So we can apply
theorem 3.1

n.. .
E,lf nis even

Hence v(1.2) (L(C) =9 -2 if nis odd

Theorem 5.3

(1,2) - domination number of L(K;,) is same as that of
Cu-

Proof:

The line graph of K ,, is C,.
Then by theorem 3.2,

n.. .
5,1f nis even

a2 MUKi0)) = 3 2 if nis odd

6. Conclusions

In this paper the (1,2)-dominating sets and (1.2) -
domination numbers of some standard graphs P,, C, and
K shave been discussed and the results extended to the line

167

graphs of those graphs. It is also found that (1,2) -
domination number of C,and K, , are same.
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