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Abstract In this paper, we study a four point boundary problem for fractional differential equations. We establish new
existence and uniqueness results using the Banach contraction principle. Other existence results are generated using the well
known Schaefer’s fixed point theorem. To illustrate our results, we present some examples for the Banach contraction result.

Other examples are also treated to illustrate our second main result.
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1. Introduction

Boundary value problems for fractional differential
equations have been shown to be very useful in the study of
models of many phenomena in various fields of applied
science and engineering, such as electrochemistry, chemistry,
visco-elasticity, control, biophysics. For more details, we
refer the reader to[3, 4, 9, 11, 14, 15, 16, 20] and references
therein. Recently, there has been a significant progress in the
study of these equations, (see[7, 8, 19]). More recently, some
new theories for the initial boundary value problems of
fractional differential equations have been discussed in[1, 2,
12, 13 14]. Moreover, existence and uniqueness of solutions
to boundary value problems for fractional differential
equations has attracted the attention of many authors[6, 7, §,
14, 17].

In[17, 18], the existence and uniqueness of solutions were
investigated for a nonlinear fractional differential equation
with three-point boundary conditions by using a Schauder’s
fixed point theorem. The existence of solutions for a
nonlinear fractional differential equation with four-point
boundary conditions was investigated in[5, 10] by using
Schauder’s fixed point.

Motivated by the problem (1) in[20], this paper deals with
the existence and uniqueness of solutions for the following
problem:

D“x(t) =f(t,x(t),Dﬁx(t)) =0,te [0,1],
x(O) = 0,x(1) =0,

Ao (m)=2ax (1) =025 (&)+ A (£)=0,

(1.1)
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where 3<a<4,B<a-1,0<nE<], and D“
and D? are the
J=[0,1]1.i=14
Ay + A Ay + A 2(E—17) %0,

continuous function on [O, 1] x R%. The paper is organized

derivatives,
with

Caputo fractional

constants

and f is a

are real

as follows. In section 2, we present some preliminaries and
lemmas. In Section 3, we prove the main results of this work.
In section 4, we will give some examples to illustrate our
results.

2. Preliminaries

The following notations, definitions, and preliminary facts
will be used throughout this paper.
Definition 1: The Riemann-Liouville fractional integral

operator of order ¢ > 0, for a continuous function f on
[0,00] is defined as:
a _ 1 t a-1
Jf (1) —mjo(t—r) f(2)dr.a>0, a1
JOfle)= 1)

where
a) = e u""du.
Definition 2: The
f eC” ([0,00]) in the sense of Caputo is defined as:

e [ ARG L

I(n-a)’o 2.2)

fractional  derivative of

D f(t)=

n-l<a,neN".
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For more details, we refer the reader to[14, 16].
Let us now introduce the following Banach space X ={x : x € C([O,l]),Dﬁx € C([O,l])}, endowed with the

Dﬂx” = StlellI]) |Dﬂx(t)|.

b 2

o [, =[] +D"x

x|| = sup|x(t)
teJ
We give the following lemmas[11]:
Lemma 3: For o > 0, the general solution of the fractional differential equation Dax(l‘) =0 is given by
x(t)=cy+et+ct’ +..+c, 1", (2.3)
where ¢, €R, i=0,1,2,.,n—1,n=[a]+1.
Lemmad4: Let o > 0. Then
J D x(t)=x(t)+c, +et+ et +..4c, 1", (2.4)
forsome ¢; €R, i=0,1,2,...n—1,n=[a]+1.
We give also the following result:
Lemma5: Let g € C([O, 1]), the solution of the equation

D*x(t)=glt)teJ 3<a<4, (2.5)
subject to the boundary conditions
x(0)=0,x(1)=0,

A )= aax ()= 0,27 @)+ A (€)=, -
is given by:
x(t)= ﬁf; (t—s)"" f(S, x(s), Dﬂx(s))ds
- ! (=) £ls,x(s), D”x(s))ds
Be+a(B3E-1))t=3(c+al)t* +at’* = AT 5
+ 60+ c+alz—n)(a—2) J:) (n-s) f(s,x(s),D x(s))ds
(3d +b(B3E-1))t=3(d + &)1 + b’ jv (=5 £(5,x(s), D x(s))ds @7
6(b+c+alE-n)T(a-3) % T
—-1)-3b b— *+ar’ a-3
s o1 o s
3 (c(Bn—1)=3d)t+3(d —cn)t* +ct’ e 5
SoreraGnhia-3) b€ D )as
where
a=AA,,b=4,4,,c=44,,=d=1,4,.
Proof. For ¢; € R,i=0,1,2,3, and by lemmas 3, 4, the general solution of (2.5) is given by
x(t) = ﬁj}: (t—s)"g(s)ds —c, —c,t—c,t* —cyt’. (2.8)

Using the boundary conditions (2.6), we obtain ¢, = 0,

1 a-1
G :mjo(l_s) gls)ds—c, —c,,

and
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o = c+aé J-
P 2b+c+a(é-n)M(a-2)
d+bé

_ THCEDRFOR

2(b+c+alé-n)(a-3

b—a ¢ s
+ 2(b +c+ a(g — Z))F(a _ 2).'.0 (5 - S) g(s)ds

d-c ¢ a-4
+ 2(b+c+alé- Z))F(a -3) _L (&—s)"gls)ds,

- “ 15 slo)as

6(b+c+a(&—n)T(a-2

b n a—4
" 6(b+c+a(§—77))r(a_3).[o (77_5) g(S)dS

+ 6(b+6’+a(§a— n))r(a_z)J'f(gg_s)a3g(s)ds

e ona=ah € s

Substituting the values of ¢ ,c, and C;in (2.8), we obtain the desired relation in Lemma 5.

" —5)""gls)ds

0

(2.9)

(2.10)

3. Main Results

We introduce the following quantities

~ 6|b+c+a(§—77)|+1

Y6p+cta(é-n)|T(a+1)

(|3c+a(3§—1)| +3|c+a§| +|a|)77”’_2 +(|a(377 —1)—3b| +3|b—a77| +|a|)§a_2

6b+c+a(cf—77)l“(a—l)

+(|3d+b(3§—1)|+3|d+b§|+|b|)n“*3+(|c(3n—1)—3d|+3|d—cn|+|c|)§“’3

6b+c+a(é—n)I(a-2) ’

M, = : + 1

* T(a-B+1) 6b+c+a(é-n)T(a+1)T(2-8)

N Be+a(3&-1)n"? +|a(3n-1)-3b| & N lc+aé|n“ +|p—an|&

6p+c+a(é-n)L(2-p)T(a-1)  |p+c+a(é—n)T(3-B)T(a-1)

+

(3.1)

la| (7 + &) 3d +b(36 1)1 +]e(37-1)~3d| £
+ +
b+c+a(E-n)T(4-B)T(a-1) 6|b+c+a(§—n)|F(2—ﬁ)F(a—2)
.\ |d +b&|n° " +|d —cn| £47° |B|7“7 +c| £
b+c+a(é-n)T(3-4)I(a-2) |b+c+a(§—77)|F(4—ﬂ)F(a—2)’

and we list the following hypotheses:
(H1): The function [ : [0,1]xR> — R is continuous.
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(H2): There exist non negative continuous functions a,b,on J,such that for ¢t € .J, (x, y), (xl >V ) eR’ , we have

1 (tx,y) = f(ex, ) < ale)lx = x|+ b(0)]y =y,
where, w=§2§|a(f)| and W=§gg|b(t)|.
(H3): There exists L > O such that
|f(t9x9y)£L;t€J,X,y€iR.

Our first result is based on the Banach contraction principle. We have:
Theorem 6: Assume that the hypothesis (H2) holds.
If

(M, +M,)0+@)<],

then the problem (1.1) has a unique solution on J.
Proof. Consider the operator ¢ : X — X defined by:

(px(t):zﬁj‘;(t—s)Hf(s,x(s),Dﬁx(s))ds
_6(b+c+a(tf—77))r(a)I;(l_s)a_lf(s’x(s)’Dﬁx(S))ds
(3c+a(3§—1))t—3(c+a§)12+at3
(&-n))r(a-2)
(3d+b(3¢-1))1-3(d +bg)e* +br’
(b+c+a(§ 7))L (a-3)

Jon=s)" £ (sx(s).07x(5))ds

(b+c+a

Joln=s)"" 1 (s.x(5). Dx(s)) s

(b+c 2)?3; ?Z tz;at Jo(E=s) 1 (5.(5). D x(s)) s

(
(c(3 =3d)t+3(d —cn)t* +ct’ J.g
(b+c+a(§ )) ( ) 0

We shall prove that ¢ is a contraction:
For X,¥ € X and t € J, we obtain

[ox(1)=py(1) < r(la) [ 1=5) | (sx(5)-Dx(s)) = £ (s.(s). D" v s) s
+6|b+c+a(;_n)|r(a) [ =) £ (5:x(5),D"x(5)) = £ (5 (5). D" y(s) ) ds
G
s
e
et e

Using (H2), we can write:

(f—s)a_4 f(s,x(s),Dﬁx(s))ds_

f(s,x(s),Dﬁx(s))—f(s,y(s),Dﬂy(s))‘ds

(3.2)

(3.3)

3.4)

(3.5)

(3.6)

f(s,x(s),Dﬂx(s))—f(s,y(s),Dﬂy(s))‘ds

f(s,x(s),Dﬂx(s))—f(s,y(s),Dﬁy(s»‘ds
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a)||x—y||+w Dx-D"y a)||x—y||+w D’x-D"y
r(a+1) T Gbtctale—n)Ta+1)

bele)— (e <

. q3c+a(3§—1] + 3|c+a(§| +|a|)77"‘_2 (a)”x —y||+ @|D’x-D"y )
6|b+c+a(§—77)il"(a—l)
(3d +6(3& ~1)+ 3d + b& + bl (alfx - ¥ + @D x - D) y
* 6o+ c+alé—7)Ta-2) 7
la(n—1)-34+ 30— an|+[a)z (@ljx - ¥+ @|D?x = D"5])
6|b+c+a(§—77ll“(a—l)
(e —1)-3d]+ 34 —enf ) (ol —sf + ] 0~ D]
6|b+c+a(§—77)‘1“(a—2)
- (6|b+c+a(§—77)|+1)(a)+zv)(||x—y||+||Dﬁx—Dﬂy”)
a 6|b+c+a(§—77)|F(a+1)
I 3c+a(3§—l)+3|c+a§|+|a| n*2 |
(| | ) o (a)+w)(||x—y||+||Dﬂx—Dﬁy”)
+(|a(37=1)=3b|+3[b—an|+|d|) £
4L il
6|b+c+a(§—77)F(a—1)
(|34 +b(3& =1)|+3|d +b&|+[p) 7% ]
(| | ) "3 (a)+w)(||x—y||+||Dﬂx—Dﬂy”)
_+(|c(377—1)—3d|+3|d—c77|+|c|)§ _
i 6|b+c+a(§—77)|F(a—2)
Consequently, we obtain,
|¢x(t)— @/(tl <M (0+ w)(“x - y” + HDﬂx —Dﬂyu) (3.8)
Hence, we have
”(p(x)—(p(y)” <M, (a)-i-w)(”x—y”-i-”Dﬂx—Dﬁy”). (3.9)

On the other hand,
D px(1)- D gy (1)| <

J;(t—s)a_ﬁ_l ‘f(s,x(s),Dﬂx(s))—f(s,y(s),Dﬂy(s))‘ds
tl_ﬂ 1 a-1
+6|b+c+a(§—77)|l"(a)l“(2_ﬂ)J.O(l—s)
| Pera(3E-1)” ]
6|b+c+a(é-n)T(2-p)
1 N |c+a§|t2"ﬁ T a3
F(a-2)| prera(z-nr(-5) Joln=5)
e
I |b+c+a(§—n)|r(4—ﬂ)_

I
[(a-B)

f(s,x(s),Dﬂx(s))—f(s,y(s),Dﬁy(s))‘ds

f(s,x(s),Dﬂx(s))—f(s,y(s),Dﬂy(s))‘ds
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Bd+b(3¢-1)¢
6|b+c+a(§—n)|r(2—,3)
1 |d +b&|*” N a
[(a-3 +|b+c+a(§—77)|F(3—/3) Jo(" s)
Rl
I |b+c+a(§—77)|F(4—ﬂ)_

- f(S,x(S),Dﬂx(S))_f(s’y(s)pﬂy(s))

ds (3.10)

~—

la(3n7—1)-3b|t"”
b +c+alE-n)r(2-B)

L, lb—an|*” J-
Ma-2 |b+c+a(§—77)|r(3—,8) 0
L e
i |b+c+a(§—77)|l“(4—,8)_
|G -1)-3d|¢ ]
b +c+alE-n)r(2-B)

1 . \d —cn|t*” J-
T(a-3)| [p+c+a(é-n)TB-p)|"
L e
| p+e+ale-n)r4-p))

By (H2),we obtain

~—

+

—

a)||x—y||+ w”Dﬂx—Dﬂy” a)”x—y” +w||Dﬂx—Dﬁy||
[Dx(1)~Dlpy (1)< T(a-p+1) T6p+cra(é-n)r(a+1)r(2-p)
[ Beta(3E-1)n

6|b+c+a(§—77)r(2_ﬂ)
1 |c+a§|77""2 B .,
)| rerate-nreog Bl
N jaln”
] b+c+a(é-n)I(4-p)

3d +b(3&-1)|n”
6|b+c+a(§—77)|1“(2—ﬁ)

1 |d +b&|n* ) .
+F(06—2) +b+c+a(§—7y)r(3_ﬂ) a)”x y||+w||D x=D J’”
N |b|na73
| |pre+a(§-n)T(4-5)
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la(37-1)-3b|&*
6|p+c+a(-n)T(2-p)
1 |b_‘”7|"=w_2 p B
— D’x-D
+1“(04—1) +b+c+a(f—77)l“(3—,3) ol y||+w|| . y”
. |a|§a72
b+c+a(§—77)F(4—ﬁ)
- - (3.11)
lc(3n—1)-3d|&*”
6b+c+a(é—n)T(2-5)
1 |a’—c¢7|§"“3 p p
- D”x—D"y|.
+F(a—2) +b+c+a(<§—r7)r(3—ﬂ) of-sf+o|D"x-D%
. |C|§a—3
I b+c+a(§—77)F(4—,B)_
Hence,
B _ns w+aw o+ B B nh
|D px(1)=D goy(t)|S[F(a—p’ﬂ)+6|b+c+a(§—77)|1"(a+1)F(2—ﬁ) (”x y”+”D b y”)
Be+a(3&-1)|n"2 +]a(37-1)-3b]e" |
6|b+c+a(f—n)|l“(2—/3)l“(a—l)
|c+a§|77“’2+|b—a77|§“*2 ~ P
O ey |FOFP)
e .
| |pre+a(E-n)|T(4-B)T (a-1) |
Bd+b(3E 1) +|e(3n-1)-3d| & |
6|b+c+a(§—77)|l“(2—/3)1“(a—2)
|cl+b§|77“’3+|d—cry|§”"3 ~ 5 e
OO ey TP
e
i |b+c+a(§—77)|F(4—ﬂ)F(a—2)
Therefore,
‘Dﬁgix(t)—Dﬂqﬁy(t)( <M, (a)+zv)(“x—y||+HDﬂx—DﬁyH), (3.13)
which implies,
HD%S(x)—D%ﬁ(y)ﬂ <M, (a)+ w)(“x —y” + HDﬂx —Dﬂyu) (3.14)

It follows from (3.9) and (3.14) that

||¢(x)—¢(y}|X < (M1 +M2)(a)+w)(“x—y||+HDﬁx—DﬂyH) (3.15)
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Thanks to (3.4), we deduce that ¢ is a contraction. As a consequence of Banach contraction principle, the problem (1.1)

has a unique solution on J.

The second result is based on Scheafer's fixed point theorem.

Theorem7: Suppose that (HI) and (H3) hold.

Then, the problem (1.1) has at least one solution on J.

Proof. Weuse Scheafer's fixed point theorem to prove that ¢ has atleasta fixed pointon X . The proofwill be given in
following steps:

Step1: ¢ is continuous on X : In view of the continuity of f,we conclude that the operator ¢ is continuous.

Step2: The operator ¢ maps bounded sets into bounded sets in X : For o >0, we take
xeB, ={xeX;

x||XSO'}.
For )CEBG, and f €J, we can write:
(O] <= [ (1=s)' £ (s.(s). D x(s))|ds
[(a)’o B
t 1 a-1
+6|b+c+a(§—77)|1“(a)-[0(1_s)
3c+a(34‘—1)t+3|c+a§|t2+|a|t3 n u
" 6(b+c+a(E—n)'(a-2) IO(U_S)

3d +b(3&-1)|t+3|d +bE|E +[p] 1 " , (3.16)
6|b+c+a(§_;7)|r(a_3) IO(U—S) f(s,x(s),D x(s))|ds

- f(s,x(s),Dﬂx(S))| ds

a(3n-1)=3b|t+3|b—an|t* +|a|r* - w3 p

' 6lb+c+a(E—n)T(a-2) J.o( =) f(s,x(s),D x(s))|ds
c(3n-1)=3d|t+3|d —cn|t* +|c|* .« ot p

+ 6+cra(E—n)(a=3) IO( —5) f(s,x(s),D x(s))|ds.

Using (H3), we can write

| x(t)|< L(6|b+c+a(§—77)|+l)
® _6|b+c+a(§—77)|r(a+1)

_(|3c+a(3cf—1)|+3|c+a§|+|a|)77c,_2 -
L
_+(|a(377—1)—3b|+3|b_a,7|+|a|)§a,2_

(3.17)
6|b+c+a(§—77)|F(a—1)

+

(j3d +b(3&-1)[+3]d +b&|+[b]) ™ ]

_+(|C(377_1)_3d|+3|d—cn|+|c|)§a—3_
6|b+c+a(§_,7)|r(a_2)

Thus,
|pe(1)| < LMt e J, (3.18)

which implies that
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l¢(x) < LM, (3.19)
and

D7 px (1) <

e st s

1 I
+6|b+c+a(§—77)|f‘(a)]"(2_lg) ,[0(1—5)
[ PBera(3E-1)0 ]
6|p+c+a(E-n)r(2-B)

25
N 1 N lc+aé|t

T(a=2)| |p+c+a(E-n)T(3-5) [y (n=5)" |1 (s.x(s).D"x(s))] ds

Jal#” (3.20)

| [preta(S-n)T(4-5)]
[3d +b(3&-1)|¢
6|b+c+a(§—77)|r(2_lg)
R S |d +b&|*7
IM(a-3)| |b+c+a(é-n)(3-4)
ol

b+c+a(é-n)T(4-5)

+

la(3m7—1)-3b|¢"”
dp+c+alé-n|r2-p)
. b—an|*” J.
b+c+alé-n)TGB-pB)

. ot
| |prc+alE-n)r(4-B)]
(3 —1)-3d|¢'”

b +c+al-n)r(2-p)

Lo, d —cn|e*” J.
F(Ot—3 ‘b+c+a(§—7711“(3_ﬂ)
e’

_+ |b+c+a(§—7yxr(4_lg)_

—

(e

0

Flsux(s). 0 x(s))ds

[a-2

N—"

N—

By (H3) , yields
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|Dﬁ¢x(t)|£L ( —ﬂ+1 +

|b+c+a(§—77)|l“(a+l)l“(2—ﬂ)

+|a (37-1)- lc+aé|n“? +|b—an|&*?
N 6|b+c+a( )| ( ) (a—l) |b+c+a(§—77)|F(3—ﬂ)F(a—1)
a-2
|a|( +§ ) (3.21)
| prcra(é-n)r(4-p)T(a-1) |
Bd+b(36 1) +]e(3n-1)-3d|E"> | +b&|n +]d —cn|e
il 6lp+c+a(é-n)r(2-B)T(a-2)  |p+c+a(é-n)|T(3-B)T(a-2)
|b|77¢x—3 +|C|§oz—3
| |pre+a(é-n)|T(4-p)T(a-2) |
Hence,
‘D%c(t)( <LM,,tel. (3.22)
And consequently,
HD%(x)ﬂ <LM,. (3.23)
Thanks to (3.19) and (3.23), we obtain
l¢(x)|, < LM, +M,), (3.24)
Therefore,
oG], <.
Step3: The operator ¢ is equicontinuous on X:
Letus take x € B_,1,,t, €J,t; <t,. Wehave:
1 -l
|¢x(fz)_(/’x(f1)|5mj;((t2—s) )‘f s,x(s),D’x(s ))‘ds
1 ¢t .
+mjtf(t2—s) 1 f(s,x(s),Dﬂx(S))‘ds
h-h J;(l—s)a_l f(s,x(s),Dﬂx(s))‘ds

|b+c+a(§ 77)| ( a)
+|3c+a 3¢-1)|(t,—,)+3|c+ag|(6; -1 )+

|b+c+a(§ 77)| (a-2)
|3d+b (3-1)|(t,—1,)+3]d +b¢|(1 - 13 ) +

jal(1; 1) I"
(e -2

(=) (s:x(5), D7x(s) | ds

(=]

6|b+c+a.§ n)l (a-3)

oty o

|a|(t b )J.j(g“—s)a3 f(s,x(s),Dﬂx(s))‘ds

+|a(377 )-3b|(t, —1,)+3|p—an|(t; - 13 )+
|b+c+a(§ 77)| (a )
+|c(377 )=3d|(t, ~1,)+3|d —cn|(£ —13 ) +
6|b+c+a - 77)| (a )

Thanks to (H3), we can write

)i

(3.25)
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L(r;‘—tf‘)+ L(t,—1,)
T(a+1)  6p+c+a(é—n)T(a+1)
LPBe+a(3&-1)n7? (t,~4,)+3L|c+ad|n > (6 -] )+ Lla|n* (5 1)
" 6lp+c+a(é—n)T(a-1)
LPB3d +b(3&-1)|n"" (t, —t,) +3L|d +b&|n“ (& =13 )+ L|p|n"" (£ -1,)
’ 6|b+c+a(§—77)|F(a—2)
Lla(3n-1)-3b|&7 (t, =t,)+3L|b—an| & (1 =55 )+ L|a| &7 (1) -1;)
6[p+c+a(&—n)|(a-1)
£ (b —t,)+3L|d —en| & (6 =15 )+ Llc| &7 (£ -1)
6|b+c+a(§—77)|r(a—2) '

|¢)x(t2 )—ox(1, )| <

+

Llc(3n-1)-3d
+IC(ﬂ)

(3.26)
Then, B
1 |a(Bn-1)-3p&
3 L I(a+1) (a-1) B
) @C(tlxg6|b+c+a(§—n] 3d +b(3& 1) +|c(3n-1)-3d| £ (6-1,)
N Ma-2) _
L [ldebdy sl —ene poanfe oy
2|b+c+a(§—77)| Ia-2) M(a-1) b
(3.27)

L S T

Toptera-n)| T@-2)  Ta-1

L|3c+a(3§—1)|77"‘_2 (t 1) L|c+a§|77"’_2 (z—tz)

Op+c+a(é-n|T(@-1)"" " 2b+c+alf-n)fla-1)""
Lla|n*? 5 s L (4

6|b+c+a(g_n)|r(a_1)(2‘1>*r(a+1)(2 )

we have also,

D2 gx(1,) =D px (1) < (al_ 7 | ; (=) (0= )| £ (5:x(s), D7 () ds

e NG CORO)

(tll_ﬁ _t;_ﬂ) 1 -1
+ 6|b+c+a(§—77)|r(a)1"(2_ﬂ) J.O(I—S) ‘f(S,x(S),Dﬁx(s))‘dS
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Be+a(3e-1)|(67-477) ]
6|b+c+a(§—77)|r(2—/3)
|c+a§|(l22_ﬁ —tlz_ﬁ)

I'(a-2)

orcta(E—n)T(3-5)

|a|(t23‘ﬂ — )
b+c+a(§—77) F(4—,B)
3+ (36 -1)|(1F —157)
6|b+c+a(§—n)|r(2—ﬂ)
|d +b§|(tf-ﬂ 7 )

+

I a(3n-1)-3b|(d7 - 137

b+c+a(§—77) F(S—,B)
B(67 -177)
b+c+a(§—77) F(4—,8)

+

6|p+c+a(£-n)l'(2-5)

. b —a77|(z12*ﬁ —1F )

F(a—2)

b+c+a(&—n)T'(3-4)
|a|(tf‘ﬂ—t§‘ﬁ)
b+c+a(&—n) F(4—,B)_

le(3n-1)-3d|(4 -17) |

+

6|b+c+a(§—n)|r(2—ﬁ)

. d —077|<l‘12_ﬂ —tf“’)

By (H3), we obtain:

] b+c+a(&-n) F(4—,B)J

b+c+a(&—n)T(3-p)
e|(7 =577)

(3.28)
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|Dﬂg0x(t2 ) - Dﬂ(/vc(t1 )|

L faGr-1)-3ee?
g L [(a+1) I(a-1) (80 —0)
reval® T R)| fab(3é-1lale(on—1)-3alee”
_+ I'(a-2) i

I e+ag|n ™ +|d—cn|E? |p-an|é*? 25 _ 2-p
+b+c+a(§—ﬂ)r(3_ﬁ)_ F(a—2) + F(a—l) (t1 L )

I _|b|77a—3 +|c| é;a—3 |a|§a72 PNy (3.29)
+b+c+a(§—ﬂ)r(4—ﬂ)_ F(a—Z) +F(a—1) (t1 tz )

. LBe+a(3&-1)n” (17 =)
6|b+c+a(f—n)|F(a—2)F(2—ﬁ’) ? :

Llc+aé|n®? s
i b+c+a(§—77)I‘(a_z)r(3_ﬂ)(t2 L )
L|Cl|770[_3 3-8 3B L «f _ a-p
+b+c+a(§—77)r(a_2)r(4_ﬂ)(2 L )+—F(a—ﬁ+1)(t2 A )

Hence, from(3.27) and (3.29), we get

o la(3n-1)-30 &7
L Ma+1)  Ta-1) (1)
otz )=l ) < op+c+a(—n)| [3d+bB3&-1)n +]c(3n-1)-3d|&* o
3 Ma-2) _
N L |d +b8 77 +|d —cn| & LJp-ane (o 22)
2Ab+c+alE-n)| Ia-2) Ma-1) [°0 7
L Bl g s
+6|b+c+a(§—77)|_ M(a-2) +F(a—1) (tl t2)

LPc+a(36-1)n”

L|c+acf|77”"2 ,
+r(a—1)6|b+c+a(§—n)| (62 -1) =)

+2|b+c+a(§—77)|r(a—1) ?

. Lla|n*™ (2 et (e )
6|b+c+a(§—77)|r(a—l) 2 e +1) 2
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1 la(37-1)-3b
L I'(a+1) I'(a-1)
+
6p+cta(é-n)T(2-B)| [3d+b(3&-1)|n"" +|c(3n-1)-3d
’ (a-2) |
L _|C+a§|77a_3+|d_077|§a_3_|_|b_a77|§a_2 (tz—ﬂ_tZ—ﬁ)
b+c+a(é-n)|T(3-8)| T(a-2) T(a-1) V' 7
L [l el g™ | s
brera(c-nF(4-p)| T@-2)  T(a-1) (57 -7)
LPc+a(3&-1)n"” o
+6|b+c+a(§—77)|1"(05—2)1”(2—ﬁ)(t2 h )+

L|0‘|’7a_3 AP _t13—ﬂ) +

+|b+c+a(g_n)|r(a_z)r(4_/s)(2

éa—2

(67 - t;’ﬂ)

50{—3

(3.30)

Llc+agn"” (tZ—ﬂ _tz—ﬂ)
|b+c+a(§—77)|F(a—2)F(3—ﬂ) ? :

L a-p _ja-p
r(a_ﬁ+1)(’2 W)

which implies ||¢§x(t2)—¢x(tl 1|X — 0 as t, —>t,. By Arzela-Ascoli theorem, we conclude that ¢ is comp letely
continuous operator.
Step4: We show that theset € defined by:

Q={xeX,x=pup(x),0<u<1} (3.31)
is bounded:
Let x €€, then x = ,u¢(x), forsome 0 < g <1. Thus, foreach ¢e€J, wehave:

Lo s [ (=) [ (s 0(5). D7x(s)| s

r I'(a)

t 1 a-1
+6|b+c+a(§—n)|F(a)-[°(1_S)
3c+a(3&E-1)t+3|c+aélt® +|a|t’ .y a3
6|b(+c+3|(§—7|7)|1“(0|¢—2)|| jo(n_s)
3d +b(3-1)t+3|d +bE| P 4Bl o (3.32)
6p+c+a(e—n)T(a-3) Jo(n=s)
a(3n—1)=3b|t +3|b—an|t* +|a|t - o3
6lb+c+a(&—n)T(a-2) jo( =)
c(3n—-1)-3d|t+3|d —cn|® +|c|£’ i
6lb+c+a(&—n)(a-3) Jo(e=9)

f(s,x(s),Dﬁx(s))|ds

_l_

f(s,x(s),Dﬁx(s))| ds

f(s,x(s),Dﬁx(s))|ds.

Thanks to (H3), we can write
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L(6lb+c+a(é—n)+1
_|x(t)|£6|b(| _( )| )
U +c+a(é 77)|F(a+1)
L[(|3c+a(3§—1)| +3|c+a§| +|a|)77”_2 +(|a(377 —1)—3b| +3|b—a77| +|a|)§“"2}
6|b+c+a(§—77)|F(a—l)

(3.33)

L] (j3d+b(3& =1)+3]d +be| + |pl) "™ + (je (3 1)~ 3d| + 3]d — | +[]) £ |
' 6p+c+a(é-n)T(a-2) '

Therefore,
|x(t)| <u

L[(|3c+a(3§—1)|+3|c+aé‘|+|a|)77”’_2 +<|a(377—1)—3b|+3|b—a77|+|a|)§“_2]
TH 6lb+c+a(E—n)T(a-1)

L(6|b+c+a(§—77)|+1)
6|b+c+a(§—77)|1“(a+1)

(3.34)

L] (j3d+b(3¢ =1)|+3[d +b&|+[bl) "™ + (|e (37 1) ~3d|+3|d — en| +|e]) £ |

e 6b+c+a(§—77)F(a—2)

Thus,

x(t) < uM\teJ, (3.35)
which implies that,

x| < gaLM . (3.36)
On the other hand,

%|Dﬂgox(t)| <

1 o g
I'(a-p) -[O(Z_S)

+6|b+c+a(§—77)|r(a)r(2_ﬂ) J.O(I_S)“—l f(s,x(s),Dﬁx(S))‘dS

3e+a(3&-1)[¢
6b+c+a(é-n)r(2-B)

2-p
N 1 N |c+a§|t

T(a=2)| |p+c+a(E-n)T(3-5) [o(7=s)" |7 (s:x(s). D’ x(s))]ds

la] > (3.37)

I b+c+a(&-n) F(4—ﬂ)_

[3d +b(3¢-1)|¢7
6|p+c+a(é-n)T(2-B)

1 |d +b&|t*7 . i ,
Ta3)| Treratenropg [0 ()P ()
. [l
b+c+a(E—n)T(4-p)
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la(37—1)-38|¢'”

6b+c+alE-n|T(2-B)
1 . |b—a77|t2"ﬁ J-
Na-2)| |p+c+alE-n)TG-p)
R
| p+c+alg-n)T(4-p)]
(3 -1)-3d|t"”

b+c+alf-n)|T(2-B)
1 .\ d —cn| > J-
T(a-3)| |p+c+alé-n)T(3-pB)
e

_+|b+c+a(§—n)|r(4—ﬁ)_

—

+

By (H3), we have,
1 N 1

T(a=-p+1) 6p+c+a(E-n)T(a+1)T(2-4)

_|3c+a(3§—l)|77“'2 +|a(37-1)-3b| &7 N le+aé|n“? +|b—an|&*
6p+c+a(é-n)T(2-B)T(a-1)  |p+c+a(E-n)T(3-B)T(a-1)

N |a|(77a—2 +§(1—2)

| |pre+a(E-n)r(4-p)T(a-1)

d+b(3&-1)n" > +|c(3n-1)-3d

%|Dﬁgox(t)| <L

+L

£ |d +bE|n“" +|d —cn| &7

+L X X
Bl +|e] £

orera(é-n)r(3-p)M(a-2)

Therefore,
|D” () < LMt € J.
Thus,
|7 < L,
From (3.36) and (3.40), we get
x|, < pL(M, +M,).

o), < eo.
This shows that () is bounded.
As consequence of Schaefer's fixed point theorem, the problem (1.1) has at least one solution on J.

Hence,

4. Examples

Examlpe 1: Consider the following problem:

6p+c+a(é-n)T(2-p)T(a-2)  |p+c+a(é-n)T(3-B)T(a-2) |

(3.38)

(3.39)

(3.40)

(3.41)
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Dgx(t)

\/;cos(m)

—7t |x(t)| N
(16\/_+e m)(ﬂ+|x(t)|)

(2
2re ™ x N Jz cos(xt)y
16\/;+e_m)(7z+x) 167 (¢ +2) (1+)

Let x,y,x,,), € [O,oo) and t € J. Then we can state that:

£ (620)~ £ (65,3 .

D%x(z‘)

5

D2x(¢t)

(r+2)2[1+ ]JE[O’I]’ .

For this example, we have

S(tx.y)= (

sted =[0,1],x,y €[0,).

2re™™ x X, |

16\/;4-6””)
\/_|cos t) || ~ |

ex(i+2) |1+y 1+y1|

T+Xx ﬂ+%|

- 2re 2’”|x x1| \/;|COS(7TZ)||J’—)/1|
(16VT e ) (rx)(mx) 167 (1+2) (14 0)(1+ 1)
2me ™

< - +—
(16x/;+e"”)|x il 1677(£+2) =l
So we can take
2re 2" NS
- p()=—"E
) (1637 +e) ) 167 (1+2)’

Therefore,

T vz
o=supal(t)=——— sup b(t
te[Ol,?] (1) (16«/; +1) te[Opl] (1)= 641’

and then,
M, =1,07714,M , =1,94137.
We have also

(M, +M,)(0+a@)=0,67242<1.
Hence by Theorem 6, the problem (4.1) has a unique solution on[0,1].

L 1 ‘ (t +¢ )sinQD;x(tX) X
D x(t)= W[smh(iﬂ + W + cosh(l +t ),t e[0,1]

Example 2: Consider the following problem:
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4.2
X (ij =0. (42)
4

Set

~

+

N
\—/
/_\

sin|x|

f(t’xay)zw

For t €[0,1] and x,y,x,,y, € R, wehave:

e L Lo 7a

So, we have
a()=— ()
15(22 +1) 45 (£ +1)
Hence,
1
- t)=—,@ = sup b(t
0= 3 alt)=j5. = s b(1)=
M, =3,02688, M, =1,65165,
and

(M, +M,)(w+@)=0,370539 < 1.

By Theoremé, the problem (4.2) has a unique solution on [0,1].
Example 3: Our third example is the following:

U 3 1 :
D x(t) = —32(1‘2 " 1) (sm x(t)+

3 (1) 4 (1 5 +(2Y 7 (2 (4.3)
—x|—|-—x |—=|=0,—x |=|+—x |—=|=0.
7 4) 9 4 8 5) 8 5

|COS(7Z'Z)

1 .
f(t,x,y) —m(smx+—

9

|cos(7rt)| sin(27rD4x(t))] +arctan (1 +1 ),t e[0,1],

For this example, we have:

5 sin(Zﬂy)J+arctan(l+t2),te[O,l],x,yeiR.
T
It is clear that fis continuous, and there exists L > 0, such that |f(l‘, X, yl <L

By theorem?7, we can state that the problem (4.3) has at least one solution on [O, 11
Example 4: We give also the following example:

t

: () D%X(f)‘

sz(t):7(1+3)2(3+|x(t)|)+27z(t2+3\/_)(5+‘Dux(t)
x(0)=0,x(1) =0,

4 (3) 7 (3) 5 (5} 3 (5) (4.4)
—x|=|-—x |=|=0,—x |=|+=x | —=|=0.
5 7) 9 7 8 6) 4 6
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It is clear that

A

|y

161

flt,x,y)=

7(e+3) (3+ ) ’ 2706 + 347 )5+ )

+ln(l+t2),t € [O,l],x,y € R.

The conditions (H1) and (H3) of Theorem?7 are satisfied. Therefore the problem (4.4) has at least one solution on [0, 1].

5. Conclusions

In this paper, we have studied a four point boundary
problem for fractional differential equations in the sense of
Caputo. By using Banach contraction principle, we have
established new sufficient conditions for the existence and
uniqueness of solutions for the problem (1.1). Other
existence results are generated using the well known
Schaefer’s fixed point theorem. Furthermore, to illustrate our
main results, we have treated two examples related to the
Banach contraction result. We have also studied two other
examples for our second main result.
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