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Stable Two-Step Runge-Kutta Collocation Methods for
Oscillatory Systems of Initial Value Problems in ODEs
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Abstract We presentstable two-step Runge-Kutta collocation methods for solution of highly oscillatory systems of first
order initial value problems in ordinary differential equations. These methods are obtained based on multistep collocation
at Gaussian points, which are shown to be self-starting, convergent, with large regions of absolute stability. They provide
excellent approximations of solutions of oscillatory systems of ordinary differential equations, over the entire interval of
integration. This approach has several fascinating advantages, for example, the numerical tests indicate that the methods
compare favourably with the standard integrators, both in the quality of the numerical solutions and the computational
effort. The results obtained from the preliminary experiments also coincide well with the theoretical values and
demonstrate the effectiveness and reliability of this approach.
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1. Introduction

We present stable two-step Runge-Kutta Collocation
(RKC) methods of orders six and eight, with five and seven
stages respectively and have large regions of absolute
stability. This increased efficiency makes them particularly
suitable for solving highly oscillatory large systems of
initial value problems in ordinary differential equations
(ODBEs), of the form,

Y fny), (@<x<h)
dx

(0) =y,.

The internal stages of the stable two-step Runge-Kutta
collocation methods are the zeros of Legendre polynomials
(Gaussian points) which are known to be the best family of
implicit Runge-Kutta methods, possessing algebraic
stability characteristics with highest order of accuracy for a
given number of stages[1]. These Legendre polynomials
were chosen because of their superior convergence rate
properties and stiffly accurate characteristics in relation to
the approximation of functions.

Theorem 1.1. Let I denotes the identity matrix of
dimension (t+m) X(t+m) and consider the matrices C and D.
Then

(i) DC =1

(1
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y(x) =
o thm=1( -1 m—1 )
(® z Zci+1,j+1yn+j +hzci+1,j+1fn+j x'
i=0 \ j=0 Jj=0
Proof'see,[10]

2. Derivation Technique of the Methods

A particularly useful class of discrete method for the
solution of (1) is the class of linear multistep method,

k k
yn+k :zajyn+j+h2ﬂjfn+j (2)
j=0 j=0

where k>0 is the step number, 4 is assumed (for simp licity of
the analysis) to be a constant step-size given by

h=x,,—-x,; hN=b-a;,

a=x, <+ <X, <X, < <X, <-<Xy=b

n+l

For the construction of the stable two-step Runge-Kutta
collocation methods, we consider the following form of a
multistep collocation of[10] which was an extension of[9] of
the form,

t—1
X)) =D 0,0y,
=0

m—1

+hY w;(x0) f(X;, ¥(X;))
j=0

(3a)
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where 7 denotes the number of interpolation points X, ;,j
= 0,1,2,...,t-1 taken from {x,, X+}; and m denotes the
distinct collocation points  X; €{X,, X} , J =
0,1,2,...,m-1 chosen from {x,, X,+«}. Here y and f'are smooth
real N-dimensional vector functions and ¢j(x) and 1//j(x)
are assumed polynomials of the form,

t+m—1

@;(x)= Z §0j,i+1xi;
i=0

t+m—1

i (3b)
hl//j(x) = Z hl//j,i+1x :
i=0

The numerical constant coefficients ¢f .,y and V/j,i+l in

(3b) are to be determined. They are selected so that accurate
approximations of well behaved problems are obtained
efficiently. The order ofthe collocation method (3a) is given
by p =t+m-1. The proof of this result follows from[9]. When

a collocation point fj € {XH,X,H,(} is a Gaussian point then

it is counted twice for the order of the method see,[9]. Thus,
if all the m collocation points are Gaussian points we have
that p = t+2m-1, which gives super-convergence method
of[9],also see[11, 12, 15]. The interpolation and collocation
conditions are respectively given by,

V(X ) = Vs

je{0,1,2,---,t -1}
y’()_fj) = f()_fjaJ’(fj))a
j=0,L2,---;m—1

are free collocation points.

(4a)

(4b)

where X Xys 05X,

Fromthe interpolation and collocation conditions (4a)-(4b)
and the expression for y(x) in (3a) we see that the following

conditions are imposed on ¢,(x) and ¥/, (x),
¢j(xn+i):5i’ja
=01t 1= 0,1, 1

hy ;(X,41) =0, o
j=0,1,---,m—-1i=0,1,---,t—1
@5 (%) =0,
j=0,1,-,0—1Li=0,1,--,t—1

(5b)

J=0, L, m—13i = 0,1, ¢ 1

Writing (5a)-(5b) in a matrix equation of the form in
theorem 1.1, we have,

CD=1

where [ is an identity matrix of dimension (t+m)x(t+m),

(6)

t . t+m-1

1 X, X, X,
t t+m-1
1 Xl o X+l o xn+rln
. pimel (7
D=|1 Xnrt-1 " Xnrt-1 " xn+’tn—1
0 1 i (t+m-1)z5™ >
0 1 ) (t+m=Dx,
and
0,1 Gy Moy o Mgy
®0,2 G2 Mwos 0 Mo
. . : : . (8)
-1
C=|o, Gy Moy MWy =D
Posrl P o Mo
Po.t+m *** ¢t—1,t+mhl//0,t+m"' h‘//m—l,t+m

We call D the multistep collocation and interpolation
matrix which has a very simple structure and of dimension
(t+m)*(t+m). From (6), the columns of C, which give the
continuous coefficients, can be obtained from the
corresponding columns of D', As can be seen the entries of
C are the constant coefficients of the polynomial given in (3a)
which are to be determined. The matrix C is the solution
vector (output) and D is termed the data (input) matrix,
which is assumed to be non-singular for the existence of the
inverse matrix C. An efficient algorithm for obtaining the
elements ofthe inverse matrix C is found in[10] page 41.

Remark 1.1.

y(x) given in (3a), is the proposed interpolation and
collocation polynomial for (1). From the structure of the
matrix D in (7) the inverse matrix exists because the rows are
linearly independent as they have distinct values like the
Vandermonde matrix. The class of linear multistep method
(2) becomes a special class of the multistep collocation

method when m = ¢+/ and X € [X,,X,,, ] which can also

be solve simultaneously to obtain Runge-Kutta collocation
method. This interesting connection between the multistep
collocation and Runge-Kutta methods is well discussed
in[12].

Definition 1.1: The method in (3a) has the order of
consistency p>1 provided that there exists an error constant
C,+1 such that the local truncation error (LTE) satisfies

|LTE|=C, ,h?" + O(h"?)

where ” . " is the maximum norm.

2.1. Stable Two-Step RKC Method of Order Six

In this section we consider some particular method of the
stable two-step Runge-Kutta collocation methods, with high
accuracy. Using the mnwltistep collocation techniques
discussed in section 2 above, we derive single symmetric
continuous scheme for accurate solutions of oscillatory
systems of initial value problems in ODEs in the interval of
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integration, based on the zeros of Legendre polynomial. For
m=>5,t= 1, wedefinen = (x-X,), such that the method will be
convergent throughout the interval[X,, X,+2], and the matrix
D in (7) takes the following form,

| X, x,f x,f xj xj
0 1 2x,  3x  4x) S5x
0 1 2xﬂ+ll 3x§+u 4x3+u 5x:+ll
D = 2 3 4 (9)
0 1 2xn+l 3‘anrl 4‘xn+l 5'anrl
0 1 2xn+v 3xj+v 4x2+v leirv
0 1 2x 3x%, 4x) . 5x?

n+2 n+2 n+2

To obtain the values of u and v we find the zeros of
P5(x)=0, Legendre polynomial of degree 2 on the standard
symmetric interval[-1,1], which in turn were transformed to

the interval[x,, x,42] by means of the following linear

gy(x) =1

E)

(302417283 J* — (18900 — 108003 Ja77* + (43680 — 2496043 Jup" — |
(45360 — 259203 Ji'n” + (20160 — 115203 Ja*y

transformation xe[-1, 1] — [X,, Xu+2],which leads to the

following,
_ 3-43
Xo =Xy U= | —

3

_ (3+\/§]
'xl :xn+v’ V=

(10)

3

and are valid in the interval[X,, X,+2]. Inverting the matrix D
in (9) once, using computer algebra system, for example,
Maple software package, leads to the following single
symmetric continuous scheme,

Y(xX) = @0 (X)y, + [wo (x) [ +v1(X) S
+ "4) (x)fn+l + V3 (x)fn+v + Va4 (x)fn+2 ]

(1D

where

Vo(x) = n*(20160—11520+/3)
[~ (64843243 )y + (2700~ 189043 Jup* — (3240 — 252043 sy + |
(1080 - 108043 )2
i (x) = 4
1*(1440 96043
_[1445° —=720n7" +11201°y° — 480K°7?
"’2(’“){ 240h*
— (648 - 43243 )y + (3780243043 a1y — (7560 — 468043 i +
() (5400 - 324043 Ji'?
: (1440 96043
367° —135hn* +160K°p° — 60K’
w,(x) = 1 1 4 L !
240h

Evaluating the single symmetric continuous scheme y(x) in (11) at the points, X = X,+2, Xp+u, Xn+1 and X,+y, we obtain the
following block hybrid scheme, which can be solve simultaneously if desired for accurate treatment of highly oscillatory

systems of initial value problems in ODEs.

h
yn+2 :yn +E[2fn +9fn+u +8fn+1 +9fn+v +2fn+2]

Viw =9, +52—0[(81+2\/§)fn +(162+9V3) £,., +(144-11243) £,., +(162-813) ., = (9-23) £,.. |

o=y + ;4’0 bif, +(12+4543)7,, +647., +(12-453)7.., + £..]
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yw=yn+%[(81—2\/§)fn+(162+81\/§)f,,+u (144+11243) £,., (162—9@)@;(%2@)@2]

Converting the block hybrid scheme into stable two-step Runge-Kutta collocation method of order p = 6 written as,

9 8 9
+h F+h F+h Fr+h F,+h F: 12
In = Vn-2 (15) ! (15) 2 (15) 3 (15) 4 [15} 5 (12

where the stage values at the n™ step are calculated as follows,

Y=y,
YZ:yn_2+h[i+£JFl +h[i+£jF2 +h(i—ﬁ] 3+h(i—ij 4—h[L—£]F5

20 270 10 60 15 135 10 20 60 270
31 3 33 4 3 33 1
Y, = W =—|F+h| =+ 2 |+ h| — |+ h| =22\ Fy+h| — | F
37 Vn2 [240]‘+ [10+16]2+ (5) 3 [10 16]4+ (240)5
Y4=)’n_2+h{i—£JFI +h(3 3IJF2 h(4 28\/7}@ +l{i—£JF4—h(L+£JFS

20 270 10 20 15 135 10 60 60 270

Y, = yn2+h[ jFl+h@sz+h( jF3+h(2jF4+h(15j 5

with the stage derivatives
F=f(x,, +h0)Y,)
3-43

Fzzf Xn_2+h T,Y

F; :f(xn—2 +h(l)’Ys)

F4=f[xnz+h[3+3\/§}Y4J
F :f('xn72 +h(2)’Ys)'

2.2. Stable Two-Step RKC Method of Order Eight

For the higher order method, we consider a matrix D ofthe type in (7) as follows,

1 X, x; x x! x) x¢ x!

0 1 2x, 3x; 4x,  5x)  6x Ix°

O 1 2‘xn+u 3x3+u 4xl:’)l’+u 5X:+u 6x}’51+u 7x:+u

Do 0 1 2x,,, 3x2., 4x... S5xi. 6x.. Tx0., 130

0 1 2xn+1 3'xn+1 4xn+l 5xn+] 6xn+] 7'xn+]

0 1 2'xn+r 3X3+r 4x3+r 5x:+r 6'x2+}" 7x2+}"

O 1 2xn+v 3x§+v 4x3+v 5x:+v 6x752+v 7x:+v

0 1 2xn+2 3xn+2 4xn+2 5Xn+2 6xn+2 7xn+2

where u, w and v are zeros of Legendre polynomial of the form P;(x)=0, obtained in the same manner as in equation (10)
which are also valid in the interval[Xx,, X,+2] with,
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_ 5-/15
Xo = Xptu> U=

5
X=Xy w=1
— 5+4/15
Xy = Xptys V= 5

123

(13b)

and r = 3/2. Inverting the matrix D in (13a) once, using computer algebra system, for instance, Maple leads to the following
single symmetric continuous scheme,

Yo (x)fn + 14 (x)fn+u
u'Z) (x)fn+w tys3 (x)fn+1
y(x)=@y(x)y, +
+l//4 (x)fn+r + l//5 (x)fn+v
tWe (x)fn+2
where
¢0 (x)=-1
_(121260000 ~31309200+/15 ) n' - (990290000 —255691800+/15 ) hn®
+ (3250980600 —8393996524/15 ) Wi’ - (5464278750 —1410870825+/15 ) i
+ (495 1450000 —1278459000~/15 ) hin? - (2334255000 —602702100+/15 ) n?
+ (509292000 —131498640+/15 ) hn
Wo(x) =
5040(101050 - 26091x/§)h6
_—(30210000 —7800000/15 )777 +(184170000 — 4755100015 )/m6 —(417742500 —~107856000/15 )h2775
+(434700000 ~112231875V15 )h3n4 —(205047500 52937500415 )h4773 +(35752500 - 922950015 )hSn2 ,
y1(x) = g
35280(1007 ~260+/15 )h
()= 24007 —1820047° +53424h%n> —74760h°n* + 48160h* 7> —100804°5>
J(x) =
2205h°
-3007" +2100/n° —55230%n° + 6615k n* —3430n*n° + 6301°n*
l//3 (X) = 6 ?
315h
240077 —15400hn° +36624h%n> —39480k°n* +19040n* > —3360n°n>
val¥)= 22054°

(14)
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—(30210000 —7800000+/15 )777 + (238770000 — 61649000315 )h776
—(745342500 — 192444000415 )h2775 + (1 151325000 — 297268125415 )h3n4

—(887547500— 229162500115 ) i*n” + (281452500 7267050015 )h5n2 ,

ws(x)=

3528()(1007—260\/3);16
() = 12005 —700047° +15372h%p° —15645k°n* +7280h" > —12600°n? |
5(1) =

50404°

If we evaluate the single symmetric continuous scheme y(x) in (14) at the points, X= X432, Xn+u> Xntws> Xn+15 Xntr a0d X4y, We
obtain the following block hybrid scheme,

h
Ypia =V +TOS[168 fy 4625 f,110 + 768, +1288 1,1 +768,,, +625f,,, +168,.,]

(87325 —126\/G)fn +(156250 + 13375\/E)f,,+u

+(169600 —59904/15 ) £,,.., +(322000— 7694415 ) £,

Voru = Yn
T 1102500 +(214400 - 599044115 f,,,, +(156250 3737515 ) £,.,,

_+(3325 ~126315) £,,.

B | 788347, +(185000+ 4725015 ) £, +118464,,,,

Ynew =Vn ¥ T oo—
1128960) 4224, ~2496 f,,,, + (185000~ 47250V15) £,,,,, =546 .2

p 30597, + (5000 +875\15 ) Foiy 151041,

Ynil =Vn T 35280
10304 £, = 2816 ,.,, +(5000=875V15) £y, =371f,0

po | 9618, +(15000+5250V15) £y, +43968 1.0,

Ynir =Y+
" 1254401 4730481, | 4305281, + (15000~ 5250V15 ) £, +798 £,

Fromthe block hybrid scheme, we obtain highly stable two-step Runge-Kutta collocation method of order p = 8§,

n=ms +h[ BN F +h[ 222N Fy e n L8 Ay n 2228 py o OB Ay | 225 Ry o 228 |, (15)
2205 2205 2205 2205 2205 2205 2205

where the stage values at the n' step are calculated as,

Yl = ynfz
Vymy a0 NS\ (1 10IS) (1696 1664415 )
6300 8750 7056 8820 11025 30625

315 13125 11025 30625 7056 8820 -

6300 8750
Y=y o 1877 o 4625+15JE F 617 A
26880 28224 3584 5880

YRR TSR R = I P 4625 15V15 A3 g
5040 5880 28224 3584 26880

h(92_916\/EJF4+}{2144_1664\/EJF5+}Z[ 1 _299\/EJF6+1{ 19 \/EJE
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2515 J

437 500
Y, = +h| —— |F{+h| ——+
4= Vn-2 ( ) ! (3528 1008
A 92 F4_h[ 176 )F5+h 500
315 2205 3528

7515 J

375
Ys = +h|—— |F+h
5= Vn—2 [8960) ! (3136

1792

1008

125

2205j 3

dl
] e

( 687 ]
1960 )" 3

“h 327 Fy+h 477 Fs+h 375
560 1960 3136

1792

75\/15]]76 H{ 57

= \E
8960) 7

Yo =y st 499 15 Foanl L 107415 e 1696  1664+/15 A
6300 8750 7056 8820 11025~ 30625
o[ 92, 916V15 Fy 2144 166415 o] 10715 Fo—n| 1 A5 F
315 13125 11025~ 30625 7056 8820 6300 8750

8 125 256
Y, = +h F+h Fy+h| — | F
772 [105) 1 (44) 2t (735) 3

with the stage derivatives

Fy=f(x,, +(0).Y,)

F, = f(xn_z +h[5 _;/E] YZJ
1
f(x"2 + h(Z} Y3j

=
Il

F, :f('xn72 +h(1)7Y4)
F :f()cn2 +h(%), Ysj
F, =f(xn2 + h(5+;/g} Y6J

£ :f(xn—2 + h(2)3Y7)
We plotted the regions ofabsolute stability o f methods (12)
and (15), using the method used in[5] as shown in figure 1.
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Figure 1. Regions of absolute stability of thetwo-step RKC methods

3. Numerical Examples

For the stable two-step Runge-Kutta collocation methods
with large regions of absolute stability, we have evaluated
their performance on a set of challenging oscillatory systems
of initial value problems which have appeared in the
literature and compared the results with the theoretical
solutions and with solutions from some methods of similar
derivation. The test examples are systems of initial value
problems in ordinary differential equations written as first
order initial value problems. We plotted these solutions and
compared with the exact solutions and we found out that it is
difficult to differentiate between the graphs of the computed
solutions and graphs of the exact solutions. The number of
functions evaluations (nfe) used in each computation is
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non-stiff problem. Thus, this can be equivalently written as a
coupled system of two first order ordinary differential

indicated
Example 1:
In the first example, we consider the famous test problem  equation,
of Van der Pol’s equation which described the behaviour of yl' =Y,, v 0)=2
oscillator circuits[4]. Originally, the problem had the form of , 5 .
a second order differential equation, Yy =ud=y0)y, =y, »,(0)=0
" 2 ' — The graphs of the solutions at the end of the integration
yi+u(ys =)y’ +y=0 e SEb . ; g
. . interval of[0,100] are plotted and displayed in figure 2.
where the parameter p is set to be either large or small
depending on whether the equation is a stiff problem or
3 T T T - - - - N ) i ' '
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Using method (15), with nfe =100

Figure 2.
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Example 2: The second example is a test problem taken from[§],
yi(x) 422 50.1

Y3(x)

The exact solution is,

The eigenvalues of the systemare A;=-50 and A, 3 = 0.1+£8i. The graphical plots are displayed in figure 3.

26.1 421

exp(0.1x) sin 8x + exp(—50x)

y(x) =<exp(0.1x) cos 8x — exp(—50x)

=421 y,(x) »(0) 1
yy(x)|=|-66.1 =58 58.1 | y,(x)], »,(0)|=|0
=34 || y;(x) »3(0) 2

exp(0.1x)(cos 8x + sin 8x) + exp(—50x).

Using method (12), with nfe =100 Using method[14], with nfe =100
Using method[13], with nfe =100 Using method (15), with nfe =100
2 - . - - - . 2 : : : :
1 ===y(1) p——T
15 '.L . o, —._‘YEE}' 15 -, —'—Eﬂ)"
. R yaf| 1 e 210
" i - " S
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Figure 3. Graphical solttions of example 2 using RKC Methods
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Example 3: Almost periodic initial value problem.
We consider the almost periodic initial value problem
which was earlier studied by some eminent authors, for
instance[6] and the references therein.

"+ =0.001", y(0) =1,

which represent motion on a perturbation of a circular orbit
in the complex plane in which the point y(x) spiral outwards
such that its distance fromthe origin at any time x is given by

7(x) = \/(uz (x)+v’ (x)). ©)

Y (a) The initial value problem in (a) can be expressed as,
. 1
¥'(0)=10.9995i, yeR Y=Y, »,(0)=1
whose theoretical solution is, y; =-y, +0.001cos x, ,(0)=0 q
y(x)=u(x)+iv(x), u,veR' - _ @
> > V3=V »3(0)=0
u(x) = cos x +0.0005xsin x, (®) yi ==y, +0.001sin x, ,(0)=0.9995.
v(x) =sin x — 0.0005x cos x We solve thesystemin (d) and all the solutions generated
by the new methods follow the path of the theoretical graphs
or exact solutions, see figure 4.
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Figure 4. Graphical solutions of example 3 using RKC Methods
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Example 4: We consider another linear problem which is particularly referred to by[6] as a troublesome problem for some
existing methods on which package do exist, for example the DIFSUB of7]. The eigenvalues of the Jacobian are A,
=-10:t100i, )\,3 = -4, 7»4 = —1, 7\5 =-0.5and }\6 =-0.1.

Y71 [-10 100 0 0 [n®] [nO] [1]
¥(x)| |-100 -10 0 0 |»M »0)] |1
Yi(x)| |0 0 =4 0 0 0 |nx y;(0)] |1
y@l o 0 0 0 0 nw  |nO] |1
ys(x)| |0 0 0 0 -05 0 ¥s5(x) ys(0)| |1
ys(x) ] [0 0 0 0 0 =0.1] ys(x) | (0] [1]

We solve the problem in the range 0<x<400. The computed solutions are shown in table 1, while the graphical outputs are
displayed in figure 5.
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==ty) ===yo) | |
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Using method[13], with nfe =100 Using method (15), with nfe =100

Figure 5. Graphical solttions of Example 4 using RKC methods
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Table 1. Absolute errors of numerical solutions of example 4

Mesh Method[14] Method(12) Method[13] Method(15)
values y3 component y3 component y3 component y3 component
10.0 2.0372x107 5.4360x10™" 2.9859x10” 1.1286x10"2
20.0 44917x10™ 2.1381x107% 1.0067x10"® 5.9928x102°
30.0 99035x10% 8.4101x10* 33947x107® 3.1820x10%°
40.0 2.1835x107 3.3079x107 1.1446x10%7 1.6895%10%2
50.0 48143x10™ 1.3011x107% 3.8595x10% 89711x10%°
60.0 1.0614x107% 5.1177x10°% 1.3013x10°%¢ 8.9711x107°
70.0 23404x10%  2.0129x10™ 43879x10°¢ 2.5292x10*
80.0 5.1602x107 7.9177x10"" 7.1351x107° 1.3429x10%
90.0 1.1377x10% 3.1142x1071%2 4.9886x10% 7.1307x10"
100.0 2.5085x10% 1.2249x10™3 1.6820x107* 37862x107%

4. Conclusions

The purpose of this work was to describe the derivation of
stable two-step Runge-Kutta collocation methods and their
efficient implementation for the numerical integration of
highly oscillatory systems of ordinary differential equations.
Our aim was to construct highly stable schemes which are
computationally more efficient than many of the existing
numerical integrators of oscillatory systems. An important
factor in favour of the approach developed in this paper is
that we have derived stable schemes of orders 6 and 8 with
only five and seven stages respectively and it is reasonable to
conjecture that it is possible, using the same procedure, to
derive still higher order, stable schemes. The numerical
results presented are quite satisfactory and suggest that these
methods may have auseful role in the solutions ofoscillatory
systems of initial value problems in ordinary differential
equations. Further, each block of the hybrid scheme, was
reformu lated in form of general linear method[2,3] with the
matrices A, U, B and V, which enabled us to plot the stability
regions of the methods, using the method used in[5] and are
displayed as figure 1 in the paper.
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