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Abstract The aim of the present paper is to propose new iterative schemes for finding a root of a nonlinear algebraic
equation f(x) = 0 for a given initial guess value xy. The iterative schemes can be obtained using Taylor’s series expansion for
f(xo £ /). Fromthe convergence analysis, the various orders of convergence are obtained like linear, order 2 and order 3/2.
Some examples are also discussed and compared with Newton’s method. Some iterative scheme also works even if f'(x)=0,

which is the limitation of the Newton’s method.
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1. Introduction

Finding a root of an algebraic equation is always curiosity
for many researcher in their science and engineering
problems. Among the various techniques, Newton’s method
[1-4] is the most popular and having quadratic convergence.
Many researchers[5—15] have tried to develop new iterative
scheme in their analysis for faster convergence and claim
their advantage over Newton’s method.

In this paper, various new iterative schemes (Ordinate —
Abscissa based Schemes) are proposed. The various
possibility of convergences like linear convergence,
convergence of order 3/2, and convergence of order 2 are
obtained.

Moreover, some proposed scheme also works even if

£1@)=0,

which is the limitation of the Newton’s method.

2. The Basic Idea of Various New
Iterative Schemes

The geometrical view of the method is as shown in
figure 1.
Consider the following nonlinear algebraic equation
S x) =0, (D
for which one or more real roots to be found.
Considering %y as an initial guess value and x* as exact
root, then from the figure 1
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PO’ = PR* + RQ’,
which implies
2
X,
{f(x])}?:M;mZZ,meN, (2)
m
where m indicates number of divisions of ordinate ( in our
case f{xg)).
Case IWhen x , >x *
Let
X =x,—h, 3)

be the first approximation to the required root of equation

(1).

Then equation (2) becomes

{fx,=h)} =

(A) Using Taylor’s series expansion and neglecting terms
containing O (h?) and higher as

S =)= f(x,)=hf"(x)+Oh*), (5
equation (4) becomes

[m” £ (e )T +[=2m" £ () f ' (e)Th+ (m” = 1)/ (x) = 0. (6)

Considering

/G "
m

a=m’f"(x,),
b==2m"f(x,) 1" (x,),
c=(m’=1)1*(x,),
equation (6) becomes ah’> +bh+c =0,

which on solving for / gives

1) f(x)
h=|1+— |—22,
[ me'(xa @
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Figure 1. Ordinate - Abscissa method

Therefore, from equation (3) the first approximation can be obtained as

1 X,
X, =x0—[1i—jM. (8)
m ) f'(x,)
The general formula for successive approximation is, therefore, given by
xn+1 = xn - h > )
which implies
1 X
an:xn—(li—j—f’( ");m22,meN, (10)
m) f(x,)

where X, > x"and n (n=0,1,2,3,...) indicate number of iterations.

(B) Using Taylor’s series expansion and neglecting terms containing O (4°) and higher as

F =)= £30) =B (i) £5) + OO, (i
equation (4) becomes .
m?[f" (%) + [ () f " (eI +[=2m £ (x0) f'(x,) i+ (m® = 1) 7 (3,) = 0. (12)
Considering
A=m’[f7(x)+ (%) " ()],
B==2m’f(x,) f"(x,),
C=(m*=1)f(x,),

equation (12) becomes
Ah* +Bh+C=0, (13)

which on solving for / gives

(14

F i) () £ J}; F200) /() — (1 - n;>f3(xo)f"(xo)
f(xo)f”(xo) + flz (xo) .

Therefore, from equation (3) the first approximation can be obtained as

h=
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f(xo)f'(xo)i\/n;fz(xo)f'z(xo)—(l—niz)f(xo)f"(xo)

_ (15)
X =X " "2
S ) () + 7 (%)
The general formula for successive approximation is , therefore, given by
X, =x,—h, (16)
which implies
| e 2 1 3
FE) ) E | — [ x) T (x)—(0=-—) " (x,)"(x,)
m m (17)
X, =X, — p — ;m=2,meN,
S (x)+7(x,)
where x, > x .
3
Case I When x , <x
In this case
X =x,+h, (18)
be the first approximation to the required root of equation (1).
Then equation (2) becomes
2 [f(x)
{f(x,+h)} = mg ) (19)
(A)By following the same procedure as in Casel (A), the general formula for successive approximation can be obtained as
1 b
X, :xn+(—li—j—f,( ) sm=22,meN, (20)
m) f(x,)

where x, <x and x,, = x, +h.

(B) By following the same procedure as in Case I (B), the general formula for successive approximation can be obtained as
| 2 1 3
—f(x)f '(xn)i\/mzf (x,)/" ()= (=) (x,)f "(x,)
n+l = ‘xn + 2
' SN Gx)+ 1 (x,)

.
where x, <xand x,,, =x, +h.

(21)

cm=>2,meN,

Combining formulae (10) and (20) yields the iterative scheme

xml:xn—(lil)w;mzz,meN, (22)
m) f'(x,)

> X or X < X

s

which is true for any initial guess xo ; that is, whether x

Scheme (22) implies two different formulas as

Xop1 =X, _(l—ijw;mZZmeN, (23)
m) f(x,)

X =xn—(1+ij f,(x”) :m>2,meN. (24)
m) [(x,)

Similarly, combining formulae (17) and (21) yields
) ()% JWI[ )20 == ) ()
e FEN" )+ ()

which is true for any initial guess xy.

im>2meN, (25)

3. Convergence Analysis
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Let &, be the error in the n' iteration then

= vk —
& X X, .

n

Similarly, let &,,, be the error in the (n + 1 )th iteration then

ol =X~ Xpu1
Convergence analysis of scheme (22)

Substituting equations (26), (27) in (22) yields

x*—8n+l:x*—8n—( jf(x —8)
fx=¢,)

which implies

[—8 S )+ f"(x )= }

£, =&, +(1iij{

JACOE €f"(X)+ f"'(X) }

since j(x*)=0.
On simplification of equation (29) , one obtains

8n+1ziL8n+(—l j f(x)
m 27 2m f”(x)

= ¢, (Finite quantity).

115

(26)

27

28

(29)

(30)

Thus, the scheme (22) converges linearly. However, it can be observed that when m is large then the order of convergence

is 2 (Quadratically) and the scheme resemblance to Newton’s formula.
Convergence analysis of scheme (25)
Substituting equations (26), (27) in (25), the separate simp lifications of each term in (25) gives

S 0) = [ =) 6 =8) = e,/ 28l 7= 7

[f(x)f'(x)) =& f'4+ Sf'zf"2+ 8f"4 =3¢,/ f" - S,ff'f”—

f3(xn)fﬂ(xn):_gjfr3 N+§g: n4 +Eg:fr2f"2 _Zgjf! fﬂ3 _

G ) = e, 1"+ el -
flz(xn):flz—28nf'f"+€jfuz _

The termunder square root sign in (25) is given by

#foﬂ _(1_#]f3fn =#(85 r4 19 4f72fﬂ2 4 fr3fﬂ j

_(_gjfdf"_'_%gjffsznz _j ,

which is obtained by neglecting O(&> ), and higher.
The denominator term in (25) is given by

F ISR L3 S

The second term in (25) is given by

(31)

(32)

(33)

(34)

(33)

(36)

G7
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gjfﬂ _

ffrr+f!2 f’2

“36,f 1458

On right hand side divide by f"*to both numerator and denominator, one obtains

-&,+-¢,

ffr ~ nn

il
!

; (38)
f” _
1 3 fl!2 ~
n 12
2 A (39)

T

The third term in (25) is given by

"2
?/2 - 4

1 . 1 . 1 19
\/mzfzf 2 _(I_ijf}f g, mz(1+4g

e

g, f':—...j—[—gn L':-i-gg: fz +j
f T2 (40)

"2
1- 38L+ ngZ
s

Using equations (26) (27) in (25), and using equations (31)-(40), one obtains on simplification

(41)

n2 " n2
te, 12[1+19 ff,z gnf,—...J ( 3 +>& f,z +j
B m A A 2t f
En = fll "2
1-3¢, 2 +=¢.

f

2 nf!Z_

frrz ~
gﬂ f!2

=&

n+l

n2 "
v, |10 17 g S
m 4 " f

= ¢, (Finite quantity).

" "”2
g, ...j—(—gnL,+igjf—+
A VA

frz

] 42)

(43)

Thus, the scheme (25) converges linearly. However, it can be observed from equation (42) that when m is large then the

order of convergence is 3/2.

4. Discussion of some Examples

As the proposed iterative scheme (22) converges
quadratically when m is large, so a comparison of this
scheme with Newton’s method is given.

It is observed from Table 1that by using Newton’s method,

the answer correct up to four decimal places is 1.3247 which
is obtained in 5 iterations whereas using our method the same
answer is obtained when

(1) m = 38 for formula (23) ( Column 3 ) ; that is , the
number of iterations remains 5 as in Newton’s case.

(2) m = 10 for formula (24) (column 4 ); that is , the
number of iterations remains 5 as in Newton’s case.

It is observed from Table 2 that by using Newton’s method,
the answer correct up to four decimal places is 1.0000 which
is obtained in 14 iterations whereas using our method the
same answer is obtained when

(1) m = 46 for formula (23) (column 3) ; that is , the
number of iterations remains 14 as in Newton’s case.

(2) m =2 for formula (24) (column 4) ; that is , the number
of iterations required are 8 which are less than Newton’s case
where it requires 14. So, faster convergence is obtained.

By observing both the examples carefully, it is concluded
that the new proposed iterative scheme is comparable with
Newton’s scheme. Moreover, for example in Table 2, faster
convergence is obtained for the formula (24) in colunn 4.
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Table 1. Comparative study of our scheme (22) with Newton’s formula for x*—x—1=0

QY] (@) (©) (4) (5 (6)
- Number of iterations Number of iterations Solution ofthe
Initial . . . . Number of . .
Values of required by using formula required by using formula . . . given equation
guess . . iterations by using
| m (23)to get answer as in (24)to get answer as in Newtor’s f ) correct up to 4
vaiue Xo column (6) column (6) ewton's formuia decimal places
2 16 11
3 11 10
4 9 8
10 7 5
2 11 7 5 5 13247
12 6 5
20 6 5
30 6 5
38 5 5
Table 2. Comparative study of our scheme (22) with Newton’s formula for xX*—*—x+1=0
( (@) 3 4 (5 (6)
.. Number of tterations Number of tterations Solution ofthe
Initial . . . . Number of . .
Values of required by using formula required by using formula . . . given equation
guess . . iterations by using
value x, m (23)to get answer as in (24)to get answer as in Newton’s formula correct up to 4
column (6) column (6) decimal places
2 32 8
3 23 10
4 20 10
10 16 12
15 20 s 3 14 1.0000
30 15 14
40 15 14
46 14 14

5. Conclusions

The present paper proposes new iterative schemes for
finding a root of a nonlinear algebraic equation f(x) = 0. The
discussion Section 4 shows the comparison of our method
with Newton’s Method. The following are the major
conclusions obtained:

(1) The scheme (22) converges linearly. However, when m
is large, the order of convergence is 2 and the scheme
resemblance to Newton’s formula.

(2) The necessary condition for convergence of the
scheme (25) is

L) S (x) = (m =D f(x,) f"(x,) > 0.
Also, the condition of validity of the scheme is
S f"(x)+ 7 (x,) %0,
which implies
f"(x)#0 and f'(x,)#0.
(3) The scheme in (25) works even if
f'(x,)=0provided f"(x,)#0.
(4) The scheme (25) has linear convergence. However,
when m is large the order of convergence is 3/2.
(5) There is no restriction on initial guess x , .

(6) The beauty of'the present schemes (22) and (25) are of
choosing value of m, which is in our control.

(7) The example discussed in Table 2 shows the faster
convergence by our scheme than Newton’s method.
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