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Abstract

In this work, we are looking for the wave solutions and soliton solutions of some discrete nonlinear partial

differential equations in order to integrate the discrete variable " n" in the expression of amplitude and phase. Hence We
choose for this reason the networks of dispersive optical systems where the dynamics of propagation of waves is governed
by the discrete nonlinear partial differential equations of Ginzburg-Landau types. With the help of some innovative and
suitable transformations, we uncouple the equations to solve in order to get the ones that govern the dynamics of phase and
amp litude, hereby facilitating the achievement of our goal. The expressions of the non linear phases are also obtained as

well.
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1. Introduction

Great deals of physical systems are governed by
mathematical equations, notably the linear differential
equations, linear partial differential equations, and the
discrete nonlinear partial differential equations or discrete
nonlinear ordinary equations which describe the complicated
physical systems. A better knowledge of these physical
systems, require the numerical resolution and above all the
analytical resolution of these equations. This justifies
especially the determination of physicists to continue their
research of the physical solutions, or the solutions which are
closed to reality. In the last few decades, many authors have
been interested in the discrete model equations[1-5]. The
best techniques of resolution have been discovered or
improved; others have been used to give the solutions of
different mathematical and nonlinear physical equations
[6-18]. Very often it is the future wave named soliton that is
in the center of several nonlinear partial differential
equations resolution.

It has caused a lot of interest in the minds of most
researchers resulting in a series of publications[19-25]. In
optical fibers and other domains, researchers brought
forward the solutions of the equations and treat the nonlinear
dynamic excitations[26-38]. In short the interest of the
researchers in resolving of the partial differential equations
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and in the nonlinear partial differential equations is more and
more crescent according. If the spatio-temporal nonlinear
partial differential equations (NPDE) is not comfortable to
solve, the one of the discrete NPDE is even more
complicated. It is due to the fact that in addition to the spatial
and temporal variables, we must use another variable which
determines the number of elements that the network contains.
Speaking of the network, a great deal of the discrete NPDEs
describe the dynamics of propagation of waves in the
networks like optical fibers, atomic chains, and electric
lines, ... and so on and so forth. But the problem remains how
to find wave solutions of the shape

w, =U(M,t,n)expi6, (M,t,n) where U(M,t,n)
represents the envelope of the wave and 49n (M,t,n) the

phase, M(x,y,Z) a point of space, n the discrete

variable and ¢ the time. i.e. to find a solution that takes into
account the discrete variable in the amplitude. If a lot of
research works yields many solutions under the shape
U(M,Z‘)exp i0, (M,t,n) where the amplitude is a
function of space and time, there are few cases where the
amp litude is a function of space, time and discrete variable
n.

In our previous works, we demonstrated that it was
possible to transformthe discrete NPDE with the help of the
recurrence relations which govern the phase[37]. This
method will be put in evidence in this work that is to look for
the solutions of the discrete complex Ginzburg-Landau
equations in dissipative mode. The NPDEs considered here
take into account the temporal and discrete variable. The
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solutions that we are going to propose will have the shape
v, = U(n,t)exp i0, (n,t) where n is the discrete

variable and 7 the time.

Hereafter, we find the analytical soliton solutions of the
discrete cubic-quintique nonlinear and comp lex
Ginzburg-Landau equation by the right method (see ref.[37]).
This method consists of bounding the equation by the lower
bound and upper bound equations, and after obtaining the
induction relation which governs the phases of the solutions.
We obtained these induction relations by finding the values

0.-0
which give out cos (% ,

(Hnﬂ + Hn—l B 20n j : (Hn-H + en—l B 29)1 ]
cos 5 and sin 5

max. Then the solutions obtained take into account the
"

discrete number "n", the real time of propagation "¢"
and the time delay due to the influence of other fibers on the
considered propagating fiber.

This paper is organized as follows. In section 2, we
introduced the method to be used, in section 3, we apply this
method on Ablowitz-Ladik’s equation which is a single
nonlinear cubic and integrable Schrodinger equation. Section
4, proposes the analytical solutions of the dissipative discrete
cubic nonlinear complex Ginzburg-Landau equation.
Section 5, proposes the analytical solutions of the dissipative
discrete cubic-quintique nonlinear complex Ginzburg-Land
au[25], section 6 proposes the analytical solutions of the
discrete cubic nonlinear complex Ginzburg-Landau equation
in the dissipative model with nonlinear terms

|!//n ’ (l//n+1 + l//n—l) and |l//n ) (l//n+1 + l//n—l) . Finally,

section 7 concludes with brief comments.

2. Method

The main principle behind this method consists of
introducing in the equation to solve as a solution of the shape

v, =U(n,t)expi, (n,t)
v, = U(n,t)exp i0, (n,l‘) .It leads to coupled equations

in 67” and U . While transforming eXpiHn according to

the Moivre’s formula, the resulting equations can be shown

under  shapes that include the terms in
[0;1+1 + 9,,71 — 20}1 [enJrl — 9)171
COSs COS| —m—m—— 5
2 2
. [ 0., +60 _ —20. j [ 0, -6, J
Sin COoS| —m—— or
2 2
cosS gn+1 + 9}1—1 — 20n Sin 9n+1 — Hn—l e and
2 2

so on and so forth. The presence of the expressions of this
nature, allows obtaining the bounded equations which are
limited by two other equations of which one is lower bound

and the other is upper bound. Following these observations,
we note that to have the lower bound equation or upper
bound equation result in the following correspondences

9n+1 + 9,171 — 2en 9n+1 — 91171
COS COS| ———m— || ™
2 2
COS(H;%LI +611—1 _26n jcos(0n+l _011—1 ]‘ RN O or
2
: [erwrl + 9’171 — 29}1 j (erwl — 0}7*1 j
s COS i
2 2

2
so forth. These correspondences permit the recurrence

1 2

1 and

relations that govern 4911 of which the resulting equations,
end with the expressions of U(n,t) and 6, which are

the firsttermof 6 when , =1(6, =6, (t) ). Whatis also
important to mention here is that, we want amplitude

U(n, l) that is effectively a function of 7. To arrive there,

we put the change of variable 7 =1+ (n — 1)2‘ where f

is the effective time cover by the wave in a considered
propagator fiber or cell of the network without the influence
of the neighbors, 7 the time delay imposed by the
neighboring fibers or neighboring cells on the propagator
fiber or cell if one supposes that the contribution of every
fiber is the same and is worth 7, n represents the number

of fibers or cells that the network contains. Tn can take

various shapes, for example 7 =¢+ 2[1 —(1/2)’1:|T if

the delay time imposed by every fiber or cell varies
according to the remoteness with respect to the propagator
fiber as a geometric regression of common ratio g =1/2.

In the course of this work, we are going to use this method
to propose solutions of some discrete NPDEs of
Ginzburg-Landau in dissipative media.

3. Cubic Nonlinear Schrodinger
Equation

We use the cubic integrable Schrodinger equation
(Ablowitz-Ladik)[38] given by the following relation

dy, D
ZTVZ—}_?(WnH +Wn—l _ZWn)

+|l//n ’ (Wn-*—l + l//n—l ) = 0

Using the transformation 7, =t+(n—1)r , where n

(1)

is the number of fibers or cores, 7 thetime delay dueto one
fiber or core and f the real time of propagation in the
absence of neighboring fibers. The equation (1) becomes

(V1,0 )=0.2)

dy. D
ld_!/;.;-l_?(‘[/nﬂ +V/n—1 _2V/n)+

Looking for the solutions of equation (2) in the form

v,
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v, =U(n,t)exp(i6,)=U(T,)exp(i6,) 3
we reduce equation (2)as

do

e oot
+[cos(9n+, —6,)+cos(6,_ ]|U| U
o @)
. d_];+?[sin(6’,,+1_9»1)+Sin('9"-1_9”)]U _o,
+[sin(6,,, -6, )+sin(6, , -6, )]|U|2 v

then we end up with the dynamic coupled equations by
decomposing into real and imaginary parts the equation (4)

dﬁn Hrﬁ-l + 6 2011 en+l _ en—l
CcoS CcoS
dT, 3 2

(5)
—DU+2|U|2Ucos(‘9’”' + 00 20”]005[0’“‘ '9"'):0,
2 2
and
d—U-l-DUCOS 0n+1 _en—l S. Hn+1 +0 20
dT, 2 >
(6)

0.-6 . (6.,,+6 _-20
+2|U|2Ucos R S [ I kT P ()
2 2
While proceeding by a framing of the equation (5) and
equation (6), we observed that

9O ufu, o

n

and

Y _py- 2|uf U<equatzon(6)<—(T]+DU+2|U| U.(8)

n n
In other words, the limitation of these equations becomes
to obtain their upper bound and lower bound. We are
tempted to say that the above framings are obtained when

terms in cosine and sine of Hn are maximum or minimum. If

we consider the case where
0.+06 ,-20 0.-606
cos n+l n cos n+l n—1 N 1 ,
2 2

then the following relations are verified

0,.+6 ,-20 =2nr, 9
and

0.-0 =2nr. (10)

The addition of equation (9) and equation (10) leads to
recurrence relation

6.—-6 =2nr. (11)
When 71 varies the equation (11) yields
2
0n=91+7z(n —n), (12)

where @, represents the expression of 6 when n=1.

The substitution of equation (12) into equation (5) and

equation (6) yields the reduced system of equations

a6

dT =2U°2, (13)
dUu
ar 9

The integration of equation (14) and equation (13) gives
U=U,=cste , 6=2Ut+n

n=1T —>t).In this case the solution of equation (1) is

(because for

given by
v, =U, expi(ZUan +7r(n2 —n)+77). 15)

In the second case,
cos 9n+1 — anl Sin 0n+1 + 0 20}1 then
2 2
we obtain
0., +6,_,-20 =2n+1)z (16)
and
0.-0 =2nr. (17)

With the same logic adding equation (16) to equation (17),
we obtain

(18)

0,=0+= Z(4k 3),

k

Where n describes the set of natural numbers and 91 is

the expression of € when n=1. When n varies

equation (18) is written

n—1
0 =0 +%Z(4k—3).
k=1

Taking into account equation (19) in equation (6), it
follows that

(19)

do,
1 -_D,
a7 (20)
and
dU + DU +2U° =0. (21)

The integration of equation (20) gives 6, = —DT, + A4,

where A, is an arbitrary constant, 7 =7 because n =1

and the equation (19) becomes

0, :—Dt+%2(4k—3)+/11. (22)
k=1
It follows fromthe resolution of equation (21) that
4N Dsech(DT
U(T,) = s (DT,) o)

2+ tanh(DT,) —2sec i* (DT,

where [ is an arbitrary constant and D >0 . From

equations (1), (2), (22) and equation (23) we can therefore
write the solution of equation (1) as
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_ iﬂ\/Bsech(D(t—nr))
\/2 +tanh(D (¢ <fnt )) - 2sech® (D(t - nr))

xexpl[—D?‘/+ 4k—3)+ﬂ1j.
25

The used of the above method permits to really uncouple
the equation (1); at the end we obtain the solution of equation
(24).

As we have shown previously, it is possible to get several

u(T,
(24)

relations of recurrences that manage the phase 9n. But in

the course of this work, we are going to consider that Hn is
under the shape 6 =6 + 7z'(n2 —n) , where
6,=06,(1).

4. Solutions of Dissipative Cubic
Nonlinear Complex
Ginzburg-Landau Equation

In this section, we consider the cubic nonlinear complex
Ginzburg-landau equation in the dissipative system[24]
given by

;av,

D .
” +(3—lﬂj(w,,ﬂ+l/fn_1—2%)

25)

(l//n+1 + l//n—l ) = lé‘l//n :

Using the transformation 7, =+ (n - 1)2‘ , We rewrite

+(1-ie)|w,[

equation (25) in the form

.dy D
—L | = + -2
ldTn (2 lﬁ)(l//nﬂ Vo ‘//n) 26

+(l—i8)|l//n ’ (Voo +V,., ) =iy,

Inserting equation (3) in equation (26) and applying the
same transformation we obtain

%9, _pu
dT,

+(pU +2luf U)x

9n+1 + 9 — 29n 9n+1 — Hn—l
cos cos| — 27
2 2

+2(,BU+5|U|2 U)x

COS[ 0n+l — anl Si gnJrl + 6 20n j — 0’
2 2

and

dU
E+(2ﬁ S)U

n

+(pU+2lUf U)

[0n+1 +H _2Hn) (HVHI _0
COS CoOS| ———
2 2

nlj 28)
2(pU+elul U

COS(Q’H—I _Hn—l jsin(gn-#l + 0 29/1 j — 0
2 2

The substitution of equation (12) into equation (27) and
equation (28) reduced themto

do,

=0, (29)
and

dU
dT
Set down Q,=28-56+D, and according to the fact

(2,8 5+D)U+2U =0. (30)

that U =U (Tn) we rewrite equation (29) and equation

(30) as
do,

=0, (31)
and
dau ,
+QU +2U° =0.

dTn (32)

The integration of equation (32) leads to

* sech Q, T

\/7 - (33)

\/20 Q, (1+tanh (Q,T, ) - (2+Q,C, )sech’ (Q,T,)

By mtroducmg equation (33) into equation (31) we obtain
the expression ofthe phase for n =1

6~ 2+ 2tanh (Qy) —sec i’ (Qyt)
) \/ZCQ (14 tanh (Qyt)) ~(2+Q,C, )sec ¥ ()

+4,(34)

where T, =

equation (34) and equation (12) we obtain the following
relation

, C,, ﬂz are the arbitrary constants. From

0 1 ) 2+2tanh(£20t)—sech2 (Q)
n

2 20,0, (1+tanh (@) - (2+Q,C, )sec i (1) 35)
+7r(n2—n)+ﬁ.z.

According to equation (35) and equation (33), the solution
of equation (25) can be written in the following form
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i\/Qiosech(Qo (1 —m'))
2C,Q, (1+ tanh (Q, (£~ n7)))
-(2+ Qgﬁsec n (QO (t— nr))

L 2+2tanh (Q t) —sech” (Qt)

n
2 2(,Q, (1+ tanh Q1))
X exXp

2+Q,C, )sech’ (Q,1)

v (t:n)=

(36)

2 2
+7Z'(n —nJTA )

In the next sectiorl] we are going to use the same method
and transformation t0 seek the analytical solutions of the
complex Ginzburg-Landau equation with high nonlinearity.

5. Solutions of Dissipative Complex
Cubic-Quintique Nonlinear
Ginzburg-Landau Equation

The equation that we consider here is practically the one
that we used in section 3 but with quintique nonlinearity.
This equation is given by

i%ﬂ{%—iﬁj(wm F W —2¥,)
2(1—i)|y,[ v, 7
+2(y—ig)|w, " w, =idw,.
Thus, using the transformation 7, =¢—(n—1)7, it
follows from equation (37) that
i%{%—iﬂj(wﬂ YW, —2v,)

+2(1-ig)|y, |2 v, (38)
+2(y—iw)|w,| v, =isw,.

Equation (38) leads accordingly to equation (3) the set of
coupled equations

do,

~2[Uf -2y (U]’ + D

n

-D cos ( 9n+l + 011—1 — 20}1 jCOS [ 0n+1 — Hn—l j
2 2

_2ﬂ cos ( enﬂ + 9;1 — 29n jCOS ( 9n+1 ;enl ) — 0,

(39)

and

AU _2euf ~2fuf' U-sU + 26U
dr,

n

+DU sin (—0’”1 - 0;1 —20, )cos (—9”“ ; Ot j (40)

—2ﬁU COS(QHI + en—l — 2971 jCOSEQnH — en—l j =0.

2 2
We similarly obtain by substituting equation (12) into
equation (39) and (40) the reduced set of the following
coupled equations

do 4 2
L _2yv|U| =2|U| =2 =0, 41
A e @n
and
— 20U =2eU° +Q U =0,
a7 1 42)

n

where Q =-28+0 . Looking for general solution of

equation (42), it follows that U verify the relation

L”U—Lln(2U4+2gU2+Ql)
Q

1 1

43)
& 26 +U?
+ ——————=—=—==2rctan

—— =T+ 4,
0,20, +¢&° 2,20, +¢’

where A, is the arbitrary constant. To obtain 6, in this case,
we introduce the value of U given by equation (43) in
equation (41). But it will be very difficult to obtain the
general expression of 491. Nevertheless, we can obtain
solutions of equation (41) and (42) by imputing values to
different constants &, Ql , yand . By considering the

case where £ =0, y #0 and Q, #0, the system form
by equation (41) and (42) becomes

d91 4 2
A _2yUt —2U* -2 =0,
a7 y p (44)
and
du
—-2U°-QU =0
d, ! )
Equation (45) admits for solutions
Q)" sech’? (2QT,)
= /4 »
20Q,C; (1-tanh (2Q,7,))) (46)
—(Q,C; +2)sech® (2QT,)
U - —Q)“sech™? (2QT,)
" [20,¢,(1-tanh (20,7,)) @)

—(9Q,C, +2)sech’ (2QT,)
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-Q " sech™ (2QT,)
U, = ; 7T (48)
[209,C, (~1+ tanh (2Q,7,)) +(Q,C; +2)seci” (2T, ) |
Q*sech (2QT,)
U, = 4 (49)

[2Q,C; (~1+tanh (2Q,7,)) +(Q,C; +2)sec i’ (2Q,T, ) |
For every Ul. (i =1..., 4) correspond to eli (i =1..., 4) and naturally the final expression of i/, . Then, taking into
account equation (46) into equation (44), we obtain
4C,0} (1-tanh (2Q,7;)) - (4Q, +2C,Q )sech’® (20T,
o

1/2

-1
0, = ?Arc tan| cosh (2Q,7,)

(50)
(2-2tanh(2Q7,)) " sech'? (2T, )

20,C, (—1+tanh (2Q7,)) - 2sec i’ (2Q,T,)

+y1In =2pT, + 4y

where C3 , 24 are constants, 7| =t .Fromequation (46) and equation (50), we deduce one particular solution of equation
37
Q*sech’ (20, (1—nr))

[zglq (1-tanh (20, (1 - n7))) —(Q,C, +2)sech? (2, (t—nr))]m

Yn=

cosh(ZQ1 (t)) 1)

_1 [4(7393 (1-tanh (20, (t —n7))) - (4Q, +2C,Q] )sec h” (2€ (¢ ))Jm
7Arctan

o
xexpi

+}/ln{ (2 —2tanh (20, (t)))l/4 sech"? (20 (1))

20,C,(~1+tanh (20, (1)) -2sech” (2, (t))J ~2Bt+ 7 (n” —n)+ 24,

logically the analytical shape of a pulse. But when one
observes Figure 1, one surrenders to the evidence that it is a
pulse that has undergone distortions with respect to a classic
pulse. This distortion can be interpreted as due to the
influence of the number of fibers “ 7 ” that we took into
account in the expression of the amplitude of the equation

‘W| 51).

Figure 1. Representative curve of the intensity of the wave given by the

equation(51) for Ql =1, C,=0.,7=02ad n=41

Figure 1, shows the profile of intensity of temporal and
discrete soliton obtained from the equation (51). For a
number of fibers of the network estimated to 41, the choice
of'the other parameters reduced the analytical expression of

o Figure 2. Representative curveofthe phase Hn of the wave given by the
the equation (51) to ¥, = (2) 4 sech(2t+8) ; which s equation(51) for y=0, B=1, /14 =0 md n=41
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Figure 2, shows the representation of the phase @, ofthe

solution given by the equation (51) according to time. We
note that this profile of phase is all specific and at such we
can ask ourselves the question if we are always right every
time and on any type of equation to suppose that the phases
of the solutions to construct are linear in temporal variable

and in spatial variable?

As we progress with our analysis, we are going to seek
solutions of complex cubic-quintique  nonlinear
Ginzburg-Landau equation which contains the additive

’ (l//n+1 + l//n—l) and |Wn ) (l//n+1 + l//n—l ) .

terms |l//n

6. Solutions of Dissipative Complex Cubic-Quintique Nonlinear Ginzburg-Landau

Equation Containing the Terms |y,

2(Wn+l+‘//n—1) and |Wn

) (Wn+1 + V/n—l )

In this section of work, the equation which will be in the center of our analysis has the following shape

d D . '
l%_k(?_lﬂ)(l?”nﬂ +l//n—1 _2W’7)+(1 +l€)|lt”n

’ (Wnﬂ +Wn—l)+(7_l/u)|l//n

' (l//nH + Wn—l) = 161//,1 (52)

Using the same transformations as in the preceding equations, equation (52) gives

o Do ol o 22 o B0
dt 2 2 2 53)
+2(ﬂU+g|U|2 U+/1|U|4 U)><c0s(6)”+1 ;9”‘1 jsin(e”” +0”2‘1 20, j =0,
and
d—U+2ﬂU—5U+2<—ﬂU—g|U|2 U—/J|U|2 U)XCOS(QHH +9n—1 —29’1 ]COS(QHH —9,,71 )
a 2 2 (54)

0

n+l

=0.

+2(§U+|U|2U+7/|U|4 ijcos(g”+1 ;H”IJSin[

+6,,-26, j
2

The above equations can be solve by locating and using the expressions of 4911 established at the beginning of this work.

n—l
So when Hn takes 0,=6+r/ 22(4]( — 3) , equation (53) and equation (54) yield the system of coupled equations

k=1

analogous to the system obtained in equation (41) and equation (42) which is already solved . Then we focus our attention in

the case where 6?” = 91 + (n2 — n) 7 . With this transformation equation (53) and (54) give respectively

do,
L_20Q.U*-2aU”+23 =0, (55)
and
dUu
———8U -2AU"* =0,
ar, (56)
where o =1+¢, Q2 =y+ 4 and A =g+ 1, we obtain via the resolution of equation (56)
+Vo sech (207,
U(]:z): ( ) 5 72 (57)
[25C, (1-tanh(8T,))—2Asec’ (5T, |
where C 4 1is the arbitrary constant. The substitution of equation (57) into equation (55) leads to
2(1-tanh(57))—sech® (S
| (1 tanh (31)) —sec/r”(4t) i 1 (26C,(1-tanh (8t)) - (2A +1)seci* ()
6, ==—In| 26C, (1-tanh(5r))—(2A+1)sech’ (5t) [+—1 :
2A 4A 2(1—tanh (1)) —sech® (5t)
(58)

Q,5sech™(5t)
oA [26C, (1-tanh (57)) - (24 +1)sech* (5t) |

=28t + A,
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where /15 is an arbitrary constant. Finally the solution of equation (52) is given by

+/6 sech(25(t — nr))

w,(t,n)=

[25C4 (1 —tanh(5(tvlzr))) _2Asech? (5(1‘ —nr))]m

2 (1 —tanh (51)) —sech’ (5t)

1
Sxln 26C, (1-tanh(51))—(2A+1)sech’ (5t)

1 26C, (1-tanh (51)) - (2A+1)sech’ (5t)
n

(9)

xXexpi| +
P 4A°

Q,5sech™(5t)

2(1—tanh(5t))—sec h* (5t)

7. Conclusions

The main objective of this research work was to bring
forward wave solutions of some discrete nonlinear partial
differential equations so that the discrete variable " n" is
taken simultaneously into account in the expression of
amp litude and phase; what is often very difficult to achieve.
We believe that this objective has been attained with
different supports of analyses considered hereafter. We want
to speak here of Ginzburg-Landau equations presenting the
different shapes of nonlinearities (cubic and quintique).
Another merit o f'this work is to enable us to have the phases
that are different fromthe classical phases and linear phases
used fluently. The linear phase use fluently is for the shape

ot +kz or wt+kz+En. These results indicate merely

that it is possible to consider some wave solutions with
phases that have other shapes like seck ., cosech ,
arctan, tanh, In(tanh),--- and so forth according to the

goalthat one wishes to attain. Anotherimportant report made
is that the taking into account of the discrete variable in the
amplitude expressions influences its profile considerably.
We polish up our work by pointing out that solutions of
discrete non linear partial differential equations obtained as
in this article can to a greater extend provide with factors that
influence the propagation of signals in the transmission
network, notably the phenomena of multip le instabilities and
intrinsic dissipations.
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" 2A[25C, (1-tanh (81)) — (22 + ) sec i (51)]

—2,6’z‘+72'(n2 —n)+/15,
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