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Abstract

In this paper, a system consisting of two competing harmful phytoplankton and a zooplankton with Holling

type-II functional response and discrete time lag is considered. A stable co-existence of all the species has been observed for
the system without delay and the Hopf-bifurcation phenomenon is observed for the interior equilibrium point. The
Hopf-bifurcating solution is obtained for the critical values of parameters like predation rates and half saturation constants.
Further, using the normal form theory, we have determined the direction and the stability of the Hopf-bifurcation solution.
The introduction of time delay in the systemalso shows the Hopf-bifurcation as the delay parameter passes through a critical
value. Finally, the numerical simulation is carried out to support the theoretical results.
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1. Introduction

There has been a global increase in harmful plankton
blooms in last three decades[1-3]. Recently, there has been
increasing interest in investigating the dynamics of harmful
algal bloom (HA B) and its control[4 -7]. Plankton modelis a
kind of ecological model and different plankton models have
been established and studied, previously[8, 9]. There are
several papers in which attempts have been made to establish
the role of different hydrological parameters in the formation
of plankton blooms and then look for a suitable form of
functional response to describe the reduction of zooplankton
population due to toxin producing phytoplankton (TPP), for
example, see[l, 2, 10, 11]. Reduction of grazing pressure of
zooplankton due to release of toxic substances by
phytoplankton is one of the most vital parameter in this
context[12, 13]. Areas rich in some phytoplankton
organisms e.g., Phaeocystis, Coscinodiscus, Rhizosolenia
etc. are unaccepted/avoided by zooplankton due to dense
concentration of phytoplankton or the production of some
toxic as well as unpleasant factors by them and this
phenomena is well explained by the exclusion principle[14,
15].

Buskey and Stockwell[16] have demonstrated in their
field studies that micro and meso zooplankton population are
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reduced during the bloom of a chrysophyte Aureococcus
nophagefferens in the southern Texas coast. These
observations indicate that the toxic substance as well as toxic
phytoplankton plays an important role on the growth of the
zooplankton and have a great impact on phytoplankton
zooplankton interactions. However, all the above studies do
not explain several key features, such as, allelopathic
interactions on the co-existence and persistence of
phytoplankton species and its immed iate effect on predators,
control of recurring harmful algal bloom or oscillations and
the effect of time lag required to release toxic substances.

In this stage, we would like to mention that various
combinations of predational functional response and toxin
liberation process giverise to several interesting dynamics of
the system. In this study, we are mainly interested to present
a mechanis m for planktonic bloom in which the liberation of
toxic substance or the effect of toxic phytoplankton is not an
instantaneous process but is mediated by some time lag and
can be helpful to reduce oscillations in the population and in
turn, it is useful to maintain a stable co-existence of the
species. The study of biological systems with time delays
have been of considerable interest for a long time. There are
also several reports that the zooplankton mortality due to the
toxic phytoplankton bloomoccurs after some time lapse (see,
www.mote.org, www.mdsg.umd.edu). Our mathematical
and field observations[17] also suggest that the abundance of
Paracalanus (zooplankton) population reduces after some
time lapse of the bloom of toxic phytoplankton Noctiluca
scintillans and this allows us some considerable freedom for
considering the delay factor in the model construction.
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Sarkar et al.[18] studied the role of two toxin producing
plankton and their effect on phytoplankton zooplankton
system. They considered the predational functional response
as a linear and distribution of toxic substances as Holling
type II functions. They suggested in this paperthat the role of
time lag and environmental fluctuations in the two harmful
phytoplankton-zooplankton dynamics may give some
interesting results and needs further investigation. Therefore,
in this paper we have studied a mathematical model for a
phytoplankton-zooplankton system considering both the
Holling type II predational functional response and Holling
type II functional form with time lag for the distribution of
toxic substances.

2. Model Formulation and Basic
Assumptions

The current study has been originated fromthe theoretical
as well as experimental results on the interaction of harmful
algal bloom and different types of phytoplankton
zooplankton interactions[10, 16-20]. Motivated from the
literature and the field observations[18, 20], a dynamical
model consisting of two competing phytoplankton harmful
to zooplankton has been proposed and the role of time lag in
the underlying system is studied. Let P;(¢) and P,(¢) are the
concentrations of the two kinds of harmful phytoplankton
and Z(¢) is the concentration of zooplankton at time t. Let 7
and r, are the growth rates of the harmful phytoplankton,
respectively,and £ is the carrying capacity, which is assumed
to be common for both the phytoplankton species. Let p; and
p, are the rates of predation of both phytoplankton by
zooplankton and y; and vy, are the corresponding conversion
rates of zooplankton, where the predator functional response
is assumed to follow the Holling type-II functional
response[21, 22], with &; and 4, as half saturation constants.
Let d is the natural death rate of zooplankton; o, and o, are
the inhibitory effects of the two competing harmful
phytoplankton. &, (y1 > 6,)and 6, (y2 > 6,) are the rates

of toxin liberation by the harmful phytoplankton reducing
the growth of zooplankton. The discrete time lag T is
assumed to follow[23] and it is taken in the term describing
the mortality of zooplankton due to liberation of toxic
substances by two harmful phytoplankton P;, P,. The
mathematical model is thus given by the following system of
eSquations:
dR Bz

—L=yP(-P/k)-a,PP, - ,

a0 q 1/ k)—o,RP, (h +P) (D

dP, Bz

—2=rP(1-P /k)—a,BP, ———2—,

7 nb (=P /k)-a,RP, h+P) 2
d_Z: 71P1 7/2P2 )Z_dz_elpl(t_r)z(t_z-)
d (hW+F) (hh+PB) (h+B(t—-1))

O,P(t—71)Z(t—7)
(h, + B (1=1))
System of Equations (1)-(3) is supplemented with the
following initial conditions: B(0) >0, P,(0)>0, Z(0)=>0.
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3. Model Without Delay
dap,_ _ __phZ
5~ h(=-R/B)-aRP, h+P) @)
an _ _ _ __PhZ
5 - ab(-Blk-ahh ey O
dz -6)P, ~6,)P,
d_z((71 ) 1+(72 ) 27 —dz ©)
t (h+R)  (h+PR)

3.1. Equlibria of the System

The equilibrium points of the system of Equations (4)-(6)
are
1. The trivial equilibrium point: E7=(0, 0, 0),
2. The axial equilibriumpoints: E, = (0, &, 0)
and E,4, =(k, 0,0)
3. The boundary equilibrium points:
E _[rzk(ﬁ —oyk) rk(n —ak)

B =

2 9 2 ,0]
K —onoLk” ook
E, =(F,0,2),
Where
Plv =dh /((y,—6)-d), Z = (’q(l_})ly 1) (h, +P1))/p1
E83 = (O7f)2 9Z )a
Where
B =dh,/((y,~6,)-d),
Z = (=B 1 k)b, + B))) p,.

Now, we observe that the boundary equilibrium point Ep,
exists if the inhibitory effects of both the harmful
phytoplankton are less than certain thresholds, that is, if o, <
r,/k, a,<r1,/k. The equilibrium points EBz and EB3 exist
ifd< (y,-0,) and d< (1,-9,).

4. The unique interior equilibrium point: E¥=(F", B’ ,Z"),

where
P - hy(dh, + B (d = (7, - 6)))

~hD,+F (=D, +y,-0)
7= (R* +h )(Pl*zd1 +Pl*d2 +d,)
~khD, + P (D, +(7,-8))
d,=r(D,—(y,—-0)),
dy =—kh,(dh,a, +1,D,),

d, = (khya,(=d +(y, = 6)) + (D, + k(=D, +y, - 6)),
and P" is given by

G +8,P +8,F +8,=0,6,=1(-D,+ (1, -6’ p,

6, ==(D, = (7, =) (=1 (20D, + (7, = 6)) p, —khy (e, (7, = 6,) p,
+a1(_d + (71 - 91))p2 ))pz _khz(az (}/2 - 92)/01 + (11(]/1 - 01)),02))
S, = h22r2 (—=d+ =6y, —0,)p, + D, (hD, +

(_Dz +(71 - 81 )))pz +kh2(r2(72 - 62)(_D2 + (7/1 - Hl ))p]
+h1 (azDz (72 - 62 )pl + ((71 - 91 )(d + Dz) - ZdDz )pz ))’
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S, =—h(dh,’r,(y, — 0,)p, + kh,,D; p, +
kh,D, (1, (y, — 0,)p, +dha,p,)), D, = (d = (7, — 6,)).
The unique interior equilibriumpoint E~ exist if
) d2(7,-6,).(r,-0)<d.(r,-0)+ (7, - 6,)>d,
(1) khyo, p,(d ~ (7, ~6,)) > (2D,
+k(_d+(7/1 _91)"'(7/2 _91)+(7/2 _02))):02
+khyo,p,(y, = 0,)(—=d + (7, = 6) + (7, = 6,)),
(i) D, (hD, +2k(-=d +(y, = 6,) + (¥, = 6,)) p,
+khy (1, (7, = 0)(=d + (7, = 0) + (7, = 0,))p,
+h (D, (7, =6)p + o, (7, = 0)(2d =(7, = 6,)))p,))
>, (d —(y, = 0))y, — 0,)p, + 2hkh,a, p,dD,
(V)P (1(h D, +k(=d +(7,~6)) +(7, = 6,))))
> B'kh,a,(~d +(y, — 6,))kh,(dh,c, +1D,)
+B r(=d +(7, - 0) +(y, — 6,).

3.2. Dynamic Behaviour and Hopf-Bifurcation

Eigen value analysis to establish local asymptotic stability:

By computing the variational matrix around the respective
biological feasible equilibria, one can easily deduce the
following lemmas:

Lemma 3.2.1 The steady state E7 (0, 0, 0) of system of
Equations (4)-(6) is a saddle point.

Lemma 3.2.2 There exists two steady states EA1 ©, k, 0)
and E,, (k, 0, 0) which are feasible (one harmful
phytoplankton and zooplankton free state) and are unstable
saddle.

Lemma 3.2.3 There exists a zooplankton free steady state
Ep, which is unstable saddle if o, /a, <1, /r,.

Lemma 3.2.4 There exists a steady state £, which is
unstable if
n-a,P —p,Z" | h >0.
Lemma 3.2.5 There exists a steady state £, which is

unstable if

. V4
r—a,P, —p27>0.

Next, we perform a stability study of the interior
equilibrium point E*. For the sake of simplicity, the
P;,Z*) of the system of Equations
(4)-(6) is shifted to a new point (x;, xz x3) through
trans formations

x=F-F.x,=P,-P,x,=2-Z

In terms of the new variables, the dynamical equations can

be written in the matrix form as
X =AX +B (7)
where dot () over X denotes the derivative with respect to

time. Here AX is the linear part of the system and B
represents the non linear part. Moreover,

equilibrium point ( P]* ,

xl _P] ap _E (24 _Pl Hlp]
X =1x, A=|-Pa, -Ba, -P'H,p,
X, cZ c,Z 0
and
x,(bx, +byx, +bx, +byx, + b4x12 +b.x,x;)
B= X, (1x, +nyx, +n,x, + 114x22 + 15X, X;)
2
X0, +%,(g5X, + X, +q,X; +qX,X;)
where,

0, =(q,x, "'%xl2 +q,%,%3),a,, =1 /k_Z*lepU
G =h2H22(72 -0,), ay=r, /k_Z*szpz )
¢ :h1H12(71_91),
G =h2H22(7/2 =0,),b,=(-n, /k+Z*h1p1H13)
G :h2H22(7/2 _92)7171 =(-r, /k+Z*h1p1H13)
b =(-r, /k+Z*h1p1H13) b, =-a,, b :_plthlz’
by=~Z"Hph, b;=phH,,
n =(_7r2+2*h2p2H§), ny=—ay, s ==phuH,,
n,=~Z"H;p,h, , = P H;
q, :_C]Z*Hl, q, ZCIZ*HIZ’ q; =65 4, :_CIHI,
H] :;*7q5 :_CZZ*Hza
(h+P)
1
H = PINE] =
2 (h2+P2) qS CZ

The characteristic equation of the community matrix
corresponding to the linearized version of system of
Equations (4)-(6) at E* is

3 2
A+ AL +4,4+4,=0 (8)

q,=c,Z H: ,q,=c¢,, H,.

Where
4 = anP;* + azzpz*v
4, =(a,,a, -0, )P1*Pz* + Czszzpz*Z* + clleI])l*Z
4, =(a,,0,p,H, +ayc,pH, —c,p,H,a, —c,p Hat, )P]*P;Z*
Using the Routh-Hurwitz criteria[22, 24], E* is locally
asymptotically stable, if 4, >0, 4, >0 and 44, > 4,.
Here the conditions 4; >0, A3 >0and A; A, >A4; requires,

. r 7
1) Z <min(——,—2
® (plkH12 pzksz)

*

(i) <2 cfn
a, ¢ &

If one of the above mentioned conditions is violated then
the system would become unstable around the positive
interior equilibrium E*.

Now, we will study the Hopf-bifurcation[11, 25, 26] of the
system of Equations (4)-(6) taking p, as the bifurcation
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parameter. The necessary and sufficient conditions for the
existence of the Hopf-bifurcation for p, = p,*, if it exist are

D) 4i(p2*)> 0, =1, 2, 3 (i1) 41(p2*) A2(p2*) — 43(p2*) = 0
and (iii) the eigenvalues of the characteristic equation should

du
be of the form A; = u;+iv,, and ﬁio, i=1, 2, 3. After
2

substituting the values, the condition C=AA,-A; becomes
=-Bp; +B,p,+B,=0 9)
B, =N,N,, B,=NN,-N,N;=Ns, By=NN;-N,,
— 2 p*
N, :anPl* +r_2P2*’ Ny =2ZH5 )
7, Kok * "
N, :(au;z_alaz)ﬁ b +epHRZ,
* % ok, " 2
N,=c,H,PZ —a,F P,Z H),

r, P —
Ny = (;201/)1[—[1 -o,pHa,)F R Z

w ok ok

N, =(a,c,H, —c,o,H, —c,p,H;H Z")P'P,Z". The Equation
(9) has at least one positive root say p, = p,

Therefore, one pair of eigen values of the characteristic
Equation (8) at p, = p, are ofthe form A, = +iv, where
v is positive real number.

Now, we will verify the Hopf-bifurcation condition (iii),
putting A; = u;+iv;, in Equation (8), we get

(u+iv) + A u+iv) + A u+iv)+ 4, =0 (10)

On separating the real and imaginary parts and eliminating

v between real and imaginary parts, we get

8u’ +8A4u” +2(A° + A)u+ A A, — A,=0
Again, differentiating (11) with respect to p,, we have

(11

24u2-€ﬂ-+16Aﬂllﬁin+8u2féﬂ-
dp, dp, dp,
+2(A]2+A2)d—u+2u[2Al a4, + a4, 1+ dc =0
dp, dp, dp,” dp,
Now, since at p, = ,0;, u(p;) =0 we get
_ac
dp, (12)

{d_ﬂ __dp
dp, |, . 247+ 4,)

This ensures that the above system has a Hopf-bifurcation
around the positive interior equilibrium E*. At the Hopf
bifurcation point, where the real parts of complex conjugate
eigen values are zero, the roots of Equation (8) are A ,=%i v,
7\.3:—A]’

Where v = | \/AZ | and A, are to be evaluated at the
bifurcation point. Next we seek a transformation matrix P
which reduces the matrix 4 to the form
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0O —v 0
P'AP=|v 0 0
0 0 -4
where the non-singular matrix P is given as
my o my My
P=\my my my,
m, m m

31 32 33

Where
m, = PI*PZ*(a22H1p1 -H,a,p,),m, = _VP1*H1,01,
my, =B (=A+ P a,,))H,p, — F P H,a,p,,
my = PI*PZ* (—H\a,p, +a,H,p,),
My, = _VPz*Hzpz )
my, = =R P H\a,p, + P, (~4+ P a, ) H,p,
my, =v’ + PP, (—a,a,, + a,a,),
my, =v(P a,, +P,a,),
my, =—(Pa, - A)~4,+Pay,)+P Paa,

To achieve normal form of the Equation (7), we make
another change of variable i.e. X =PY, where

Y
Y=|y,
Y3

Through some algebraic manipulations, Equation (7) takes
the form

Y=QV+F (13)
where, Q= P’ 4P and
F'(3:72,3)
F=P'f=|F(y,7,)
F (31,55 73)
fis given by
S D25 95)
/= fz(y”yz’)@)
S (532533
Where,
T D1 p2035) = (my yy +myy y, + myps )by (my, y, +my,
+my3y3) + by (my, yy + My Y, +myys) + by (my, v, +my, y,
+my )+ b, (my, v, +my,y, +m.y,)’ +b(m, y, +m,y,
sy )(my, y; +my, p, +my ps),
L2225 3) = (o, + oy y, 1,9, )(m, (o, 3+, v,
My ;) + 1y (g, + My, Y, +myys) +ny(my v, +my, y,
HY3) + 1 (M Y+ 1, v,y + 103 ) 4 g (0, + g, v,y
Y3 ) (M Yy + 1y )y 4153 93)),
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f3(y1ay2’Y3) =(myy, +my,y, +my ) g, (my, +m,p,
)+ G, (v, + My, v3) 4 gy (my, vy +ma y,
+myy ;) + g, (my y, +myy, +myys)(my y, +ms, y, +msyy)
(M, y, + My, Yy + My 3 )(Gs (my, yy +my, v, +mysys) + g
(my, y, +myy, +m23y3)2 +q;(my y, +myy, +myys) +

g5 (myyy; +my, p, +my yy)

(my, y, +my,y, +my, p5)).

Equation (13) is the normal form of Equation (7) from
which the stability and direction of the Hopfbifurcation can
be computed. In Equation (13), on the right hand side of the
first term is linear and the second is non-linear in y’s. From
these non-linear terms the stability and direction of the Hopf
bifurcation is obtained[25].

g =1 O’°F' O°F' L OF OF’
Y4l an oy o
1 &*°F' &°F! 0*F* O'F* O*F? O*F!
gozz_[ PR PR l 2 2
4 ayl ayz aylaY2 ay1 6y2 aylayZ
1 0*F' O*F' _ 0*F* _O*F® O'F* _ OF!
gz(]:_[ 2 - 2 +2 +l( 2 - 2 _2 )]
4 ayl ayz 6)’16)}2 6y1 ayz 6y16y2
21 = G21 +2G101W11 + G101W209
where,
G EHyF] o'F'  O'F* O'F?
o8 oy oy, ooy, Oy
O’F* o'F*  &F'  OF!
+i( PR 2 A2 - 3 )]
oy, W0y, Moy, Oy,
_l[&ﬁ o°F* inz_aﬁd
Y2%opdy, vy, Oy, 0,0,
1. 0*F'  &*F* _ 9*F* O°F
o1 == - +i( +
2°0y,0y;  0y,0)4 ,0y; 0,00,
1 0’°F ©&°F°
hy=—l—5+—=1
4 aJ’1 5)/2
" _lﬁ%”_yF{_iyﬂ
Y4l s oy,
_
11 Al 2
h20

Yo = 2wy
All these partial derivatives are determined at the Hopf
bifurcation point P, as well as at the origin. Based on the
above analysis, we can see that each g;; can be determined
by the parameters. Thus we can compute the following
quantities:

i F
C](O)=?p;(gngzo_2|gn |2_ (;’2 )+ 22]
_ Re{C,(0)}

= i 14
Re{4'(p))} (19

ﬁz =2 Re{Cl(O)}:

Im{C,(0)} + 4, Im{2'(p,)}
v

Theorem 3.1. p, determines the direction of the Hopf
bifurcation: if u,>0 (u<0), then the Hopf bifurcation is
supercritical (subcritical) and the bifurcating periodic
solutions exist for p; > po* (p2 < po*); P2 determines the
stability of bifurcating periodic solutions. and 7, determines
the period of the bifurcating periodic solutions, the period
increases (decreases) if 7, > 0 (73 < 0).

Now we will study the Hopf-bifurcation[25, 11, 26] of the
system without delay taking p; as the bifurcation parameter.
The necessary and sufficient conditions for the existence of
the Hopf-bifurcation for p; = p;*, if it exist are (i) 4i(p;*)> 0,
E1, 2, 3 (i) Ai(p*) A(pi*) — 4s(pi*) = 0 and (i) the
eigenvalues of the characteristic Equation should be of the

T,=-

2

di . .
=u;tiv, andd—u #0,i=1, 2, 3. After substituting the
P
values, the condition C = 4;4,-43 becomes

~B,p; +Bip, + B, =0

formA;

(15)
Where,
B,=MM,B;=MM,-M,M,—M,B;=MM,-M,

M, :azzP;"'%E*aMz :ZHIZPI*’

r P * %
M, = (azz ;1051052)3 P, +c,p,H,PZ
M,=¢HPZ ~a,P B2 H,
r £ £ *
Msz(Z‘czsz ap,H,0))PBZ,

M =(aycH, H, - Czszlezz'*

The Equation (15) has at least one positive root say p; =
p1* Therefore, one pair of eigenvalues of the characteristic
Equation (8) at p;
is positive real number. Now, we will verify the
Hopf-bifurcation condition (iii), putting A = u+iv in (8), we
get

-6,

= p* are of the form A, , = £iv, where v

(u+iv)y + A w+iv)’ + A, (u+iv)+ 4, =0. (16)

On separating the real and imaginary parts and eliminating
v between real and imaginary parts, we get

8u +8u” +2(A + Au+ A4, -A4,=0  (17)
Again, differentiating (17) with respect to p;, we have

240’ ﬂ+l6A du —+8u’ A4,
dp, dp, dp,
+2(4° +A)—+[2A di+dA2 _O
dp, dp, dpl dpl
Now, since at O, = p1 , M(p1 )=0 we get
dC
du B dp, L
- =——
dp, pi=p! 2047+ 4,)
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This ensures that the above system has a Hopf-bifurcation
around the positive interior equilibrium £*.

As above, similarly we have computed C;(0), w, B> and 7,
for studying the direction and stability of Hopf-bifurcating
solution for the parameter p; and obtain,

i lgnl, &
G, (0) :W(g11820_2|g11 |2 _%)"‘f»
1

_ Re{C(0)}
T Re2(p))}
f.=2Re{C,(0)},
7 - MG+ mi2(p)}

2
v

Theorem 3.2. 1, determines the direction of the Hopf
bifurcation: if u,>0 (u,<0), then the Hopf bifurcation is
supercritical (subcritical) and the bifurcating periodic
solutions exist for p; > pi* (p1 < p1¥*); B determines the
stability of bifurcating periodic solutions. and 7, determines
the period of the bifurcating periodic solutions, the period
increases (decreases) if 7, > 0 (73 < 0).

Now we will study the Hopf-bifurcation[25, 11, 26] of the
system without delay taking /4, as the bifurcation parameter.
The necessary and sufficient conditions for the existence of
the Hopf-bifurcation for 4, = hj,if it exist are (i) 4;(h] )> 0,
=1, 2, 3 (i) 41(hi )42(hi )-4A3(hi )= 0 and (iii) the
eigenvalues of the characteristic equation should be of the
formA; =u;+iv;and du/dh; £0, i=1, 2, 3. Aftersubstituting the
values, the condition C = 4,4,-43 becomes

ah +a,h! +ah’ +a,h’ +ah +a, =0,
Where,
a,=ee; —¢€, a,= SE*(ele3 —¢)te,,

(18)

(19)

a, =B’ (6ee;—10e,)+2P e, +e,e, +ee, —e;,
a,=-9e,P” + P e, + P (2ee, —2e,+3e,e,) +ejes + e,
a; =e,e, +2ee P +2e,B (—e,—3e,P*),

a,=ee, +B’e,

rP* sk * sk
€ :(?'szzpzjﬂ =) :eIEZ—Z R p,

€= (”1?{_22 —a\q, j Pl*Pz* + czszzpz*Z* >

€ = 3P1*2 - plazzz*PI*ZP; +(7, -6, )pIPl*Z*’
€ = 631)1*3,01“222*131*2’
o O HFPZ
=
k
€= PI*P;Z*((% - 91 )szzalplaz)

ENE

>

American Journal of Computational and Applied M athematics 2012, 2(5): 206-217

putting A=wu+iv in (8), we get
(u+ivy + A u+iv)+ 4, u+v)4+4,=0  (20)
On separating the real and imaginary parts and eliminating
v between real and imaginary parts, we get

8u' +84u” +2(4 + A )u+ 44, -4, =0 @21)
Again, differentiating (21) with respect to 4, we have

24uzﬂ+l6uﬂ—i—8uz%2(16112
dh, dh, dh,
+A2)ﬂ+2u 2A1%+% +d—C=O
dh, dh, dh | dh
Now, since at #; = hi, u( hi,)=0 we get
dC

[ du } __dn
dh, i 2(A12 +4,)

This ensures that the above systemhas a Hopf-bifurcation
around the positive interior equilibrium E*.

As above, similarly we have computed C;(0), p,, B> and T,
for studying the direction and stability of Hopf-bifurcating
solution for the parameter h; and obtain,

i gul\ . 8
C0)=—-+ -2 P00y o
1(0) 2 (811820218 | 3 ) )
_ Re{C,(0)}

T RefA ()}
ﬂz = ZRe{Cl(O)}a
_Im{C ()} + 4 Im{A'G5)}
v

Theorem 3.3. p, determines the direction of the Hopf
bifurcation: if u,>0 (u;<0), then the Hopf bifurcation is
supercritical (subcritical) and the bifurcating periodic
solutions exist for #; > hi (h; < hi); B, determines the
stability of bifurcating periodic solutions. and 7, determines
the period of the bifurcating periodic solutions, the period
increases (decreases) if 7, > 0 (73 < 0).

Similarly if we take /4, as the bifurcation parameter. The
necessary and sufficient conditions for the existence of the
Hopf-bifurcation for 4, = h,*, if it exist are (i)4;(h,* ) > 0,
=1, 2, 3 (i) A(h;*)A2(hy*)-A5(h,*) = 0 and (iii) the
eigenvalues of the characteristic equation should be of the
form A; = u; +ivi, and du/dh,#0, i=1, 2, 3. After substituting
the values, the condition C = 4;4,-43 becomes

5 4 3 2
Lh+Lh) + Lk + Lh; +Lh, +L, =0, (23)
Where,
L =01, -1, L,=5P, (L ;- 1)+1;,

(22)

T =

2

e =B P Z (ayp (7, _91)—131*(71 -6)p,H,a _202/)10‘2})1*), L3 = Pz*2 (61113 _1016) + 2Pz*l7 +lzls + 1114 _lsa

€ = Pl*S(Czplazpz*Z* —¢).

The Equation (19) has at least one positive root say s =
hi Therefore, one pair of eigenvalues of the characteristic
Equation (8) at#; = h] areofthe formA; , =#%iv, where v is
positive real number.

Now, we will verify the Hopf-bifurcation condition (iii),

L,=-9.P° +P’L + P, (2L1, - 21, +3LL) + 11 +1,,
Ly =L, +2LLP +2L,P + P (—l, 3L R%),
L,=-9LP" + Pl + P, (211, - 20, + 3L L) + L1, +1,,

L, =P(61L,—10l)+2P L, + LI, +11, 1,
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s

nb

h=(
L, =3LP"~Z"Pp,,

L :(Vzan

l, = 313])2*2 — P4 IZ*IDZ*ZIDI* +(7, -6, )pZP;Z*,
Iy =LP" - p,a,Z PR,
:rzczlelfi*Pz*Z*
k

l, = Pl*Pz*Z*((yz -0,)pH,a, +c,p,a),

ly = Pl*Pz*Z*(al P17, —6)pH e, — 261/72051})2*)’

ly =P (e, B Z" =)

The Equation (23) has at least one positive root say &, =
hy* Therefore, one pair of eigenvalues of the characteristic

Equation (8) at h, = h,* are of the formA | , =+iv, where v is
positive real number and also
dC

— th
2047+ 4,)

This ensures that the above system has a Hopf-bifurcation
around the positive interior equilibrium E*.

As above, similarly we have computed C;(0), L, B, and T,
for studying the direction and stability of Hopf-bifurcating
solution for the parameter /4, and obtain,

+a,h),

—aqq, )E*PZ* + C1P1H1Pl*Z*9

b

l()

du

dh

2 dpy=hy"

#0

. 2
_ 1 2 18| &2
G, (0) = ZVh; (818 —218nl - 3 )+7,
e Re{C,(0);
2 = f * ’
Re{l'(h,)}
B, =2Re{C,(0)},
I {C,(0)} + 41, Im{2'(hy)}
\%

Theorem 3.4. p, determines the direction of the Hopf
bifurcation: if up,>0 (12<0), then the Hopf bifurcation is
supercritical (subcritical) and the bifurcating periodic
solutions exist for 4, > h; (h, < h;); B, determines the
stability of bifurcating periodic solutions. and 7, determines
the period of the bifurcating periodic solutions, the period
increases (decreases) if 7, > 0 (73 < 0).

(24)

Tz:

4. Stability of the Interior Equilibrium
and Local Hopf Bifurcations of the
Model with Time Delay

From the previous analysis we know that this system has
seven equilibriums with certain conditions. In this section,
we shall study the stability of the interior equilibrium and the

existence of local Hopf bifurcations because the remaining
sixequilibria do not show the effects of delay in the analysis
process.The characteristic equation of system of Equations
(1)(3) at the equilibrium £ is
P+ MA +MA+M,+e™(NA +N,A+N,)=0
Where,
M;=4,-N,, N, = 011)1*H1 +‘92Pz*H2>
M, = 1)1*(_“1107 + Pz*(anazz —o,)+
Z*h1H137/1p1) + Pz* (—a2207 - Z*th;HZ,DZ),
N, = Pl*(a1107 - Z*thfelpl) + Pz*(azzc7 - Z*th;HZ/DZ )>
M;= PI*PZ*(C’/aIaZ +ay,(=ay0, + Z*th;}/zpz)
+Z*hl (aZZhIleylpl _Hz(h2H2a272p1 +th1a1}/Ip2)))a
Ny =P P/ (=c;o40, + Z H,(=ay,h, H; 0, p, + h,H; 0,0, p,
+hH,H,0,6,p,) + a,,(a5,¢, = Z 'l H30,p,)),
c,=0F H +6,PH,.
For stability of E’, allthe eigenvalues of the characteristic
Equation (25) should have negative real part. It is difficult to
analyze the condition under which Equation (25) has all

roots with negative real part. However, for zero time delay,
Equation (25) becomes

A+ (M, +N)A*+(M, + N)A+(M,+N;)=0(26)
By Routh-Hurwitz criterion
HD (M;+N,)>0,(M,+N)M,+N,)>(M,+N,).
then all roots of Equation (26) have negative real parts.

Obviously, iw(t )(w > 0)is a root of Equation (26) if and

(25)

only if
—iw’ = MW’ +iM,w+ M, +(coswr
—isinwr)(=N,w+iN,w+N,;)=0
Separating the real and imaginary parts,
M,—MWw +(N,—N,w*)coswr + N,wsinwr =0 (28)

(27)

M,w—w+N,wcoswr —(N, — N,w’)sinwr =0 (29)
which leads to
w' 4+ pw' + g’ +r =0, (30)
where
P=M]-N-2M,,
g=M;—N;+2N,N,-2M M,,
r:M32 —N23.
Let x = w?, then Equation (30) becomes
XA pxt+gx+r=0 @31)

and h(x)=x"+px* +qx+r

Lemma 4.1. For the polynomial Equation (31), we have
the following results.

(1) If » < 0, then Equation (31) has at least one positive
root.

(2) If 7>0 and (p* — 3¢) < 0, then Equation (31) has no
positive roots.

(3) If >0 and A>0, then Equation (31) has positive roots
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2
. —p+y(p -3
if and only if x = P (3p 9) >0 and
h(x,)<0

The proof of Lemma 4.1 is similar to that in the proof of
Lemma 2.1 in[7], we therefore omit it here.
From Equation (28) and Equation (29), we obtain,

—(N2w2M22 +(M, _MIWZ)(N3 _lez))
(N3 - N1W2)2 + (Nzw)2

COSWT = (32)

1
T, =—arccos

[ ~(N,W*M? + (M, — M, w*)(N, — Nw?))
w

(Ny = Now? )+ (Nyw)? 2 ”ja 3)

Wh&lgljga 4.2 Suppose that xo = w?. Then the sign of a (19)

is coincident with that of  (xo).

Proof. Let A= A (1) be the root of Equation (25).
Substituting A(t) into Equation (25) and differentiating both
side of Equation (25) with respect to 1, it follows that

[((3A° +2M A+ M, )]%+ ((A’N, + AN, + N,)(-7)

—At ﬁ

+(2AN, +N,))e = A(A’N, + AN, +N,)e "
T

Thus

( di )1 _GA M AT M) |
dr AAN + AN, +N,)
From (28)-(30), we have

(2AN,+N,)) 7
AAN? +AN,+N,) 2

(2AN, +N,)
A(AN] + AN, + N,)

2 —AT
a,(TO)ZR{(u +2M A+ M,)e }rR{

A(AN} + AN, +N,)

= %[3w§ +2(M} =N} =2M,)w; +(M; = N; +2N,N, —=2M,M,)w; ]
_ 1 IS 42 o W X
_X( Wy +2pwy +qwy) —I (wp)s
where A=B}WZ+C#. Notice that A > 0 and wy > 0, we
conclude that sign[a'(7,)]=sign [A'(w,)]. This proves
the lemma.

Theorem 5.1 Suppose that (H1) is satisfied

(1) If >0 and A<0, all roots of Equation (25) have negative
real parts for all t >0, and hence the equilibrium £* of system
of Equations (1)-(3) is asymptotically stable for all T >0.

(1) If either » < 0 or ¥>0 and A> 0, x;* > 0 and A(x; *)<0
holds then the equilibrium E£* of system of Equations (1)-(3)
is asymptotically stable forallt £/0; ). ,

(iii) If all conditions as stated in (ii) and % (x() #0 hold,
then system of Equation (1)-(3) undergoes a Hopf

bifurcation at the equilibrium E*, when T =T, j =
01,2,.....

5. Numerical Results

In this section we used MATLAB to perform some
numerical simulation on system with delay and without
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delay. Firstly in the absence of time delay, we took some
parameter values as
r1=2.51r,=255k=20,01=0.01; p; = 0.66, 0,= 0.02, p,
=0.55,v,=043;v,=021,d=0.1; h1 =12, h, =10.8; 6, =
0.09, 6, = 0.06.
For this set of parameter values we observed that the
positive interior equilibriumis £%(0.9127,11.0817,44.5116)
which is asymptotically stable (see Fig. 1).

60 T T T T T

50 24

40 b

30 b

20 b

10 A .

T T T
1500 2000 2500
time t

0 500 1000 3000

5 20

P, 0o z

Figure 1. The positive interior equilibrium point £(0.9127, 11.0817,
44.5116) of system without delay is asymptotically stable

We studied the Hopf bifurcation of the system of
Equations (4)-(6) taking p, as the bifurcation parameter,
the transvemsality condition hold with these parameter
when p,= p,* = 0:53106. Further, from the above process,
we can determine the stability and direction of periodic
solutions bifurcating from the positive equilibrium at the

critical point p,*. For instance, when
= p2*=0.53106, C;(0)=-0.0000269059-0.000139517i,
Re{A (p>*)}=-0.0841233.

It follows from (14) that p, < 0 and B,< 0. Therefore, the
bifurcation takes place when p, crosses p,* to the left
(p2<p2¥), and the corresponding periodic orbits are orbitally
asymptotically stable, as depicted in Fig. 2 and Fig. 3.
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Figure 2. The positive iterior equilibrium point £* of system without
delay isasymptotically stable when p, =055 >p2* =0.531
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Figure 3. When p,=0.4 < p;= =0.531, the positive interior equilibrium
point £* of system without delay loses its stability and a Hopf-bifurcation

occurs. Further, the bifurcating periodic solution is orbitally, asymptotically
stable.

Further now take the value of p, = 0.55 > p,*=0.53106
then system of Equations (4)-(6) is stable, so we have studied
the Hopf-bifurcation of the system of Equations (4)-(6)
taking p; as the bifurcation parameter, the transversality
condition hold with these parameter when p; = p;*

=0.683535. Further, from the above process, we can

determine the stability and direction of periodic solutions

bifurcating fromthe positive equilibriumat the critical point

p1 *. For instance, when

p1=p1 *=0.683535, C;(0) =-0.0000123894-0.000006.6961i,
RefA (p1*)}=0.11223.
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P 0 o

> z
Figure 4. The positive iterior equilibrium point £* of system without

delay is asymptotically stable when p, =0.66 < p: =0.683535
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Figure 5. When p, =075 > pl* = 0.683535, the positive interior
equilibrium point £ * of system (1) loses its stability and a Hopf-bifurcation
occurs. Further, the bifurcating periodic solution is orbitally, asymptotically
stable
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It follows from (18) that p, > 0 and B, < 0. Therefore, the
bifurcation takes place when p; crosses p; * to the right (p;>
p1¥), and the corresponding periodic orbits are orbitally
asymptotically stable, as depicted in Fig. 4 and Fig. 5.

If we take p; =0.66 < p; *=0.683535 and p,= 0.55 > p,*=
0.53106 and taking A; as the bifurcation parameter, the
transversality condition hold with these parameter when 4, =
hi = 11:7554. Further, from the above process, we can
determine the stability and direction of periodic solutions
bifurcating fromthe positive equilibrium at the critical point
hi.For instance, when

hl1= hy =11.7554, C;0) =-0.00002467-0.0001229i,
Re{A (hi)}=-0.0124335.

It follows from (22) that g, < O and B, < 0. Therefore, the
bifurcation takes place when 4, crosses hj to the left (h; <
hi), and the corresponding periodic orbits are orbitally
asymptotically stable, as depicted in Fig. 6 and Fig. 7.

If we take p;=0.66< p;*=0.683535, p,=0.55>
p2*=0.53106 and h; =12>h] =11.7554, taking h, as the
bifurcation parameter, the transversality condition hold with
these parameter when A, = h; =11.2643. Further, from the
above process, we can determine the stability and direction
of periodic solutions bifurcating from the positive
equilibrium at the critical point h;. For instance, when A, =
h; = 11:2643, C1(0) =-0.0000283042-0.000129115i, Re{A
(h;)}==0.00253856. It follows from (24) that u, > 0 and B,
< 0. Therefore, the bifurcation takes place when 4, crosses
h; to the right (A, > h; ), and the corresponding periodic
orbits are orbitally asymptotically stable, as depicted in Fig.
8 and Fig. 9.

60

P
50 24
z
Ay
40 g
'm
0

30

20

10

0

1500 2000 2500

time t

500 1000 3000

15 60
10 40
5 20

0
P, 0 7z

Figure 6. The positive interior equilibrium point E* of system (1) is
asymptotically stable when 1, =12 >h; " =11.7554
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Figure 7. When i, =11< h;” =11.7554, the positive interior equilibrium
point E* of system (1) loses its stability and a Hopf-bifurcation occurs.
Further, the bifurcating periodic solution is orbitally, asymptotically stable
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Figure 8. The positive mterior equilibrium point E* of system (1) is
asymptotically stable when s =10:8 >/, =11.2643
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Figure 9. When h =12>h," =112643, the positive interior equilibrium
point E* of system (1) loses its stability and a Hopf-bifurcation occurs.
Further, the bifurcating periodic solution is orbitally, asymptotically stable
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Figure 10. The positive interior equilibrium point £ *of system (1) is
asymptotically sable when 7 =9 <7, =940825
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Figure 11. When 7 = 98 > 7, = 9.40825, the positive interior

equilibrium point £* of system (1) loses its stability and a Hopf-bifurcation
occurs

If we take p;= 0.66 < p;*= 0.683535, p,= 0.55 > p; =
0.53106, hy =12 > h{ = 11.7554, and h, = 10.8 < h; =
11.2643 the interior equilibrium point of the system becomes
stable then we will study the role of time lag in the system.
So we take delay as a bifurcation parameter and find out the
critical value ofdelay parameter t =1y =9.40825, the interior
equilibrium point loses its its stability and Hopf-bifurcation
occurs, as depicted in Fig. 10 and Fig. 11.

6. Discussion

In the previous studies, researchers have established with
the help of experimental results and mathematical modeling
that toxin-producing phytoplankton may be used as a
controlling agent for the termination of planktonic bloom.
But those studies do not contain the presence of two harmful
phytoplankton in such situation. Moreover, the effect of time
lags due to liberation of toxic substances and role of
Holling-type II functional response cannot be ignored in this
context. In this paper we have proposed and analyzed a three
component model consisting of two competing harmful
phytoplankton and a zooplankton. We have studied the
stability behavior of the system around the feasible steady
states. Our theoretical as well as numerical results show that
for a certain threshold of the system parameters, the system
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possesses asymptotic stability around the positive interior

equilibrium depicting the co-existence of all the three species.

From qualitative and numerical analysis we find that p; and
p, are bifurcating parameters for which the interior
equilibrium point shows stable bifurcating solution when p;
is greater than the threshold value p; and p;is less than the
threshold value p; respectively. Similarly, we also find that
hy and h, are bifurcating parameters for which the interior
equilibrium point shows stable bifurcating solution when 4,
is less than the threshold value hj and 4, is greater than the
threshold value h; respectively. However, it is interesting
to note that the dynamical nature of the bifurcating solution
depends upon the parameters py, py, #; and 4. When the
time-lag is considered in the system, it is observed that the

stable interior equilibrium point again exhibits
Hopf-bifurcation for certain critical value of delay
parameter.
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