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Study of Numeric Convergence of the Method of R − 
functions in Problems of Constraint Torsion 
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Abstract  This paper is devoted to the study of numeric convergence of Rvachev’s method of R − function. The method of 
R − function in this case is applied to the solution of the problem of constraint torsion of prismatic bodies of arbitrary section. 
First the problem is solved analytically  when the section is rectangular and this solution is compared  with results of the 
method of R − function. Then numeric convergence of R − function is studied, when the angles of rectangular section are 
rounded; it also is applied when the section has rectangular opening  with rounded angles. Results compared show good 
agreement and convergence. 

Keywords  Method of R-functions, Numerical Methods, Elasticity, Torsion, Constraint Torsion, Complex Configuration, 
Tension Tensor, Torsion Function 

 

1. Introduction 
Elements of any engineering structure independent of its 

purpose must be strong, rigid and light with the least 
consumption of material. So one of the basic problems of 
design is a study of stress − strain state in machine elements 
or structure elements of a given type and development, on 
the basis of carried out investigations, of new, more rat ional 
constructive forms. 

In this connection, optimal design of spatial pris matic 
elements of a structure of arbitrary section of different 
buildings and study of their strength properties present actual 
tasks and demand an application of modern methods of 
design, which allow to account real conditions of operation, 
configuration of a given element with consideration of 
material properties. 

Elements of a structure in a number o f cases demand 
maximal weight decrease due to  material consumpt ion, 
caused by technology of fabrication (cavities, inclusions and 
depressions). These elements of a structure with geometrical 
featu res  may  pres ent  p ris mat ic bod ies  with  d ifferent 
configuration of section, which are described by the system 
of differential equations in part ial derivatives of complex 
type. To solve them approximat ion methods of Bubnov − 
Galerkin  o r Ritz o r Vlas ov  − Kan torov ich  type with 
boundary conditions are used. In their realization, one not 
always manages to build the system of coordinate functions, 
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so to do it the method of R − functions[1, 14 −21] or fin ite 
elements method[2] o r d ifferential schemes[3] are used. In 
this paper the method of R − functions is used. The essence 
of this method consists in building of special coordinate 
succession of functions, which allows to satisfy boundary 
conditions at practically arbitrary geometry o f domain[4]. 

2. Task Definition 
To prove an algorithm of the procedure of R − function, 

we consider the problem of constraint torsion of prismat ic 
bodies of arbitrary section in Cartesian system of coordinates 
(x, y, z). We will assume that one of sections (z=0) is fixed 
(u=v=w=0), and to another section (z=c) torsion moment is 
applied (М). Lateral sides are free from loads. If the body has 
cavities, its surface is also taken as free. An equation of 
balance for this body has the form: 
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where )(zθ − is a torsion angle; θ I − relative angle of 
twisting; ϕ(x,y) − torsion function; r2(ϕ)=(Ip+2Id+Ik)/iϕϕ; 
M=Mкр/ Iϕϕ; 
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G=Е/(2(1+µ)); λ=µE/((1−2µ)(1+µ)); Pyz, Pxz –  are given 
loads, μ – Poisson coefficient; Е – elasticity modulus. 

3. Solution Algorithm 
Coefficients (3) correspond to a case when the section of a 

given body is solid and rectangular. 
An algorithm of integration of equations with boundary 

conditions (1) and (2) corresponds to[5 −13]: 
In the first step it is assumed that ω(θ) in (2) equals to zero 

and is solved by: 
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In the second step r2(ϕ) is calculated and is solved by (1): 
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Then the condition 

( ) ( ) εϕϕ ≤− yxyx cп ,, is checked in a 
given points х and у. If the condition is satisfied, the 
components of displacement are calculated:  

),y,x(w,x)z(v,y)z(u Iϕθ=θ=θ−= (8) 
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If the conditions are not satisfied, the steps are repeated 
beginning from the second one.  

If the section of a given body is of complex configuration 
or has cavities or depressions, the procedure of R − function 
by Bubnov − Galerkin method is used. To build the function 
ϕ(х, у) for described algorithm, the following functional is 
used: 
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Now we will consider for comparison the results of 
procedure of R - function in design of prismatic body of solid 
section under following conditions: 

а=1s m; b=1sm; с=4 sm; ,3.0=µ 6102E ⋅= kg/сm2. 
The problem was solved analytically (a.s.) and using the 

procedure of R − function (R s.) with solution structure 
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conjunction. 
Cij − are unknown coefficients to be defined; Xi(x), Yj(y) − 

full system of basic polynomes (order ones, trigonometric, 
Chebyshev’s or other). 

4. Experiment in Numbers 
Results of design of torsion function and components of 

tensors of stresses are shown in  Tables 1 and 2 for different 
section of body and for different values of х and у 
respectively.  

In Tables 1 and 2 in each b lock the first line corresponds to 
zero solution in (5) and in  R − function, and the following 
lines – to approximat ions.  

As seen from the tables, in the third and fourth 
approximations the values of torsion function coincide by 
two signs; and in arbitrary on х and у by three signs in 
mean ing figures.  When the solution ϕ is built analyt ically 
for rectangular solid section with procedure R − function, 
they coincide up to the third sign of mean ing figures. With 

decrease of the area of section of the body, its coincidence 
and convergence become better. So in approximation of the 
section to quadrate it is advisory to increase the number of 
terms in solutions. Table 2 shows the values of components 
of stresses and good agreement and convergence.   

Now consider design of the body with rectangular cavity 
with the same values (а1=a/10; b1=b/10), the surfaces of 
cavities are free from loads. The structure of solution has the 
form (12), and forms of boundaries of section of a given 
body are determined by the following way: 
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In this case the following boundary conditions are added 
to (2): 

;ax 1±=  ;0)y( x =−ϕ ;by 1±=  

.0)( =+ xyϕ  

Here numeric convergence of torsion function and its 
derivatives are studied; results are given in Table 3 for 
different number of terms  in  (13), where good agreement and 
convergence are observed for different sections of prismat ic 
body with rectangular cavity. 

Table 1.  Results of torsion function and its derivatives in different points 

10)y,x( ⋅ϕ  10)y,x(x ⋅ϕ  10)y,x(y ⋅ϕ  

ϕа.p ϕR.p ϕxа.p ϕ xR.p ϕyа.p ϕyR.p 

а =1sm; b=1sm;с =4 sm; М=0.005/Iϕϕ; x=0.5; y=1; number of terms: a.s.=10; R.s.=10; 

-1.644514 -1.625148 -3.204637 -3.212631 -5.002726 -5.0 

-1.397503 -1.373897 -2.978899 -2.989674 -5.002726  

-1.396572 -1.373571 -2.978765 -2.989472 -5.002726  

а =1sm; b=1sm; c=4 sm; M=0.05/Iϕϕ; x=0.5; y=0.5; number of terms: а.s.=10; R.s.=10; 

0 0 0.070532 0.070498 -0.070398 -0.070491 

-0.004468 -0.004477 0.052737 0.052679 -0.053237 -0.053293 

-0.004457 -0.004485 0.052742 0.052631 -0.053212 -0.053276 

а =1 sm; b=0.5 sm; с=4 sm; М=0.005/Iϕϕ; x=0.5; y=0.5;number of terms: а.s.=10; R.s.=10 

-1.987947 -1.999933 -3.410593 -3.402567 -5.002726 -5.0 

-2.420078 -2.411830 -2.650879 -2.649626 -5.002726  

-2.420064 -2.411814 -2.650674 -2.649611 -5.002726  

а =1sm;b=0.5 sm;с =4 sm; М=0.005/Iϕϕ;x=0.5;y=0.25;number of terms: а.s=10; R.s=10 

-0.924088 -0.924118 -1.625127 -1.625087 -3.770198 -3.770224 

-1.337791 -1.346371 -1.119876 -1.134134 -4.826861 -4.834566 

-1.347946 -1.346716 -1.119587 -1.134495 -4.826912 -4.834765 
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Table 2.  Results of components of tensors of stresses in different points 

Zz(x,y,0)⋅104/G Zy(x,y,4)⋅104/G Zx(x,y,4)⋅104/G 

Zza.p ZzR.p Zya.p ZyR.p Zxa.p ZxR.p 

a=1sm; b=1sm; c=4 sm; М=0.005/Iϕϕ; x=0.5; y=1; Gauss.nodes: 20; number of terms: а.s.=10; R.s.=10; 

-9.345516 -9.345508 -0.000603 -0.000603 -2.508274 -2.507380 

-10.585727 -10.596643 -0.000605 -0.000601 -2.517457 -2.514855 

-10.588799 -10.599768 -0.000605 -0.000601 -2.517468 -2.515195 

x=0.5; y=0.5. 

-0.000437 -0.000429 0.916595 0.910884 -0.911596 -0.910884 

-0.000530 -0.000523 0.953871 0.953698 -0.954090 -0.953998 

-0.000530 -0.000522 0.954407 0.954208 -0.954629 -0.954478 

a=1sm; b=0.5 sm; c=4 sm; М=0.005/Iϕϕ; x=0.5;y=0.5; Gauss.nodes: 20; number of terms: а.s.=10; R.s.=10; 

-18.836561 -18.836651 -0.013764 -0.013756 -8.635030 -8.673674 

-15.657442 -15.500477 -0.013712 -0.013733 -7.740475 -7.741313 

-15.657129 -15.500388 -0.013709 -0.013723 -7.740337 -7.741267 

x=0.5; y=0.25. 

-8.619827 -8.617734 1.469983 1.469455 -4.115811 -4.115811 

-7.441723 -7.433828 1.619772 1.617878 -3.981812 -3.983909 

-7.441355 -7.433813 1.619928 1.617872 -3.981537 -3.983087 

Table 3.  Results of torsion function and its derivatives in different points 

ϕ (x,y)⋅10 ϕ x(x,y)⋅10 ϕ y(x,y)⋅10 ϕ (x,y)⋅10 ϕ x(x,y)⋅10 ϕ y(x,y)⋅10 

a =1sm; b=1sm; с=4sm; М=0.005/Iϕϕ; x=0.5; y=1; number of terms: R.s.=10;15; Gauss.nodes: 20; а1=a/10; b1=b/10 
-1.641652 -3.170473 -5.0 -1.621876 -3.170800 -5.0 

-1.391158 -2.958559  -1.369103 -2.761642  

-1.386348 -2.953719  -1.364623 -2.760967  

а =1sm;b=1sm; с =4 sm; М=0.005/Iϕϕ; x=0.5; y=0.5; number of terms: R.s=10;15; Gauss.nodes: 20; а1=a/10; b1=b/10 

0 0.831139 -0.831139 0 0.807765 -0.807765 

-0.090112 0.746671 -0.746670 -0.090100 0.745966 -0.745964 

-0.090129 0.746077 -0.746077 -0.090111 0.745842 -0.745841 

а =1sm; b=0.5 sm; с =4 sm; М=0.005/Iϕϕ; x=0.5; y=0.5; number of terms: R.s=10;15; Gauss.nodes: 20; а1=a/10; b1=b/10 

-1.944158 -3.427281 -5.0 -1.936808 -3.523402 -5.0 

-2.543649 -2.476183  -2.514756 -2.489763  

-2.544545 -2.475611  -2.513661 -2.488674  

a =1sm; b=0.5 sm; с=4 sm; М=0.005/Iϕϕ; x=0.5; y=0.25; number of terms: R.s=10;15; Gauss.nodes: 20; а1=a/10; b1=b/10 

-0.896390 -1.677960 -3.640830 -0.896899 -1.717263 -3.570408 

-1.459631 -1.096242 -5.226017 -1.442266 -1.085667 -5.203623 

-1.459919 -1.095921 -5.222807 -1.442919 -1.084647 -5.204846 

 

Decrease of the area o f section and occurrence of cavity 
improve convergence of results, because the number of 
nodes and systems of coordinate functions are increasing.  

With an increase of the length of body and decrease of the 
section of body the values of tangential stresses at z=с are 
increasing up to reaching the size of large side of section and 

then they transfer to parallel state to z axis. On the basis of 
results we may assume that procedure of R-function may be 
substantially applied in design of pris matic bodies with 
complex configuration of section. 

Results show that the physics of the process in these 
prismat ic bodies of rectangular section with rectangular 
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cavity is correctly expressed. Because of the small value of 
cavity there is no great d ifference between the change of 
section in values of stresses for solid bodies and prismat ic 

bodies with cavity. The change of curves (Zz, Zy,Zx) along 
the length of body may be observed in Figures (1−3).  

Table 4.  Results of components of tensors of stresses in different points 

Zz(x,y,0) 
⋅104/G 

Zy(x,y,4) 
⋅104/G 

Zx(x,y,4) 
⋅104/G 

Zz(x,y,0) 
⋅104/G 

Zy(x,y,4) 
⋅104/G 

Zx(x,y,4) 
⋅104/G 

a =1sm; b=1sm; с=4sm; М=0.005/Iϕϕ; x=0.5; y=1;  number of 
terms: R.s=10; Gauss.nodes: 20; а1=a/10; b1=b/10 

a =1sm; b=1sm; с=4 sm; М=0.005/Iϕϕ; x=0.5; y=0.5; number of terms: 
R.s=10; Gauss.nodes: 20; а1=a/10; b1=b/10 

-8.859863 -0.000621 -2.787593 -0.000450 0.883678 -0.883678 

-10.658286 -0.000633 -2.818410 -0.000541 0.892436 -0.893436 

-10.658313 -0.000633 -2.818573 -0.000541 0.892447 -0.893447 
a =1sm; b=0.5 sm; с=4 sm; М=0.005/Iϕϕ; x=0.5; y=0.5; 

number of terms:  R.p=10; Gauss.nodes: 20; а1=a/10; b1=b/10 
а =1sm; b=0.5 sm; с=4 sm; М=0.005/Iϕϕ;  x=0.5; y=0.25; number of 

terms: R.s=10; Gauss.nodes: 20; а1=a/10; b1=b/10 
-18.533714 -0.017973 -8.656046 -8.845311 1.396066 -4.291374 

-14.175758 -0.017402 -7.942100 -6.535994 1.208496 -3.714329 

-14.174912 -0.017368 -7.941791 -6.535884 1.208293 -3.714176 

 

Figure 1.  The change of component Zz of stresses in different points 

 

Figure 2.  The change of component Zy of stresses in different points 
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In Figures 1, 2, 3 dotted, broken and solid  lines correspond 
to the following dimensions of section: а=1s m, b=1s m; 
а=1s m, b=0.5s m; а=1sm, b=0.2sm. Curves are given for one 
and the same coordinate’s х and у, and external load. All 
curves qualitatively coincide with curves of design of 
prismat ic body of solid section. The least value for normal 
stress is obtained for quadratic section, the greatest value – 
for narrow rectangular section; an increase of the length of 
body does not lead to sharp rise of stress values, step − by 
−step they increase up to the size of large side of section, 
then they tend to approximate to “z” − axis (Fig.1.) in normal 
stresses, and in tangential stresses are parallel to “z” − axis 
(Fig. 2,3). 

Now consider the effect of angle points of quadratic 
section and quadratic cavity on numeric convergence of 

procedure of R − function. 
Consider pris matic body of solid quadratic section with 

rounded angles with the following values of radiuses r1=0.1 

( 81.1 ); r2=0.2 ( 64.1 ). In this case an equation of 
boundary will have the following form: 

;)( 50201 fff ∧∧=ω  );2/()( 222
5 ii ryxrf −−=  

i=1,2,3. Results of design are given in Tab le 5. 
As seen from the Table near the angle the values of torsion 

function coincide in one figure, so results obtained earlier are 
correct. If the radius is less and the number of terms in the 
structure of solution of R − function is greater, the results 
will be better. 

The values of components of tensor of stresses are given 
below (Tables 6, 7, 8): 

 
Figure 3.  The change of component Zx of stresses in different points 

Table 5.  Results of torsion function in different points 

Coord. (х,у) 
ϕ(х,у). (0.7;1) (0,8;1) (0,9;1) (1;1) 

ϕa.p 

ϕR.p 

ϕr1 

ϕr2 

-0.140770 
-0.138797 
-0.139597 
-0.142268 

-0.118821 
-0.106675 
-0.107969 
-0.112428 

-0.075484 
-0.074673 
-0.074675 

r2 

0.000643 
0.0 
r1 

r2 

Coord. (х,у) 
ϕ(х,у). (0.7;0.9) (0,8;0.9) (0,9;0.9) (1;0.9) 

ϕa.p 

ϕR.p 

ϕr1 

ϕr2 

-0.078823 
-0.076946 
-0.078768 
-0.078886 

-0.049487 
-0.048393 
-0.048772 
-0.049692 

-0.000007 
-0.000006 
-0.000006 
-0.000007 

0.075319 
0.074356 
0.074674 

r2 

Table 6.  Results of component of tensor of stresses Zz in different points 

Coord. (x,у) 
Zz⋅104/G (0.7;1) (0,8;1) (0,9;1) (1;1) 

Zza.p 

ZzR.p 

Zzr1 

Zzr2 

-9.465797 
-9.458657 
-9.459716 
-9.462732 

-7.990722 
-7.989767 
-9.989941 
-7.990631 

-5.076332 
-5.064576 
-5.069671 

r2 

0.043232 
0.000077 

r1 

r2 

Coord. (x,у) 
Zz⋅104/G (0.7;0.9) (0,8;0.9) (0,9;0.9) (1;0.9) 

Zza.p 

ZzR.p 

Zzr1 

Zzr2 

-5.300906 
-5.300826 
-5.300894 
-5.300907 

-3.328011 
-3.319674 
-3.316674 
-3.327846 

-0.000050 
-0.000050 
-0.000050 
-0.000050 

5.075181 
5.064162 
5.067941 

r2 
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Table 7.  Results of component of tensor of stresses Zx in different points 

Coord. (x,у) 
Zх⋅104/G (0.7;1) (0,8;1) (0,9;1) (1;1) 

Zхa.p 

ZхR.p 

Zхr1 

Zхr2 

-1.945034 
-1.998627 
-1.996217 
-1.945231 

-1.507007 
-1.548041 
-1.547846 
-1.506886 

-0.977170 
-0.979648 
-0.979548 

r2 

-0.000002 
0 
r1 

r2 

Coord. (x,у) 
Zх⋅104/G (0.7;0.9) (0,8;0.9) (0,9;0.9) (1;0.9) 

Zхa.p 

ZхR.p 

Zхr1 

Zхr2 

-1.537836 
-1.560042 
-1.552237 
-1.538046 

-1.143133 
-1.156223 
-1.155841 
-1.143388 

-0.636184 
-0.635748 
-0.635822 
-0.636191 

-0.000001 
0 
0 
r2 

Table 8.  Results of component of tensor of stresses Zy in different points 

Coord. (x,у) 
Zу⋅104/G (0.7;1) (0,8;1) (0,9;1) (1;1) 

Zуa.p 

ZуR.p 

Zуr1 

Zуr2 

-0.001735 
-0.001786 
-0.001782 
-0.001731 

-0.003607 
-0.003611 
-0.003610 
-0.003607 

-0.010445 
-0.010640 
-0.010684 

r2 

0.090017 
0.000424 

r1 

r2 

Coord. (x,у) 
Zу⋅104/G (0.7;0.9) (0,8;0.9) (0,9;0.9) (1;0.9) 

Zуa.p 

ZуR.p 

Zуr1 

Zуr2 

0.356846 
0.358296 
0.358748 
0.356852 

0.466241 
0.467067 
0.467181 
0.466250 

0.635268 
0.636423 
0.636532 
0.635251 

0.956997 
0.957432 
0.957264 

r2 

Table 9.  Results of stresses Zz⋅in different points and radiuses 

Coord. (x,у) 
Circ.rad. (0.8;0.1) (0.9;0.1) (0.95;0.1) (0.97;0.1) (0.1;0.1) 

2  -10.157895 -7.062379 -4.150012 -2.651425 0.000014 

94.1  -10.141897 -7.061679 -4.151864 -2.651577  

90.1  -10.132996 -7.038321 -4.119138   

81.1  -10.052975 -7.031659    

64.1  -10.007663     
Coord. (x,у) 

Circ.rad. (0.09;0.15) (0.095;0.15) (0.097;0.15) (0.1;0.15) (0.15;0.15) 

020.0  -0.513740 -0.488139 -0.475342 -0.453546 -0.000065 

0194.0  -0.504369 -0.478963 -0.466310 -0.444802 -0.000062 

0192.0  -0.500831 -0.473664 -0.461086 -0.441731 -0.000061 

0181.0  -0.500022 -0.469902 -0.457335 -0.436055 -0.000059 
 

In these tables the coincidence of one or two figures is 
observed. Further consider the problems for prismat ic body 
of quadratic section with rectangular quadratic cavity, where 
rounded character of internal and external angles are 

considered with radiuses r1=0.03≈( 94.1 ); 

r2=0.05≈( 90.1 ); r3=0.1≈( 81.1 ); r4=0.2≈( 64.1 ); 

r1(2)=0.003≈( 0194.0 ); r2(2)=0.005≈( 0190.0 );  

r3(2)=0.001≈( 0181.0 ) 
In this case an equation of boundary is determined by the 

following way: 

;201 ωωω ∧=   ;)( 302011 fff ∧∧=ω  
;)( 605031 fff ∨∧=ω   

);2/()( 222
5 ii ryxrf −−=   

);2/()( 222
6 ii rryxf −+=   i=1,2... 

To study the effect of external and internal angle points on 
the behavior of stress state of prismatic bodies with arbitrary 
forms of cavity the body with rounded angles with  different 
radiuses of external and internal quadrate was considered. 
Results of study of stresses Zz⋅104/G are given in Tab le 9 
with init ial data obtained earlier. 

As seen from the Table rounded character of external 
angle effects less than rounded character of internal angle, 
that is cavity. 

5. Conclusions 
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Therefore, on the base of above given calculations, we can 
assert, that the R − function procedures can be used for 
calculations of prismat ic bodies of any section with any 
cavity configuration. 

So we may state that worked out algorithm on the basis of 
the method of successive approximat ions and R-functions 
may  be applied to the solution of p ractical problems of 
constraint torsion in prismat ic domains  of arb itrary  section 
with d ifferent forms of cavities or inclusions, as well as side 
depressions; here methodology permits to use different 
hypothesis to determine the angle of torsion. 

The paper presents the results of computational 
experiment and investigations, connected with design of 
practically necessary elements of structure of the type of 
prismat ic bodies of arbitrary section with d ifferent form of 
cavity.  
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