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Abstract  In this paper, an exponential fitted method is presented for solving singularly perturbed two-point boundary 
value problems with the boundary layer at one end (left or right) point via deviating argument. The original second order 
boundary value problem is transformed to first order differential equation with a small deviating argument. This problem is 
solved efficiently by using exponential fitting and discrete invariant imbedding method. Maximum absolute errors of sev-
eral standard examples are presented to support the method. 
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1. Introduction 
Numerical solution of boundary value problems in sin-

gularly perturbed second-order, generally nonlinear, ordi-
nary differential equations, is an established research area. 
Many numerical methods have been proposed for the solu-
tion of singularly perturbed two point boundary value prob-
lems. It is well known that the standard centered difference 
scheme has order 2( )O h , but it gives a non-physical oscilla-
tion in the numerical solution when applied on a coarse mesh 
because of a boundary layer. In order to remove this 
non-physical oscillation phenomena, it is necessary to use 
sufficiently small step size h compared toε , theoretically. 
But it is not practical to use finer mesh than ε  in real ap-
plication when ε  is very small. Adaptive methods present 
one possible approach. The adaptive methods strive to 
automatically concentrate computational grids within 
boundary layers, interior layers, or other kinds of local solu-
tion structures typical of the singularly perturbed ODE’s. 

For the analysis of this type of problems the readers can 
refer to the books by Bender and Orszag[1], O’Malley[8], 
Nayfeh [7], Doolan[3] and Roos[14]. 

Brian J. McCartin[2] presented exponential fitted schemes 
for the numerical approximation of delayed recruitment/ 
renewal equations. Fevi Erdogan[4] presented an exponen-
tially fitted difference scheme for singularly perturbed initial 
value problem for linear first-order delay differential equa-
tion. Mohan K. Kadalbajoo, Vikas Gupta[5] presented a 
brief survey on numerical methods for solving singularly 
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perturbed problems. Natesan and Bawa[6] constructed a 
hybrid numerical scheme on a piece-wise uniform Shishkin 
mesh consisting of cubic spline scheme in the boundary 
layer regions and the classical finite difference scheme in 
the regular regions, for solving singular perturbation prob-
lems. J.I. Ramos[9] presented exponentially-fitted methods 
on layer-adapted meshes based on the freezing of the coef-
ficients of the differential equation and integration of the 
resulting equations subject to continuity and smoothness 
conditions at nodes. Rao and Kumar[10] presented an ex-
ponential B-spline collocation method for self-adjoint sin-
gularly perturbed boundary value problem and the method 
is shown to have second order uniform convergence. 
Rashidinia et al.[11] used spline in compression to develop 
the numerical methods for singularly perturbed two-point 
boundary-value problem. They discussed the convergence 
analysis of the method and show that proposed methods are 
second-order and fourth order accurate and applicable to 
problems both in singular and non-singular cases. Reddy 
[12] has discussed the numerical solution of singular per-
turbation problems via deviating arguments. Reddy and 
Chakravarthy[13] constructed an exponentially fitted finite 
difference method for solving singularly perturbed 
two-point boundary value problem. A fitting factor is in-
troduced in a tridiagonal finite difference scheme and is 
obtained from the theory of singular perturbations.  

In this paper, we present an exponential fitted method for 
solving singularly perturbed two-point boundary value 
problems with the boundary layer at one end (left or right) 
point via deviating argument. The original second order 
boundary value problem is transformed to first order dif-
ferential equation with a small deviating argument. This 
problem is solved efficiently by using exponential fitting and 
discrete invariant imbedding method. Numerical results and 
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maximum absolute errors of several standard examples are 
presented to support the method. 

2. Numerical Method 
2.1. Left-end Boundary Layer 

Consider singularly perturbed linear two-point boundary 
value problems of the form  

( ) ( ) ( ) ( ) ( ) ( ),0 x 1Ly y x a x y x b x y x f xε ′′ ′≡ + + = ≤ ≤  (1) 
with boundary conditions  )0( α=y  (2a) and β=)1(y  

(2b) 
where 10 <<< ε , b(x), f(x) are bounded continuous 

functions in (0, 1), f(x) > 0 and ,α β  are finite constants. 
Further, we assume that 0)( >≥ Mxa throughout the in-
terval [0, 1], where M is positive constant. This assumption 
merely implies that the boundary layer will be in the 
neighbourhood of x = 0. 

By using Taylor series expansion about the deviating ar-
gument ε  in the neighbourhood of the point x, we have 

( ) ( ) ( ) ( )
2

y x y x y x y xεε ε ′ ′′− = − +  

( )( ) 2 2 ( ) 2 ( )y x y x y x y xε ε ε′′ ′= − − +      (3) 

and consequently, equation (1) is replaced by the follow-
ing first order differential equation with a small deviating 
argument: 

)()()()()()( xrxyxqxyxpxy ++−=′ ε , for 1≤≤ xε  
where                   (4) 
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The transition from equation (1) to equation (4) is admit-
ted, because of the condition that ε is small. Now we di-
vide the interval [0, 1] into N equal subintervals of mesh size 
h=1/N so that ,   ix ih i= = 0, 1, 2,…, N.  

Here, for consolidations our ideas of the method, we as-
sume that a(x), b(x) and f(x) are constants. Hence, p(x), q(x) 
and r(x) are constant.  

Rearranging equation (4) as 
( ) ( ) ( ) ( ) ( ) ( )y x q x y x p x y x r xε′ − = − +  
We then apply an integrating factor qxe− , producing (as 

in[2]) 

( ) ( ) ( ) ( )qx qxd e y x e p x y x r x
dx

ε− −   = − +   
 

Next, integrating from 1 to i ix x + , we obtain 
1 1

1 1 ( ) ( ) ( )
i i

i i

i i

x x
qx qx qx qx

i i

x x

e y e y e p x y x dx e r x dxε
+ +

+− − − −
+ − = − +∫ ∫  

By making use of linear approximation on 1[  , ]i ix x + , 
which we insert into the above equation we have 
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After evaluating the integrals in equation (5), we get  
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The equation (6) can be written as a tridiagonal system of 
equations given by 

iiiiiii HyGyFyE =+− +− 11 , for i = 1, 2,…, n-1 (7) 
where  
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[ ]1
1

i i iH r A r B
h += +  

2.2. Right-end Boundary Layer 

We assume that ( ) 0a x M≤ < throughout the interval  
[0, 1], where M is negative constant. This assumption 

merely implies that the boundary layer will be in the 
neighbourhood of x = 1. 

By using Taylor series expansion about the deviating ar-
gument ε  in the neighbourhood of the point x, we have  

( ) )(
2

)()( xyxyxyxy ′′+′+≈+
εεε  

( )( ) 2 2 ( ) 2 ( )y x y x y x y xε ε ε′′ ′= + − −      (8) 

and consequently, equation (1) is replaced by the follow-
ing first order differential equation with a small deviation 
argument: 

( ) ( ) ( ) ( ) ( ) ( )y x p x y x q x y x r xε′ = + + + ,      (9) 

for 0 1x ε≤ ≤ −  
where  
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The transition from equation (1) to equation (9) is admit-
ted, because of the condition that ε is small. This re-
placement is significant from the computational point of 
view.  

Now we divide the interval [0, 1] into N equal subintervals 
of mesh size h=1/N so that ,   ix ih i= = 0, 1, 2,…, N.  

Here, for consolidations our ideas of the method we as-
sume that a(x), b(x) and f(x) are constants. Hence, p(x), q(x) 
and r(x) are constant.  

We then apply an integrating factor qxe− , producing (as 
in[2]) 

( ) ( ) ( )qx qxd e y e p x y x r x
dx
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After evaluating the integrals in equation (10), we get  
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The equation (11) can be written as a tridiagonal system of 
equations given by 

iiiiiii HyGyFyE =+− +− 11 , for i = 1, 2,…, n-1 (12) 
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The tridiagonal system of equations (7) and (12) holds for 
i=1, 2,…,N-1, we have N-1 linear equations in the N-1 un-
knowns 121 ,...,, −Nyyy . We assume the matrix of this set of 
linear equations as NA . 

Lemma: for all 0>ε  and all h=1/N the matrix NA  is 
an irreducible and diagonally dominant matrix. 

Proof. Clearly, NA  is a tridiagonal matrix. Hence, NA  
is irreducible if its codiagonals contain non-zero elements 
only. It is easily seen that the codiagonals ii GE  ,  do not 
vanish for all 0>ε , 0>h  and Rai ∈ . Hence NA  is 
irreducible. 

Since ii GE  ,  do not vanish for all 0>ε , 0>h  and 
Rai ∈  these expressions are of constant sign. Then obvi-
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ously, .0  ,0 >> ii GE  
Now in each row of NA , the sum of the two off-diagonal 

elements less than or equal to the modulus of the diagonal 
element. This proves the diagonal dominant of NA . 

Under these conditions the discrete invariant imbedding 
algorithm is stable[10]. 

3. Numerical Examples 
To demonstrate the applicability of the method, we have 

applied it to three linear singular perturbation problems with 
left-end boundary layer and two linear problems with 
right-end boundary layer. These examples have been chosen 
because they have been widely discussed in literature and 
because exact solutions are available for comparison. We 
have also present the maximum absolute errors for the 
problems.  

Example 1. Consider the following homogeneous singu-
lar perturbation problem  

( ) ( ) ( ) 0y x y x y xε ′′ ′+ − = ; x∈[0, 1] 

with y(0) =1 and y(1) =1. 
The exact solution is given by  

2 1 1 2 2 1]( ) [( 1) (1 ) ] / [ ]m m x m m x m my x e e e e e e= − + − −  

where 1 ( 1 1 4 ) / (2 )m ε ε= − + +  and 2 ( 1 1 4 ) / (2 )m ε ε= − − +  
The numerical results are given in tables 1 and 2 for dif-

ferent values of ε . 

Table 1.  Numerical results of Example1 with 2 410 , 10  h ε− −= =  

X Numerical solution Exact solution 

0.00 1.00000000 1.00000000 

0.01 0.37787624 0.37161347 

0.02 0.37541575 0.37534787 

0.03 0.37912636 0.37911980 

0.04 0.38293558 0.38292963 

0.05 0.38678369 0.38677775 

0.10 0.40661215 0.40660624 

0.20 0.44937071 0.44936490 

0.30 0.49662567 0.49662005 

0.40 0.54884988 0.54884455 

0.50 0.60656588 0.60656098 

0.60 0.67035118 0.67034685 

0.70 0.74084403 0.74084044 

0.80 0.81874977 0.81874712 

0.90 0.90484792 0.90484646 

1.00 1.00000000 1.00000000 

Maximum absolute error = 6.2628e-003 

Table 2.  Numerical results of Example 1 with 2 510 , 10  h ε− −= =  

x numerical solution Exact solution 

0.00 1.00000000 1.00000000 

0.01 0.37358680 0.37158036 

0.02 0.37533508 0.37531477 

0.03 0.37910075 0.37908671 

0.04 0.38291057 0.38289656 

0.05 0.38675870 0.38674469 

0.10 0.40658727 0.40657331 

0.20 0.44934626 0.44933255 

0.30 0.49660203 0.49658877 

0.40 0.54882748 0.54881492 

0.50 0.60654525 0.60653369 

0.60 0.67033295 0.67032272 

0.70 0.74082891 0.74082044 

0.80 0.81873863 0.81873239 

0.90 0.90484177 0.90483832 

1.00 1.00000000 1.00000000 

Maximum absolute error = 2.0064e-003 

Example 2. Now consider the following non- homoge-
neous singular perturbation problem  

( ) (1 ) ( ) ( ) 0y x y x y xε ε′′ ′+ + + = ; x∈[0,1] 
with y(0) = 0 and y(1) = 1. 
Clearly this problem has a boundary layer at x = 0.  

The exact solution is given by 
( )
( )

/

1 1/
(x)

x xe e
y

e e

ε

ε

− −

− −

−
=

−
 

The numerical results are presented in tables 3 and 4 for 
different values of ε . 

Table 3.  Numerical results of Example 2 with 2 410 , 10  h ε− −= =  

x numerical solution Exact solution 
0.00 0 0 
0.01 2.66418818 2.69123447 
0.02 2.66423106 2.66445624 
0.03 2.63798570 2.63794445 
0.04 2.61173949 2.61169647 
0.10 2.45964112 2.45960311 
0.20 2.22557149 2.22554092 
0.30 2.01377691 2.01375270 
0.40 1.82213757 1.82211880 
0.50 1.64873542 1.64872127 
0.60 1.49183494 1.49182469 
0.70 1.34986576 1.34985880 
0.80 1.22140695 1.22140275 
0.90 1.10517281 1.10517091 
1.00 1 1 

Maximum absolute error = 2.7046286e-002 
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Table 4.  Numerical results of Example 2 with 2 510 , 10  h ε− −= =  

x numerical solution Exact solution 
0.00 0 0 
0.01 2.68271032 2.69123447 
0.02 2.66452927 2.66445624 
0.03 2.63804276 2.63794445 
0.04 2.61179288 2.61169647 
0.05 2.58580411 2.58570965 
0.10 2.45968822 2.45960311 
0.20 2.22560938 2.22554092 
0.30 2.01380691 2.01375270 
0.40 1.82216083 1.82211880 
0.50 1.64875296 1.64872127 
0.60 1.49184764 1.49182469 
0.70 1.34987437 1.34985880 
0.80 1.22141215 1.22140275 
0.90 1.10517516 1.10517091 
1.00 1.00000000 1.00000000 

Maximum absolute error = 8.524148e-002 

Example 3. Consider the following singular perturbation 
problem ( ) ( ) 2y x y xε ′′ ′+ = ; x ∈[0,1] 

with y(0) = 0 and y(1) = 1.The exact solution is given by 
( )

( )1
1( ) 2

1

x
ey x x

e

ε

ε

−

−

−
= +

−
. 

The numerical results are presented in tables 5 and 6 for 
different values of ε . 

Example 4. Consider the following singular perturbation 
problem  

( ) ( ) 0y x y xε ′′ ′− = ; x ∈[0, 1] 
with y (0) =1 and y (1) =0. 
Clearly, this problem has a boundary layer at x = 1 i.e., at 

the right end of the underlying interval. 

Table 5.  Numerical results of Example 3 with 2 410 , 10  h ε− −= =  

x numerical solution Exact solution 

0.00 0.00000000 0.00000000 

0.01 -0.97006697 -0.98000000 

0.02 -0.95990133 -0.96000000 

0.03 -0.93999901 -0.94000000 

0.04 -0.91999999 -0.92000000 

0.05 -0.89999999 -0.90000000 

0.10 -0.80000000 -0.80000000 

0.20 -0.60000000 -0.60000000 

0.30 -0.40000000 -0.40000000 

0.40 -0.20000000 -0.20000000 

0.50 -3.84206e-14 4.44089e-16 

0.60 0.199999999 0.200000000 

0.70 0.399999999 0.400000000 

0.80 0.599999999 0.600000000 

0.90 0.800000000 0.800000000 

1.00 1.000000000 1.000000000 

Maximum absolute error = 9.9330246e-003 

Table 6.  Numerical results of Example 3 with 2 510 , 10  h ε− −= =  

x Numerical solution Exact solution 
0.00 0.00000000 0.00000000 
0.01 -0.97683728 -0.98000000 
0.02 -0.95998999 -0.96000000 
0.03 -0.93999996 -0.94000000 
0.04 -0.91999999 -0.92000000 
0.05 -0.89999999 -0.90000000 
0.10 -0.80000000 -0.80000000 
0.20 -0.60000000 -0.60000000 
0.30 -0.40000000 -0.40000000 
0.40 -0.20000000 -0.20000000 
0.50 -8.36761e-14 4.44089e-16 
0.60 0.199999999 0.200000000 
0.70 0.399999999 0.400000000 
0.80 0.599999999 0.600000000 
0.90 0.799999999 0.800000000 
1.00 1.000000000 1.000000000 

Maximum absolute error = 3.1627177e-003 

The exact solution is given by ( )
( )
( 1)/

1/

1
( )

1

xe
y x

e

ε

ε

−

−

−
=

−
 

The numerical results are presented in tables 7 and 8 for 
different values of ε . 

Table 7.  Numerical results of Example 4 with 2 410 , 10  h ε− −= =  

x Numerical solution Exact solution 
0.00 1.00000000 1.00 
0.10 0.99999999 1.00 
0.20 0.99999999 1.00 
0.30 0.99999999 1.00 
0.40 0.99999999 1.00 
0.50 0.99999999 1.00 
0.60 0.99999999 1.00 
0.70 0.99999999 1.00 
0.80 0.99999999 1.00 
0.90 0.99999999 1.00 
0.95 0.99999999 1.00 
0.96 0.99999999 1.00 
0.97 0.99999901 1.00 
0.98 0.99990133 1.00 
0.99 0.99006697 1.00 
1.00 0.00000000 0.00 

Maximum absolute error = 9.933024e-003 

Table 8. Numerical results of Example 4 with 2 510 , 10  h ε− −= =  

x Numerical solution Exact solution 
0.00 1.00000000 1.00 
0.10 0.99999999 1.00 
0.20 0.99999999 1.00 
0.30 0.99999999 1.00 
0.40 0.99999999 1.00 
0.50 0.99999999 1.00 
0.60 0.99999999 1.00 
0.70 0.99999999 1.00 
0.80 0.99999999 1.00 
0.90 0.99999999 1.00 
0.95 0.99999999 1.00 
0.96 0.99999999 1.00 
0.97 0.99999996 1.00 
0.98 0.99998999 1.00 
0.99 0.99683728 1.00 
1.00 0.00000000 0.00 

Maximum absolute error = 3.1627177e-003 



54 GBSL. Soujanya et al.:  Numerical Solution of Singular Perturbation Problems  
Via Deviating Argument and Exponential Fitting 

 

Example 5. : Now we consider the following singular 
perturbation problem 

( ) ( ) (1 ) ( ) 0y x y x y xε ε′′ ′− − + = ; x∈[0, 1] 
with y(0) = 1+exp(-(1+ε)/ε); and y(1) = 1+1/e. 

Table 9.  Numerical results of Example 5 with 2 410 , 10  h ε− −= =  

x Numerical solution Exact solution 
0.00 1.00000000 1.00000000 
0.10 0.90483888 0.90483741 
0.20 0.81873339 0.81873075 
0.30 0.74082181 0.74081822 
0.40 0.67032438 0.67032004 
0.50 0.60653556 0.60653065 
0.60 0.54881695 0.54881163 
0.70 0.49659092 0.49658530 
0.80 0.44933477 0.44932896 
0.90 0.40657557 0.40656965 
0.95 0.38674696 0.38674102 
0.96 0.38289883 0.38289288 
0.97 0.37908995 0.37908303 
0.98 0.37541503 0.37531109 
0.99 0.38148139 0.37157669 
1.00 1.36787944 1.36787944 

Maximum absolute error = 9.9047032e-003 

Table 10.  Numerical results of Example 5 with 2 510 , 10  h ε− −= =  

x Numerical solution Exact solution 
0.00 1 1 
0.10 0.90484086 0.90483741 
0.20 0.81873699 0.81873075 
0.30 0.74082669 0.74081822 
0.40 0.67033026 0.67032004 
0.50 0.60654222 0.60653065 
0.60 0.54882419 0.54881163 
0.70 0.49659855 0.49658530 
0.80 0.44934267 0.44932896 
0.90 0.40658361 0.40656965 
0.95 0.38675503 0.38674102 
0.96 0.38290690 0.38289288 
0.97 0.37909708 0.37908303 
0.98 0.37533505 0.37531109 
0.99 0.37474270 0.37157669 
1.00 1.36787944 1.36787944 

Maximum absolute error = 3.166016e-003 

Clearly this problem has a boundary layer at x = 1. The 
exact solution is given by  

( )( )1 1 /( ) x xy x e eε ε+ − −= +  
The numerical results are presented in tables 9 and 10 for 

different values of ε . 

4. Discussions and Conclusions 
We have presented a numerical method for solving sin-

gularly perturbed two-point boundary value problems with 
the boundary layer at one end (left or right) point via devi-
ating argument and an exponential fitted method. The 
original second order boundary value problem is trans-
formed to first order differential equation with a small devi-
ating argument. We obtained the tridiagonal system by using 
exponential fitting and linear approximation and discrete 

invariant imbedding method is used to solve the system. The 
method is very easy to implement. Numerical results and 
maximum absolute errors of standard examples chosen from 
the literature are presented to support the method. 
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