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Abstract

In this paper, we have analyzed the integrability properties of complexly coupled KdV system, and discuss the

integrability properties through Painlevé (P) analysis. Further, we using Bécklund transformation to obtain exact solutions of

complexly coupled KdV system
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1. Introduction

The study of the importance of the connection of inte-
grability and Painlevé property (PP), in the context of ODEs,
has drawn much attention in the recent literature[1-7]. In fact,
the study has been well utilized, both in the original sense of
Ablowitz et al.[3] and in the generalized form of Weiss et
al.[5], to describe the connection of PDEs of the Painlevé
type and Lax pairs, Béacklund transformation, symmetry
vector fields and recursion operators[8]. However, the tech-
nique of singular manifold expansion developed for obtain-
ing the connection of PDEs possessing PP and Lax pairs,
Bécklund transformations, etc. in the case of integrable
systems could not receive any attention for its carry over to
non-integrable evolution equations. Consequently, we have,
herein find the integrability properties associated with the (1
+ 1) complexly coupled KdV system[9]. The system can be
written in the form:

u, —6uu —6vv —u_ =0,

(1.1)

v, —6buv, —6vu —v_ =0.

2. The Painlevé Analysis

In this part, we study the Painlevé integrability of Eq.
(1.1) following the Weiss's algorithm [8] of singularity
analysis. To proceed with the Painlevé singularity analysis,
set

0

_ jta
u _ZMI(D >

Jj=0

v:ivj(o“/’ (2.1)
=0
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Where ¢ (x,t)=0, the "expansion coefficients" u; and v;
are analytic functions of independent variables; ¢ (x,t)=0,
describe the singular manifold, a,  are an integer to be de-
termined. Insert expansion (2.1) in Eq. (1.1) a leading order
analysis uniquely values o and . Consequently, the said
analysis yields:

a=p=2 a, :_(0,37 b, :iQ?a

2.2
j:_132739434963 ( )

The recursion relation for u; (x,t) and vj (x,t) are found to
be:
=B, +u, =G =9 =3 - u,p;]
3 =G =3, 0L =3 =N =00,
=3 =M @ =3 =D, P,
U3 - _4)14/—2(/7;” -

63 [, 1ty (1~ 2.~ )]

m=0

2.3)

62[v/._m v,(m=2)p, ~Voiix )]=0.

G=4W, 0, +v,5,~ (=N =3 -2V,
(=0 =3V, 0 =30 - DG =3, 0.0,
—(J =V, 5,00 =3~ BV, 0,

Vs — =DV 0, —

63 [u, (v (m=2)p, v, 1))

m=0

(2.4)

63 v, . (1, (m=2)g, ~u, | )]=0.

Assigning j =0, 1, 2 in Egs. (2.3) and (2.4), we get
j=0

Uy =—@, v, =tp.. (2.5)



J=1

=2

j=3

=4

=5
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—0} (Qu, +3v,— 139, ) =0,

X (2.6)
_wx (3”1 + 2vl - 13¢w) = 0’
—2u,p, - 6”1//’5 = 6(—2u,u,p, +
u (@, —uy,) =gy, ) —6(=2v,v,0, +
V(M@ = Vo) = VeVe,) 2.7

_6(u1¢x¢xx + 6u0x¢]xx
+(pxu0m + 2”0(/7m = O

—2v0(pt - (Vz (_2‘}0(0,3 +v (—W/’x + uo)

Vot =6V, 0] —6(=2u,v,p, + (2.8)
(=@, =v, ) —upv, ) — (up.0,,

+6v0¢xx + (va()xx + 2‘}0@,\00: = 0

—u,@, +u,, —6(—2uu,p, +

u, (=, —uy, ) =y, +uy (U0, —

U,,)) = 6(=2v3v,0, + v, (=v,0, —V,,) (2.9)
v, +v,(v;0, —v,))+3u, @,

+u, @, +u, =0

oo quxx
V@, +Vy, —6(2v,v0, +

v (@, —v ) = v, v (v, —
vy ) = 6(=2usu,p, +u, (—u,Q, —u,,)
=y, + iy (0, —u,))+ 30,0,

+vl)cx¢x + V] (Dxxx - VOxxx = 0

(2.10)

u, = (“2uyp, +uy (- @, —uy,)
—u,u, A+ u (u,p, —u, ) +u,(Qu,@,
—u;) = (220,90, + V3 (v, —V,)
Vv, Hv(ie, -y, )+

v 2w, = vy ) —u,,, =0,

@.11)

Vi, = (2v5u00, + vy (-0, —uy,
oy, +V, (U0, — 1, )+ v, (2,0,
—u;) = (F2u vy, +us(—vp, —v,)
—uyv,, + i, (v, =V, )+

uO (2v4¢x - v3x )) - Vl.x‘xx = 0’

(2.12)

Uy, + Uy, — 6“5(/7x2 = 66(—2uyusp, +u, (—u,p,
—ly, ) = Uty + 1y (Us P, — 1y )+ 1y (21,0,
—uy, )+, Gusp, —uy, ) - 6@?”43- -
6(=2vyvs0, + Vv, (V0. =V, ) —

ViV, 9V, (ne, =, )+ G0,

—V3,) + v BGvsp, —v,,)) —6u,0.0,,

_3u3¢xx _3u3,rx¢x _u3¢)ccr _uZAiX.\’ = 0

(2.13)

Vi@, +Vy = 6"5(03- —6(=2u,vs0, +v, (-1,
—Uy,) = Vil + v, (U0 — 1ty ) + v, Cuyp,
—tt3,) +, Busp, —u,,)) =69 u,, ~
6(=2vus @, +u, (=v@, — vy, )~

UV, + i, (V,0, —v,,) +1u,(3v,0,

V3 )+ (35, = v, ) = 6v,0.0,,
I =V P VP Vo =0

(2.14)

j=6
2u,0, +uy, —24u,0] — 6(-2u @, +
us (U@, — iy, )~y U0, — U, )
+u, Buyp, —uy ) +u, Gusp, —u,)
+uy (4ugp, —us, ) —18us, 0, —
6(=2vev,0, +vs (v, — v, ) —
ViV TV (30, = v, )+, (
0, v )+ v (Bvsp, —v,,)
vy (4P, —v5,)) ~18us0. 0,
—6uy, P —OUQ, — Uy, =0,

(2.15)

v;, —12uv, 0. +6u (=2v,, +v,.)
+6(v3u2X + VoUs, + VilUy, + Vols, +
Uy (=200, + V) + 1y (20,0, +v,,))

_2(3(4"6403 = Vstty, — Uy Vs, +1t, (2050, (2.16)

v, ) +u,2vp, —v, )+ 3v5x(pf +

3V5¢x¢)a\t + v4x¢)cx + V4xx¢)x) + V4 (_wl
+6u,0, =3u, + ¢, )= Vs, =0.

Therefore, we know for resonance Laurent series (2.1)
admits the sufficient number of arbitrary functions. So it is
concluded that the complexly coupled KdV system (1.1)
possesses Painlevé property.

3. Biicklund Transformation and Special
Solutions

Up to know, we have determined that the coupled KdV
system is integrable in the sense of having Painlevé prop-
erty. To obtain the more integrable information of this equa-
tion, in the following, we give the Biacklund transformation
and some special solutions of this system. If we now apply
the usual technique of determination of the "resonances" by
cutting of series (2.1), we set u=v;=0 and i=>3, then we
have:

Uy 4

u=—2+—"+u,,
9 (2.17)
v=20 N,
2 2
4
By solving Egs. (2.6) we get
13 13
U =?¢))Q(’ Y :?¢n' (218)

So we obtain the Bécklund transformation of Eq. (1.1)
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2
-9’ 139
u= 402" +?3(pi’
v ¢ (2.19)
~9> 13
v:_go; +—(p—”.
- 29

In the following, we derive the explicit special solutions for
(1.1) by the Bécklund transformation (2.19). To do this, we
take two cases of ¢ :

Case I: ¢ =Exp(wx+ct)+Exp(-(wx+ct)) we obtain the
soliton solution of Eq. (1.1)
2
u= W?(8 + 5 sech(wx +ct)),

(2.20)

2
V= W? (8+5 sech(wx +ct)),

116w’
where ¢ = ow

Case II: ¢ =Exp(wx-+ct)-Exp(-(wx+tct)) we can write the
solution of Eq. (1.1) in the form
2
u =" (85 csch(wx +ct)),
> 2.21)

2
y= W?(s 5 csch(wx + ct)),

116w*

where ¢ =

4. Conclusions

Thus, the Painlevé analysis is one of the most important
methods to identify the integrability cases and the inte-
grability properties of complexly coupled KdV system. In
this paper, we applied the Painlevé analysis to complexly

coupled KdV system and established their integrability
properties. Also, by truncating the Laurent series at the con-
stant level term, we have constructed the Béicklund trans-
formation. We obtained exact solutions of the system.
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