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Abstract The paper describes a one-step, six-order method for treating stiff differential equations using Pade rational
functions. Dalquist’s model test equation was used to analyze its basic properties. The results show that the method is
consistent and convergent. Numerical results and comparative analysis with some methods show that the method is very

efficient and more accurate.
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1. Introduction

The initial value problem given by
Yy =fy), yxo) =yp,a< x< b (1)

is considered for one-step numerical method with the
order k = 6. This class of problem has a lot of applications
in many areas such as electrical network, chemical kinetics,
control theory, mechanical, biological economic systems,
etc.

Definition: A system of ordinary differential equations of
the form

yl=f(x'y1'y2'y3"“!ym)' Y(x0)=y0' (2)
is said to be stiff if the eigenvaluesA;of the Jacobian

matrix [6f / ay] at every integration point x have negative

real parts and differ greatly in magnitude, i.e. the eigenvalues
A, satisfy the conditions[6].

(i) Re(A) <0, t = 1,2,....,m,and

(ii) % = § > 1; Sis the stiffness ratio.

Most conventional numerical methods cannot cope with
stiff problems as they lack adequate stability characteristics.
For this reason a lot of researches have been carried out on
stiff differential equations. Several authors like Fatunla(1976,
1980), Butcher(2000,2001,2002) as cited in[1],[2] and many
others have developed A-stable methods for solving stiff
initial value problems in ordinary differential equations.

A one-step, fifth order method for solving this class of
problem was developed[5].
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Liniger and Willoigbby(1970) as cited in[1] introduced
the concept of exponential fitting and suggested three new
A-stable methods with k = 1.

A sixth order multi-derivative multistep methods with step
number k = 2has also been developed[1].

The aim of this paper therefore is to derive a more efficient
L-stable method based on Pade rational approximations.

2. Derivation of the Method

We consider Pade rational approximant of the form:

M i
FY () = —2220% i > 0,N > 0,i = 0,1(M)
1 +Zj:1bjx1
and j = 1,2(N) 3)

where a;, b; are real coefficients[7] and[8].

We define a finite difference numerical integrator of
maximal order K = M + N for approximating initial value
problem y' = f(x,¥),y(xo) = ¥, by

— Zy:o agx! (4)
Yn+1 1+Z]N:1 b]_xj

with M = 0,N > 0,i = 0,1(M)and j = 1,2(N). The pa-
rameters {a;} and {b]} are constant coefficients to be de-
termined.

To develop a one-step, six-order method we set M =
3,N = 3 in equation (4):
a0+a1x+a2x2+a2x2 (5)
1+b1x+byx2%+b3 x3

If we adopt Taylor series of y,,; and ignore terms of
order higher than 6 in equation (5), we obtain:

3

Yn+1 =

ap + a;x + ax?+ azx
1+ byx + byx? + by x3

Yt hy +h2y;' +h3y;” h*yy h3yy  hey
—Jn n

7
2! 3! 4! 5! 5! +0(r7)
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ap + a;x + a,x? =(1+ byx + byx% + b3x®) (v, +

h2yn | B3yn | RYyRP | hSyE | nCyf 7
TR e A ()

hy,'1 +

= Yo + bixy, + byx?y, + bsx®y, + Ry, + byxhy, +

h%y h? h2yn

=+ bx

' / v
box?hy, + bsx*hy, +— St bpx? =
3hiyn | Wiy Wy 2 Wy 3 Wyn
byx TR by x YRR b, x o T bsx o T
hty,” hty,” 2 Rty | RSyR hSy¥ | hoy¥
o + bix " + byx T + byx ottt
0(h")
Taking, x = h, and equating the coefficients as far as h®,
we have
Ay = Yn (6)
a; = bl.Vn + hyn (7)
+, hPyn
az = byyn + hbry, +— ®)
' Wyn | h3yw
az = b3y, + hbyy, + by —=+—* ©
' h2yn Riyn Ry
b3hyn + bz 2 + bl 6 + 22 = 0 (10)
2y, 3y, Wty | hSyE
by—*+ b, — "=+ b —, Do = (11)
3y, hty,” hSyx | hSyyt
bs A + b, ” + b, S0 T 70 =0 (12)
Solving for by, byand b;in (10), (11) and (12), we have
—h3s
37 1200 (13)

where 1y = 3y, (4, ¥ — 50D, uz = 6y, Gy i’ —
3y ynvand

uz = 10y, Gy, v’ — 40 )?) (14)
U= Uy + Uy + Us
51 = 6y, Gy vy — 62, s, = 20y, By'yy —
2yn""ynv’and
s3 = 15y,"(4y, ¥¥ = 5(")%) (15)
S = S1 + Sy + S3
hZR
by = 1o (16)
) v _ v\2
where 1, = Yn(syn In 6(yn) )’
=10y, Yy Yo = YaVn )
and 73 = 5%," (3, Y% — 5y ¥n') (17)

R:T'l +T'2+T'3

—h
by == (18)

ty =2y, Qyn Y = 39790, ty = 6y yn Y —yn W)
and

t3 = 55" Gyn v’ =40 ) (19)
T == tl + tz + t3
Substituting b;in (7) and simplify, we have
—hT '
a; = Wyn + hyn
R(=Tyn+ 2Uyy,
a, = ( yzu Yn) (20)
Substituting b;and b,in (8) and simplify, we have
R2(Ryn—5Tyn+5Uyn )
2= (21)

Also substituting by, b,and bsin (9) and simplify, we have

_ h3(=Syn+12Ry, —30Ty,, +20Uy,, )
- 120U

a (22)

We put

A=-Ty, +2Uy,

B =Ry, — 5Ty, +5Uy,

C = —Sy, + 12Ry, — 30Ty, + 20Uy,

Substituting the values of ag,a;, ay, by, by, and by in (5),

we obtain

120Uy, +604h+12BR%+h3C
Yn+1 120U—60AT+12h2R—h3S

Where U =¥ u;, S=Yi,s;,R=Yir,, and
T =Y3,t; and the u;,s;,7;,,t; are as given in equations
(14), (15), (17) and (19) respectively and equation (23) gives
the desired method.

(23)

3. Convergence of the Method

We establish the convergence of the method by showing
that the method is consistent and stable.

Theorem 1: The one-step, sixth-order method (23) above
is consistent and convergent[4].

Proof

A one-step numerical method of the form:

Yn+1 — Yu = hO(x,, y; h), is convergent if and only if it
is consistent
If we subtract y,, from both sides of (23), we have

Yn+1 = Vn

h[120Uy, — 60R(Ty, — Uy, ) + h?(12Ry, — 30Ty, + 5Uy,)]
120U — 60AT + 12h%2R — h3S

= h@(xy, Yn; h), say

Hence
Yn+1=Yn _ 120Uyn—60h(Tyn=Uyn)+h? (12Ry, =30y, +20Uy,) (24)
h 120U—60hT+12h2R—h3S
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Then

. - 120Uy, '
llmh_)() Yn+1—Vn — Yn =y,

h 120U (25)

This implies that

Yn+1"Yn

limh% h = yrll = f(xn'yn)-

This implies that the method is consistent with the initial
value problemy = f(x,y),y(xo) = y,. Hence the method
is convergent.

Theorem 2: The method (23) is L-Stable[4].

Proof

If we apply to the method (23), the well-known Dahlquist
stability test equation[3].

y = ky, y(x0) = yoandRe(k) < 0. (26)

We have,

uy = =3k%y3,u, = 12k°y3,u; = —10k°y3
U=-k%;

s; = —6k'2y3 s, = 20k'?y3 s = —15k12y3
S = —k2y}

r; = —ky3 r, = 10k y3,r; = =10k y3
R = —k'ly?

t, = —2Kk1093, ¢, = 6k10y3, £, = —5k10y3

T = —k10y3
Then
_ —k%yA(120hk+2h3Kk3)
Y1 = Vn = —k%y3(120—60hk+12h2k2 —h3k3) @7
Hence
2y, R(60+h?)
Ynt1 = Y = To—sons1zhi T (28)
where h = kh
Setting S(h) = y;—“, we have
- 120+60h+12R%+h3
s(h) = 120-60h+12R2—R3 29)
is the stability function of the method (23)
Obviously from equation (28) as
bobee}}_lr)rlm s(h) =0 (30)

Therefore the method is L-Stable.

4. Implementation of the Method

We demonstrated the efficiency of our method on stiff
ordinary differential equation by considering one
-dimensional differential equation:

y' =-20y,y(0) =1
We applied Explicit Euler method:
Yn+1 =Yu t h(_ZOYn)

The results for a number of h values (step length) are
shown in figure 1. A very small step size is required for a
reasonable solution as we can see in the figure below.

Solutionof y'=-20y, with various h

solution

0 01 02 03 04 05 08 07 08 09 1
Steplength

Figure 1. Explicit Euler Method with various step sizes

However, if we use implicit Euler method

Yo+l =Vn T h(_zoyn+1)a

The solution is reasonable even for the relatively large
value of h = 0.1. This result can be seen in figure 2. We
therefore compared the performance of our method with
implicit Euler method. As we can see in figure 3 our method
performs very efficiently as the solution coincides with the
exact solution. Its performance is better than that of implicit
Euler method which is known to cope with stiff ordinary
differential equations.

Problem I: y' = —20y;y(0) =1

Table 1. Shows The Performance Of Our Methods Against The Exact
Solution, Compared With Euler Methods
Explicit Implicit
Exact New Euler Euler Error
X . of new
solution scheme method method
h=0.1 h=0.1 scheme
0 1.00000 1.00000 1.00000 1.00000 0
0.1 | 0.13533 0.13513 -1.0000 0.33333 0
0.2 | 0.01831 0.01826 1.00000 0.11111 0
0.3 | 0.00247 | 0.00246 -1.00000 0.03703 0
0.4 | 0.00033 0.00033 1.000000 0.01234 0
0.5 | 0.00004 | 0.00004 -1.00000 0.00411 0
0.6 | 0.00000 | 0.00000 1.000000 0.00137 0
0.7 | 0.00000 | 0.00000 -1.00000 0.00045 0
0.8 | 0.00000 | 0.00000 1.000000 0.00015 0
0.9 | 0.00000 | 0.00000 -1.00000 0.00005 0
1.0 | 0.00000 | 0.00000 1.000000 0.00001 0
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Solution of ,=-20y, with uniform h=0.1
T T T

ImplicitEuler

""" Newscheme
LS

solution

L i N L L L
04 05 08 07 08 09 1
Step-ength

Figure 2. Comparison of the New Method with Implicit Euler Method on
Stiff Differential Equation

Problem 2:

We illustrate the accuracy and efficiency of our new
method on the solution of second order differential equation:

y" +101y" + 100y =0 ,y(0) =1 and, y'(0) = —1
By setting y' = p

Second Order Differential Equation

p =—100y — 101p
we have a 2x2 stiff system with the initial conditions
y(0) = 1and p(0) = —1.

The eigenvalues of the Jacobian matrix of the equation
areA; = —1 and A, = —100. This problem is solved using
our new method with h = 2 and the results are given in table
2 below.

Solton ofy=p, p=-101p400y; y(0)=1,pOF-
T T T

= newscheme
*_exacisoluon

Figure 3. Comparison of the New Method with Theoretical Solution on
Stiff Differential Equation

Table 2. Shows the performance of our method compared with exact
solutio
X Exact solution New scheme Error
0 1.000000000000000 1.000000000000000 0
2 0.135335283236613 0.135135135135135 2.0e-06
4 0.018315638888734 0.018261504747991 5.1e-06
6 0.002478752176666 0.002467770911891 1.0e-06
8 0.000335462627903 0.000333482555661 1.9¢-06
10 0.000045399929762 0.000045065210224 3.3e-07

5. Conclusions

The theoretical analysis showed that our new method is a
good numerical method for the treatment initial value prob-
lems and also efficient in solving stiff differential equations.
We observed that our method needs not use a small step size
as it may be required by other methods before a good accu-
racy is achieved.

The method will therefore be useful in the solution of
problems arising from electrical networks, economy affected
by inflations and chemical reactions.
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