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Abstract  In this paper, the piecewise constant Block-Pulse functions and their operational matrices of integration have 
directly been used to solve a two-dimensional Fredholm-Volterra integral equation of second kind. This method presents a 
computational technique through converting this integral equation into a system of linear equations which can be easily 
solved by the known methods. Also the error analysis of this method will be considered. The efficiency and accuracy of the 
proposed method are illustrated by some examples. 
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1. Introduction 
Many problems in various fields of science such as 

physics[1], biology[2] and engineering[3] reduce to integral 
equations. Integral equations also can be seen in numerous 
applications such as biomechanics, control, electrical engin- 
eering, filtration theory, heat and mass transfer, medicine, 
oscillation theory, etc.[4]. Fredholm-Volterra integral equa- 
tions of the second kind arise in the studies including airfoil 
theory[5], elastic contact problems[6,7], fracture mechanics 
[3], combined infrared radiation and molecular conduction 
[8] and so on[9]. So, solving these equations specially with 
higher dimensions is very important. Different methods for 
solving integral equations have been known and used[9-12]. 

Block-Pulse functions (BPFs), a set of orthogonal 
functions with piecewise constant values, are studied and 
applied extensively as a useful tool in the analysis, synthesis, 
identification as well as other problems of control and 
systems science. In comparison with other basis functions or 
polynomials, BPFs can lead more easily to recursive 
computations in solving concrete problems[13] and among 
piecewise constant basis functions, the BPFs set has proved 
to be the most fundamental[14,15]. These functions have 
been directly used for solving different problems specially 
integral equations[9,17,18]. 

In this paper, BPFs are applied to estimate the solution of a 
specific kind of two-dimensional Fredholm-Volterra integ- 
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ral equations  
1 t

0 0
g(s, t) k(s, y)g(y, t)dy w(t, x)g(s, x)dx = f (s, t),+ +∫ ∫  (1) 

where k , w  and f  are given continuous functions 
and defined over 1 2D = [0,T ) [0,T )× . Also, we consider the 
error analysis of this method.  

2. Block-Pulse functions 
We start by repeating some definitions, notations and 

basic facts; For more details see [13, 16]. 

2.1. One dimensional Block-Pulse functions 

2.1.1. Definition 

An m-set of BPF's is defined on [0,1)  as  

i
1, (i 1)h t < ih,

(t) =
0, otherwise,

φ
− ≤




        (2) 

where i = 1,2, ,m , with a positive integer value for m  
and h = 1 / m . 

There are some properties for BPF's, the most important 
properties are disjointness, orthogonality and completeness. 

2.1.2.Vector form 

The set of BPF's is written as  
T

1 2 m(t) = [ (t), (t), , (t)] , t [0,1).φ φ φΦ ∈

     (3) 
So, the disjointness property follows  

1

2T

m

(t) 0 0
0 (t) 0

(t) (t) = ,

0 0 (t)

ϕ
ϕ

ϕ

 
 
 Φ Φ
 
 
 





   



    (4) 
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and  
T(t) (t)X = X (t), X = diagX,Φ Φ Φ        (5) 

where X  is an m -vector. Also, for any mm×  matrix 
B   

T Tˆ(t)B (t) = B (t),Φ Φ Φ           (6) 
where B̂  is a diagonal of matrix B . 

2.1.3. BPF's expansion 

A function 2f (t) l ([0,1))∈ , can be expanded by BPF's as  
m

T T
i i

i=1
f (t) f (t) = F (t) = (t)F,ϕ≈ Φ Φ∑        (7) 

1T
1 2 m i i0

1F = [f , f , , f ] , f = f (t) (t)dt.
h

φ∫

        (8) 

2.1.4.Operational matrix of integration 

Integral of (t)Φ  is approximated by the following 
operational matrix of integration. This matrix is Teoplitze, so 
it can be used easily.  

t

0

m m

1 2 2 2
0 1 2 2

h( )d P (t), P = .0 0 1 2
2

0 0 0 1

τ τ

×

 
 
 
 Φ ≈ Φ
 
 
 
 

∫







    



(9) 

Also, from [13], we have  
t t T T
0 0
f ( )d F ( )d F P (t).τ τ τ τ≈ Φ ≈ Φ∫ ∫    (10) 

Using (4) gives:  
mh T
0

(t) (t)dt = hI.Φ Φ∫           (11) 

2.2.Two-dimensional Block-Pulse functions 

2.2.1. Definition 

An )( 21mm -set of 2D-BPFs is defined in the region of 
1 2s [0,T ), t [0,T )∈ ∈  as  

1 1 1 1 2 2 2 2
i ,i1 2

1, (i 1)h s < i h and (i 1)h t < i h ,
(s, t) =

0, otherwise,
ϕ

− ≤ − ≤



(12) 

where 1 1i = 1,2, ,m  and 2 2i = 1,2, ,m  with positive 

integer values for 21,mm , and 1 2
1 2

1 2

T Th = ,h =
m m

. 

Similar to the 1D case, there are some properties for 
2D-BPFs such as disjointness, orthogonality and 
completeness.  

2.2.2. Vector form 

The set of 2D-BPFs may be written as a 1 2(m m ) -vector 
(s, t)Φ :  

T
1,1 1,m m ,1 m ,m2 1 1 2(s, t) = [ (s, t), , (s, t), , (s, t), , (s, t)] ,ϕ ϕ ϕ ϕΦ    (13) 

where 1 2(s, t) [0,T ) [0,T )∈ × .  

2.2.3. BPFs expansion 

A function 2
1 2f (s, t) l ([0,T ) [0,T ))∈ × , can be expanded by 

BPFs as  

m m1 2
T T

i ,i i ,i1 2 1 2
i =1i =11 2

f (s, t) f (s, t) = F (s, t) = (s, t)F,ϕ≈ Φ Φ∑∑ (14) 

where F  is an 1 2(m m ) -vector given by  
T

1,1 1,m m ,1 m ,m2 1 1 2F = [f , , f , , f , , f ] ,        (15) 

with  
i h i h1 1 2 2

i i1 2 (i 1)h (i 1)h1 1 2 21 2

1f = f (s, t)dtds.
h h − −∫ ∫       (16) 

Since each 2D-BPF takes only one value in its subregion, 
they can be expressed by the two 1D-BPFs:  

i ,i i i1 2 1 2(s, t) = (s) (t),ϕ ϕ ψ           (17) 
where i1 (s)ϕ  and i2 (t)ψ  are the 1D-BPFs related to the 

variables s  and t , respectively. From this relation for the 
function f (s, t) , we have  

Tf (s, t) (s)F (t),≈ Φ Ψ               (18) 

where (s)Φ  and (t)Ψ  are 1m  and 2m  dimensional 
BPFs vectors respectively, and F  is the 1 2m m×  
block-pulse coefficient matrix with i i1 2f  in (16). In this 

work, we use (18). It is assumed that 1 2T = T = 1 , 21 = mm  

and so 1 2
1h = h =
m

. 

Similar to the 1D case, there is an operational matrix of 
integration for 2D-BPFs. For more details see [18].  

3. Direct method for solving 2D-FVIE 
In this section, BPFs for solving two-dimensional 

Fredholm-Volterra integral equations is used. Using the 
ways mentioned in section 2, the functions 
g(s, t),k(s, t),w(s, t)  and f (s, t)  can be approximated with 
respect to 2D-BPFs as:  

Tg(s, t) = (s)G (t),Φ Φ  
Tk(s, t) = (s)K (t),Φ Φ  
Tw(s, t) = (s)W (t),Φ Φ            (19) 
Tf (s, t) = (s)F (t),Φ Φ  

where the matrices G,K,W  and F  are BPFs coefficients 
of g(s, t),k(s, t),w(s, t)  and f (s, t)  respectively. 

First, the Volterra integral part in (1) is considered. Using 
Eq.(19) yields,  

( )
t t T T T
0 0

tT T T
0

w(t,x)g(s,x)dx (t)W (x) (x)G (s)dx

= (t)W (x) (x)dx G (s).

≈ Φ Φ Φ Φ

Φ Φ Φ Φ

∫ ∫

∫
(20) 

After denoting iW  for the ith row of the constant matrix 
TW  and jR  for the jth row of the conventional integration 

operational matrix P , the relations (4), (5) and (10) give:  
T (t)WΦ ( )t T T

0
(x) (x)dx G (s)Φ Φ Φ∫  

1

2T T

m

R (t) 0 0
0 R (t) 0

= (t)W G (s)

0 0 R (t)

Φ 
 Φ Φ Φ
 
 

Φ 





   



 



 American Journal of Computational and Applied Mathematics 2012, 2(1): 53-57 55 
 

 

1

2T T

m

R (t) 0 0
0 R (t) 0

= (s)G W (t)

0 0 R (t)

Φ 
 Φ Φ Φ
 
 

Φ 





   



 

1 1

2 2T

m m

R (t) 0 0 W
0 R (t) 0 W

= (s)G (t)

0 0 R (t) W

Φ  
  Φ  Φ Φ
  
  

Φ  





    



 

T T
1 1

T T
T 2 2

T T
m m

R (t) (t)W

R (t) (t)W= (s)G

R (t) (t)W

 Φ Φ
 
 Φ Φ

Φ  
 
 Φ Φ 



 

1 W1

2 WT 2

m Wm

R D

R D
= (s)G (t)

R D

 
 
 

Φ Φ 
 
 
 



          

(21) 

Then, the Fredholm integral part in (1) is considered. The 
relations (19) and (11) give:  

( )
1 1 T T
0 0

1T T
0

T

k(s, y)g(y, t)dy (s)K (y) (y)G (t)dy

= (s)K (y) (y)dy G (t)

= (s)hKG (t).

≈ Φ Φ Φ Φ

Φ Φ Φ Φ

Φ Φ

∫ ∫

∫ (22) 

 So that (1) can be approximated by  
1 W1

2 WT T T 2

m Wm
T

R D

R D
(s)G (t) (s)hKG (t) (s)G (t)

R D

= (s)F (t).

 
 
 

Φ Φ +Φ Φ +Φ Φ 
 
 
 

Φ Φ

 (23) 

From this equation, the block-pulse coefficients of g(s, t)  
can be determined. The jth column of the matrix G  
represented by T

j 1j 2 j mjG = [g ,g , ,g ] , is obtained by solving 
jth the system  

j j jQ G = b , j = 1,2, ,m,           (24) 

where  
j 1

T
j j1 j2 jm ji ij jk ik

k=1
b = [b ,b , ,b ] , b = f h w g , i = 1,2, ,m,

−

− ∑  (25) 

and  

jj 11 12 1m

21 jj 22 2m
j

m1 m2 jj mm

h1 w hk hk hk
2

hhk 1 w hk hk
Q = .2

hhk hk 1 w hk
2

 + + 
 
 + + 
 
 
 

+ + 
 





   



(26) 

4. Error Analysis 

The representation error can be obtained when a 
differentiable function f (s, t)  is represented in a series of 
2D-BPFs over the region D = [0,1) [0,1)× . We put 

1 2m = m = m , so 1 2
1h = h =
m

. 

We define the representation error between f (s, t)  and its 
2D-BPFs expansion, mf (s, t) , over every subregion i ,i1 2D , 
as follows:  

i ,i i ,i i ,i1 2 1 2 1 2e (s, t) = f (s, t) f (s, t)ϕ −  

                i ,i i ,i1 2 1 2= f f (s, t), (s, t) D ,− ∈  

where  
1 1 2 2

i ,i1 2
i 1 i i 1 i

D = (s, t) : s < , t < .
m m m m
− − ≤ ≤ 

 
 

Using mean value theorem, it can be shown that  

       

2 2
i ,i 41 2

2e M ,
m

≤           (27) 

where f (s, t) M,′ ≤ [18]. Representing error between 
f (s, t)  and its 2D-BPFs expansion, mf (s, t) , over the region 
D , as follows:  

   me(s, t) = f (s, t) f (s, t),−         (28) 
and using (27), give:  

                   
2 2

2
2e(s, t) M .

m
≤             (29) 

Hence, 1e(s, t) = O
m

 
 
 

. We suppose that f (s, t)  is 

approximated by whereas,  

       

m m

m i ,i i ,i1 2 1 2
i =1i =11 2

f (s, t) = f (s, t).ϕ∑∑  

We find i ,i1 2f -the approximate of i ,i1 2f - and  
m m

m i ,i i ,i1 2 1 2
i =1i =11 2

f (s, t) = f (s, t),ϕ∑∑  

then for i ,i1 2(s, t) D∈  we have  

    

i ,i i ,i i ,i i ,i1 2 1 2 1 2 1 2

i ,i i ,i i ,i i ,i1 2 1 2 1 2 1 2

f f (s, t) f f (s, t)

f f .

ϕ ϕ

ϕ ϕ

− ≤ −

+ −
     (30) 

Using (29), it can be shown that  

m
i ,i i ,i1 2 1 2

f f2Mf f (s, t) .
m m

ϕ ∞
−

− ≤ +      (31) 

Hence  
m

m
f (s, t) = f (s, t).lim

→∞
 

For more details see [18]. 
Now, we consider the following Fredholm-Volterra 

integral equation of second kind  
1 t

0 0
g(s, t) k(s, y)g(y, t)dy w(t,x)g(s,x)dx = f (s, t).+ +∫ ∫ (32) 

For an error estimation of Eq.(32), let 
m me (s, t) = g(s, t) g (s, t)−  be the error function of the 

approximate solution mg (s, t)  to g(s, t) , where g(s, t)  is the 
true solution of Eq. (32). Substituting the computed solution 

mg (s, t)  into Eq.(32), the perturbation function that depends 
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only on mg (s, t) , mr (s, t) , can be obtained as follow:  
1 t

m m m m0 0
r (s, t) = g (s, t) k(s, y)g (y, t)dy w(t,x)g (s,x)dx f (s, t).+ + −∫ ∫ (33) 

Subtracting (33) from (32), yields  
1 t

m m m m0 0
e (s, t) k(s, y)e (y, t)dy w(t,x)e (s,x)dx = r (s, t).+ + −∫ ∫ (34) 

To compute an approximation of me (s, t) , Eq.(34) can be 
solved by the presented method only with recomputing the 
right hand side of the system (24).  

5. Numerical Examples 
In this section, we use the method discussed of the 

previous sections for solving some examples. The grid points 
are selected as (2l 1) / 64,l = 1,2,3,4,5− . 

Example 1. Consider the Fredholm-Volterra integral 
equation  

1 t2y 1
0 0

g(s, t) se g(y, t)dy (t x)g(s, x)dx = f (s, t),−+ + +∫ ∫ (35) 

where  
2 3f (s, t) = st((e 1) / 4e 1) 5 / 6st , (s, t) [0,1) [0,1)+ + + ∈ × . 

Exact solution of this equation is g(s, t) = st . Table 1 
shows the absolute values of error for m = 8,16,32  using the 
present method in selected grid points.  

Table 1.  Absolute value of error for Example 1. 

(s, t)   Error wih  

 m = 8  m = 16  m = 32  

l = 1  33.6 10−×  47.3 10−×  81.5 10−×  

l = 2  31.7 10−×  31.2 10−×  66.9 10−×  

l = 3  32.1 10−×  32.7 10−×  43.8 10−×  

l = 4  38.0 10−×  33.1 10−×  43.5 10−×  

l = 5  21.5 10−×  33.3 10−×  31.3 10−×  

Example 2. The Fredholm-Volterra integral equation  
1 t(s 1/2y) 2
0 0

g(s, t) e g(y, t)dy (2t 1/ 3x)g(s, x)dx = f (s, t),− −+ + +∫ ∫ (36) 

where  
(s t) 2 1/2 s 2f (s, t) = 2e (t 1 / 6t e 4 / 3) e (2t 1 / 3),

(s, t) [0,1) [0,1),

− + − −− + + − + +
∈ ×

(37) 

has exact solution (s t)g(s, t) = e− + . The numerical results 
are shown in Table 2.  

Table 2.  Absolute value of error for Example 2 

(s, t)   Error wih  
 m = 8  m = 16  m = 32  

l = 1  24.2 10−×  32.5 10−×  46.3 10−×  
l = 2  25.1 10−×  32.7 10−×  45.8 10−×  
l = 3  25.9 10−×  33.9 10−×  47.1 10−×  
l = 4  26.1 10−×  34.5 10−×  39.9 10−×  
l = 5  27.8 10−×  33.6 10−×  48.2 10−×  

Example 3. Consider the Fredholm-Volterra integral 
equation  

1 t2 2
0 0

g(s, t) (1 / 2s y)g(y, t)dy (3t x)g(s,x)dx = f (s, t),+ − + −∫ ∫ (38) 

where  
2 2= 1 / 2s (cos(t 1) cos(t)) 3t (cos(s t) cos(s))f (s, t)

t cos(s t) sin(s) cos(1 t) sin(1 t) sin(t),
(s, t) [0,1) [0,1).

− + − − + −
+ + + + + − + +

∈ ×

(39) 

Exact solution of this equation is g(s, t) = sin(s t)+ . The 
numerical results are shown in Table 3.  

Table 3.  Absolute value of error for Example 3 

(s, t)   Error wih  

 m = 8  m = 16  m = 32  

l = 1  29.2 10−×  23.0 10−×  57.4 10−×  
l = 2  23.0 10−×  23.1 10−×  31.4 10−×  
l = 3  23.1 10−×  23.2 10−×  31.1 10−×  
l = 4  29.3 10−×  23.0 10−×  33.4 10−×  
l = 5  28.0 10−×  22.9 10−×  36.1 10−×  

6. Conclusions 
Solving analytically two-dimensional integral equations 

specially a composition of Fredholm and Volterra integral 
equations is usually complicated and difficult, so using an 
efficient numerical method make it easy to solve such 
equations by giving an approximate solution. In the present 
paper, using piecewise constant functions (BPFs) 
transformed solving a two-dimensional Fredholm-Volterra 
integral equation of the second kind to solve systems of 
linear equations. The advantage of using the above 
mentioned method is that the elements of the matrices jQ  
are elements of matrix K  and they are only different in the 
elements of main diagonal and this decreases the number of 
operations. It must be noted that the approximate solution is 
more accurate at mid-point of every subinterval, and this 
accuracy will increase as m  increases. So some points 
farther to mid-points may get worse as m  increases. Of 
course, these oscillations are negligible. This can be clearly 
followed through the definition of operational matrix P . 
The applicability and accuracy of the method were checked 
on some examples. The optimal choice of m  for avoiding 
accumulated error and increasing the number of operation is 
important.  
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