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Abstract In this paper, the variable coefficient two-dimensional Burger equation is studied by two distinct methods.
The Exp-function method with the aid of symbolic computation is used to derive soliton solutions of this equation. The
% - expansion method is used also to construct travelling wave solutions for the variable coefficient two-dimensional
Burger equation with the aid of symbolic computation. The travelling wave solutions are expressed by the hyperbolic, the
trigonometric functions and rational functions. The study highlights the significant features of the employed methods and
its capability of handling exact solutions for the variable coefficient two-dimensional Burger equation without any restric-
tions on the form of the variable coefficient. The obtained solutions are considered new with the comparison of other solu-

tions obtained before.
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1. Introduction

An evolution equation usually means a partial differential
equation with one of the independent variables being time t.
There are many nonlinear evolution equations arising from
physics, mechanics, biology, chemistry, material science
and plasma physics etc. indeed in this paper we confine our
attention to the variable coefficients nonlinear evolution
equations since they are able to model the real world in
many fields of physical and engineering science although
their coefficient functions often make the studies very hard
also they covers the constant coefficients case by assuming
that the coefficient functions constants. One of the variable
coefficients nonlinear evolution equations is the variable
coefficient two-dimensional Burger equation

(u, +uu, —uy,), +s)u,, =0

(1.1)

Equation (1.1) with s=constant is sometimes referred to
as Zabolotskaya-Khokhlov equation in nonlinear acous-
tics[1,2]. Painlevé analysis of the constant coefficient ver-
sion of (1.1) was carried out in[3]. The authors showed that
the equation possesses the conditional painlevé property
and obtained its exact solutions by use of truncation. Also
Moussa et al in[4] have applied the symmetry method on
Zabolotskaya-Khokhlov equation and obtained new exact
solutions for it. Giingdr in[5-6] used the symmetry method

* Corresponding author:

rehab el shiekh@yahoo.com (Rehab M. El —Shiekh)

Published online at http://journal.sapub.org/ajcam

Copyright © 2012 Scientific & Academic Publishing. All Rights Reserved

to find similarity reductions for Eq. (1.1) with it's variable
coefficient s(t) but those solutions obtained for only some
forms of s(t).

2. The Exp-function Method

To illustrate the basic idea of the Exp-function method[7],
we consider the following nonlinear evolution equations
with only three independent variables

P, u, u,u u,u,)=0, (2.1)

where P is a polynomial function with respect to the in-
dicated variables or some function can be reduce to a poly-
nomial function by using some transformation.

Making use of the travelling wave transformation

u=u (§ ),
Where ¢, and c, are arbitrary constants to be deter-

mined later Then Eq. (2.1) reduces to an ordinary differen-
tial equation

w2

E=t+cex +c,y, (2.2)

2.3)

The Exp-function method is based on the assumption that
the travelling wave solution of the previous equation can be
expressed in the following form

D a,exp(né)
u(é) ==
D" b, exp(mé)

m==p

where c; d; p and q are unknown positive integers, «

2 2
Y(u,u',cu',cou',eu" e u",..) =0

(2.4)

n

and b, are unknown constants. To determine ¢ and p we
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balance the linear term of the highest order in (2.3) with the
highest order nonlinear term.

Similarly, we can determine d and q by balancing the
linear term of the lowest order in (2.3) with the lowest order
nonlinear term.

3. The %- expansion Method

The same assumptions as given before in Egs. (2.1-2.3)
are used but we assume that the solution of Eq. (2.3) takes
the following form[8]

4[]

where G =G(&) satisfy a second order linear differential

3.1)

equation
G"+AG'+ uG =0,
where ;. _d6(¢) G- d’G(¢)
g’ dgt
determine later. The integer m can be determine by consid-
ering the homogeneous balance between the highest deriva-
tives and the highest order nonlinear terms appearing in Eq.
(2.3). Then by substituting Eq. (3.1) along with Eq. (3.2) into

Eq. (2.3), collecting all terms with the same order of (gj
G

together, the left hand side of Eq. (2.3) is converted into

another polynomial in (Q] Equating each coefficient of
G

this polynomial to zero, yield a set of algebraic equations for

3.2)

A and u are constants to be

A (i=12,..,m), A, u,c, and ¢, which can be solved by
using Maple program, along with the general solutions of Eq.

3.1).

4. Solutions of Equation (1.1) by using
Exp-function Method

Let u =u (&), where &=c¢x +c¢,y +Iz’(t)dt 4.1)
Eq. (1.1) becomes
() u'+c uu'—c u")'+s(t)c,” u'=0, 4.2)
Integrate Eq. (4.1) with respect to & twice, we get
2
(C]T(t)+czzs(t))u+% u? —013 u'=0. 4.3)

By re-writing Eq. (2.4) in an alternative form as follows:
u(E) = a,exp(cé)+...+a_, exp(-d&) .
b, exp(pg)+...+b_, exp(—q¢)
In order to determine values of ¢ and p, we balance the
linear term u’ of the highest order in Eq. (4.3) with the
highest order nonlinear term u? and we have

u e Cexpl(c+ p)E]+... (4.4)
C,exp[2p&]+...

Wt Cyexp[2c&]+... , (4.5)
C,exp[2pé]+..

Where (C, are constant coefficients for simplicity. By

balancing the highest order of Exp-function in Egs. (4.4) and
(4.5), we have ¢ + p = 2c, which leads to the limit

p=c (4.6)

Proceeding the same manner as illustrated above, we can

determine values of d and q. Balancing the linear term of

lowest order in Eq. (4.3)
e <.t d; exp[—(d +q)¢]
.t d,yexp[-2¢¢]
S .t dyexp[-2dE]

.t dyexp[-2¢£&]
where d; are determined coefficients only for simplicity,
we have - (d + q) = -2d, which leads to results
d=gq (4.9)
Case 1. p=c=1andd=q=1, then solution of Eq. (4.3)
takes the following form.
= L expE)+ap +a, exp(=c)
by exp(&) +by +b_; exp(=¢5)
By substituting from Eq. (4.10) into Eq. (4.3) and equating
the coefficients of the Exp-functions to zero we obtain the
following algebraic system

2¢,%a_ b s(t) +¢ta P +2¢a b z(t) =0,

(4.7)

4.8)

(4.10)

el +2¢,abyr(t) +2¢, abs(t) =0,

2¢aga_y —2¢’agh +2¢, abys(t) +2¢ia_byr(t)
+2¢,%agh_s(t) + 2¢,ayb_ (1) + 2¢°a_by =0,

26> byay — 2,0, T(1) = 2¢,a,b, (1) — 2a0bycy> (1)
—2c22a1bos(t) - 2013(101)1 - 2c12(10a1 =0,

delarh - 2¢, agbys(t) - 2¢,%ab_s(t) -2 aya,
—012a02 —4¢’a b —2¢ aybyt(t)

2e,a1b_ (1) + 2¢,a_byr(t) + 2¢,°a_bys(t) = 0.

(4.11)

Solving the system of algebraic equations (4.11) with the
aid of Maple, we obtain

ab_,
a,==

1

by oy —- B9
b’ 2h

1 1 1

s do =

by back substitution we get the following new exact solution
for the variable coefficient two-dimensional Burger equation
ab, ab_
ay exp(&) + >+t exp(=¢)
bl bl

by exp(&) +by +b_y exp(=¢)

>

ac, )’ 4.12
z—bl+?s(t)) a, *12)
and a,,b,,b;, and b, are arbitrary constants
Case2. p=c=2andd = q =1, then Eq. (4.3) has the
following solution for

u=2 exp(28) +a, exp($) + gy +a_; exp(=5)

b, exp(28) + by exp(&) + by +b_y exp(=S)
Substituting Eq. (4.13) into Eq. (4.3). Equating to zero the
coefficients of all powers of exp(n£) yields a set of algebraic

where &=c\x +c,y —J(

(4.13)

equations for a,,a,,ay,a_;,b,,b,,b,,b_;,c; and ¢, . Solving
this system of algebraic equations with the aid of Maple, we
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obtain two sets of solutions

_ 2¢(ab —ayb)

a
setl:a , =0,a, = 2

’bzz_ 5b0

a, 2¢,

— 7“03 Jr4'("12[771(‘121771 7“0])1)

2
c
,7(t) = ¢ ——2-5(2).
c

2a,’¢c, )
set2: a, = 0,a, — 2¢,(a,by, —a_b,) b= 4¢.’b, (ab, —2b2a7])+ a’
a, 2a,"¢,
2
b =2 () == - s(0)
2¢ c

1
Therefore the variable coefficient two-dimensional Bur-
ger equation has the following solitary wave solutions

a, exp(2£) c2alabimab) ey ay (4.14)
9= a 7a3+Zczb (a,b_,—a,b,)
~Sexp(28) b exp(§) + A LR TN p exp(-£)
C 2ay°¢,

2
c
where &=cx+c,y+ I(clz ——2-5(t))dt, and ay,a,,b,
q
and b_, are constants.
-1
a; exp(&) +2¢(aby —a_b,) (al)
. +a exp(-£)
3T -1
by exp(26) +(4e by (ahy ~bra )+ ) (2076 ) exp(©)

by +ay(2¢) " exp(=¢)

(4.15)

2
c

where &=cx+c,y— J. (012 +—2-5(f)) dt, and a,a_,by
G

and b, are constants.

Case 3. p=c=2 and d=q=2, by the same manner as we have
done in the previous two cases we obtain the following exact
solution for the variable coefficient two-dimensional Burger
equation

Uy = [61201‘1—12 exp(2$) + 2012 (ab_, —a_iby)exp(S)
a

+agea,” + @’ exp(=E)]/[-—2ca,’ exp(2€)
2 (4.16)

+Cla—12b1 exp($) + 4‘3121772 (bya, —a_iby) - C’ofhl2 -

(4’ ~2a_,c80h, |exp(~&) + 26, *b, exp(-2£)]

2
Where §:c|x+c2y+J.(cl2 ~2 s@)dt and ay,a,a,.b
a

and bfz are constants.

5. New Sélutions for Equation (1.1) by
using G -expansion Method

By substitution from Eq. (3.1) in (4.3) and balancing the
nonlinear term # > with the linear u 'yield that the leading
order m=1, therefore

u(@)= Ay + 4 (Qj 5.1)
G
By substitution from (5.1) in (4.2) and by using (3.2), then

Eq. (4.2) becomes a polynomial in (%) . Equating the co-

efficients of (G ] by zero yields the following algebric
G

system
G'Y .
()
G ' .
()
G .
()
Solving the previous system yields the following solutions
for it

A, +2¢, =0, (5.2)

ert)+ey’s(t)+c’ A, + A’ =0,

2
A, (clT(t)+czzs(t))+%A02 velud, =0.

4 =< (_ﬂi\]lz _4#); () = Fo A  —4u —Ccis(t) (53)
1

From (5.3) into (5.1) and by using (4.1), we get the fol-
lowing rational and periodic solutions for the variable
coefficient two-dimensional Burger equation

Casel: 22 —4u>0

B T k,sinh(&)+k, cosh(&)
Us = 4”( k. cosh(&) +k, sinh(&) | 5.4
where &= ,/122—4;1 [clx +c,y +J.[1Fc12\/ﬁ.2—4u—cﬂzzs(t)jdt]
cl
If k; =0, then we get
— 2_
ug =c,\|A” —4u coth (5.5)

(72 _ 2
[ A 3 A4 [clx +c,y +j[:FclzxMz—4,u—czs(t)Jdt]il],
cl

Also, if we put k, =0 we obtain the following new so-

lution
u, zclmtanh (5.6)
> 2
@(W +e,y +j(¢c5m62sa>]m]t1],
€
Case2: > —4u<0
5.7

v —c m(ikl sin(§)+kz COS(f)iIJ

k, cos(&)+k, sin(&)
where &= 4‘”; 3 [c,x +e,y +I[¥CIZ«MZ —du —is(t)]dt]
¢
If & =0, then we get

u, :clmcot (5.5
2 2
[W[Clx +e,y +J[:F612\/m—25(’)]dtjil}

Also, if we put k, =0 we obtain the following new exact
solution

Uy, =—c\J4u— A tan

Jau—27 ) ¢’

B +c,y +j :Fcl“«sz4,quis(t) dt |£1],
1

In equations from (5.4)-(5.8) k; and k, are arbitrary con-

(5.8)

stants.
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6. Conclusions

In this paper, we have applied the Exp-function method

and the &' -expansion method on the variable coefficient
G

two-dimensional Burger equation and many new exact so-
lutions in the form of exp-function, hyperbolic, trigono-
metric functions and rational functions without any restruc-
tions on the variable coefficient s(t) which makes those so-
lutions new and not obtained before.
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