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Abstract The Growth of Cancer Tumor study is one of the most critical problems in the modern society. Million of
deaths are recorded every day because of disease. The calculation of the growth has been addressed in the past by many
scientists and is a very important factor for the correct strategy of treatment during the period of therapies. The knowledge of
the tumor growth probability at each time is an important quantity for the problem definition. A Fokker Plank equation of a
stochastic Gompertz law of growth was set up and a finite element based model solved the evolution of transition density
function. In a numerical example at the end, the effect of the therapy and the width of fluctuation in the probability history are

investigated.
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1. Introduction

The growth of cancer tumor modeling was the subject of
research for many years. The majority of the models were
based on the deterministic Gompertz law of growth, but
which cannot capture the uncertainties of the phenomenon
thus not realistic. To overcome this weakness various
mathematical models considering the problem as stochastic
rather as deterministic were developed the last years. In [1]
the probability of tumor extinction due to the action of
cytotoxic cell populations was investigated by several one
dimensional stochastic models of the population growth and
elimination processes of a tumor. In [2] A stochastic model
was proposed to study the problem of inherent resistance by
cell populations when chemotherapeutic agents are used to
control tumor growth. Stochastic differential equations were
introduced and numerically integrated to simulate expected
response to the chemotherapeutic strategies as a function of
different parameters. A stochastic model of solid tumor
growth based on deterministic Gompertz law was presented
in [5]. The proposed model was also implemented to
simulate the effects of a time-dependent therapy. In [6] a
stochastic model in tumour growth, based upon the
deterministic Gompertz law of cell growth was proposed.
This model took account of both cell fission and mortality
too. The corresponding density function of the size of the
tumour cells obeys a functional Fokker--Planck equation
which can be solved analytically. A new Gompertz-type
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diffusion process was is introduced in [7], by means of which
bounded sigmoidal growth patterns can be modeled by
time-continuous variables. The main innovation of the
process was that the bound can depend on the initial value. In
[8] Based upon the deterministic Gompertz law of cell
growth, a stochastic model of tumour cell growth were
proposed, in which the size of the tumour cells is bounded.
The model takes account of both cell fission (which is an
‘action at a distance’ effect) and mortality too. Accordingly,
the density function of the size of the tumour cells obeys a
functional Fokker—Planck Equation (FPE) associated with
the bounded stochastic process. In [9] a Gompertz-type
diffusion process, which includes in the drift term a
time-dependent function C(z) representing the effect of a
therapy able to modify the dynamics of the underlying
process was developed. So a statistical approach was
proposed in order to estimate this function when a control
group and one or more treated groups are observed. In [10] a
diffusion model based on a generalized Gompertz
deterministic growth in which carrying capacity depends on
the initial size of the population was considered. The drift of
the resulting process is then modified by introducing a
time-dependent function, called "therapy", in order to model
the effect of an exogenous factor. The transition probability
density function and the related moments for the proposed
process were obtained. In [11] a Gompertz-type diffusion
process characterized by the presence of exogenous factors
in the drift term was considered. This process is able to
describe the dynamics of populations in which both the
intrinsic rates are modified by means of time-dependent
terms. The understanding and the assessment of the tumor
growth is a very critical subject that results in the selection of
successful treatment strategy [3, 4]. In this paper, taking into
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account the stochastic process based on the deterministic
Gompertz law as presented in [9] and introducing the
methods of engineering such as the finite element method,
the problem of the transition probability density evolution
was solved. Knowing each time the value of this quantity the
probability of the tumor growth can be calculated.

2. The Stochastic Model

Suppose (€, F, P) is a probability space with a filtration
(F)iso- Where F is the o- algebra and is considered to
contain all the information that is available, PP is the
probability measure. According the work of [9] the growth of
cancer tumor assuming that follows the stochastic process

X = {X}es0:
dx(®) = ((a - C(O)X() - bX(t)logX(t) ) dt
+ oX(®)dW (t) @)
Where a, b and o are positive constants representing the
growth, death rates and the width of random fluctuations,
respectively, and W(?) is a standard Brownian motion. The
function C(z) represent the effect of the therapy and can be
considering as constant or as time depended. For s <t
given the transition probability density P(t,x|s,y) we can
estimate at each time ¢ the probability that the process X(?)
takes a specific value. The transition probability density
P(t, x|s,y) with normalization condition:

Jo P xls,y)dx =1 ()
lims_o P(t,x|s,¥0) = 6(x — ¥o) 3)
Where 6 is the Dirac Delta function
And
p(X,t) - 0 as X(t) = too @)

The transition probability density P(t,x|s,y) obeys the
Fokker—Planck equation and can be given by the equation:

0P (talsy) 8[((a=C(©)X(©)=bX (¢)-logX (©))P(tx1s,y)]
Jat X
15 aZ[X(t)?P(txIsy)]
29 ax? ©)
To solve this equation a transformation must be carried
out before. Suppose a function F(t,x) of C! class in ¢ and

C? class inx and Y(t) = F(t, X(t)) where

ebt
F(t,x) = Tlogx (6)
By Ito formula we get:
_OF(tx) aF (t,x) 10%F(tx) o
dF(t,x) = o dt + ™ dx + > dx - dx (7)
Where:
oF
6_t = bF(t, X)
OF (tx) _e’1 8
ax o x ( )
0%F(tx) _ e’ 1
ax2 o x?
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Substituting the resultant derivatives of 8 in 7:
ebt 1 11 ebt
dY(t) = bY(t)dt + T;dx - Ex—szx ~dx (9)
From equation 5 and 9 we get:
ebt ebt 1
dy(t)=»b Tlogxdt +—- [(a—C()x

b
~bxlogx)dt + oxdw]dx — 15 a2x?dt

= (10)
And finally:

b
ar(t) = (a-C)—10?)dt +edw (1)

The Fokker—Planck equation in the new form according to
the process of equation 11 is given as:

oP(t,x|s,y) N d [% (a —C()— %02) P(t,xls,y)]

at dx
102[e2t P(t,x]s,y)]
2 dax? (12)
Or:
aP(t,x|s,y) e’ 1 ,\0[P(t,x|s,¥)]
(e c0 —50t) =5
2

2 dx?

The infinitesimal generator for this process has constant
coefficients:

1 bt 1
A =30, +—(a=C(O) —50%) 0, (14)

3. Finite Element Method for
Fokker-Planck Equation

Finite element method has been used in many areas of
engineering in last decades. The method gains a great interest
of application in the area of stochastic problems and in the
quantification of uncertainty during the past years. Different
problems of uncertainty’s quantification has been solved in
the geomechanics [12] and in financial engineering [13]
fields by the author. The successful widely used of the finite
element method in order to investigate the evolution of the
probability density function of linear and nonlinear 2d and
3d problems in dynamics engineering attract our interest for
the numerical solution of Fokker Planck equation [14, 15].
The stability and the generality are some of the advantages
among others of the method for the time dependent
problems.

In order to solve the problem in equation 17 according to
the finite element method in the current paper we consider a
linear element with nodes Ni(x(') ),i = 1,2. To each node
N; there is a hat function ¢;. Let D = [X,;;n ; Xpmax | the
domain which is an interval on the real axis with the
Xomin »Xmax are referring to the boundaries of tumor growth
and the X,,,, on the tumor capacity. By subdividing the
initial domain into smaller subintervals we can get the
probability density function within the e!* subinterval
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interpolated by the hat functions:

ﬁ(t'x;s'Y) = %=1(pm(x)pre;1(tix;si}}) x€D (15)
Where ¢,, are the hat functions, M is the number of node at
each element and pg (¢, x;s,y) is probability density
function at each node. To solve the problem assuming a test
v function belongs to the space:

Vh = span{ey, 93, ..., pn} € H3 (D) (16)

For every test function v € V" and integrating by parts
over the domain D the variational formulation of the Cancer
Tumor probability transition density equation has the
following form:

{(apt, v) +2e?t 0P, 0v,) + = (a - C(t) — 102) (P, v) = 0

P(t,x]0,y0) = 6(x)
(17)

Where ¢ is the Dirac Delta function
The equation 17 can be written as:

f iﬁw-(ﬂ @;(x) dx
b \ & At T J
1 M
+E€zbch (;Pi V(pi(x)> Vo, (x) dx

bt

+e7(a —-C(t) —%JZ> -fD <2 P; V<Pi(x)> P;(x)dx =0

P(t,x|0,y,) =6(x) j=1,..NNode (18)

& dP, 1, X
Yo | ee e dxtze Y R [ 7o 0 dx
i=1 b i-1 D

+%(a - C(t) —%02)'23‘_& Vo (x)p;(x)dx =0

P(t,x|0,y9) =6(x) j=1,..NNode (19)

Using the matrix notation the equation 19 takes the
following form:

{%M +1eK P +%(a_ C(©)=30°)C-P=0 (20)
P(t,x]0,¥0) = 8(x)
Where:
( M= fD @i (X)g; (x) dx
K = fD V(Pi(x)V(pj (x)dx (21)

C= fD Vo (x)p; (x) dx

3.1. Time Discretization

According to the previous replacement we discretize the
equation 20 using the theta-scheme with constant time step
At. The finite element mesh considered as uniform and the
equation 20 takes the following form:

Pn+1_pn
M+ 0AP™ 1 + (1 —0)AP™ =0

At

(22)
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Equivalent
(M + 6A)P™ = (M — (1 — 6)A)P™ (23)

These equations consist of a system of linear algebraic
equations which must be solved at each time step to advance
the numerical solution for the density function. The
verification of the algorithm and the accuracy of the method
was presented by author in the form of Black-Sholes in [13].

A numerical example has been solved in order to
investigate the results of fluctuation and the therapy effects
on the history of probability density function are presented in
the following example. Assuming for the growth and death
rate a=0.5 and b=0.1 respectively. Four different cases was
solved for the effect of therapy on the tumor growth. In the
first an untreated case was carried out and then three more
with constant value of 0.1, 0.2, and 0.3. For each case of
therapy the effect of four different values of fluctuation taken
to account 0.1, 0.2, 0.3, 0.4. The evolution of probability
density for the various cases in the following pictures are
presented. The problem was solved for three different time of
t=2, 4, 8 and as its cleared the effect of therapy in the figure 1
while as the fluctuation increase the effect has opposite result
in the history of the transition density.

0.045
Ct:0.0
0.04F — — Ct:01
i —-—-Ct02
0.035F p W e Ct:0.3
0.03f 1
_0.025H .
=
& 0.2 .
0.015F 1
0.01H B
0.005] |
0 s L . . . .
0 0.1 0.2 0.3 04 0.5 0.6 0.7 0.8 0.9 1
x
Figure 1. Time history of transition density function for 6=0.1
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Figure 2. Time history of transition density function for 6=0.2
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Figure 3. Time history of transition density function for 6=0.3
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Figure 4. Time history of transition density function for c=0.4

4. Application of the Model

In practice the model can be used to estimate the
appropriate dose of therapy based on the probability of the
tumor growth.

At each time for a given size of tumor and knowing the
effect of the therapy the probability for a future size of tumor
can be evaluated. This gives us the effort to update at each
time the level of therapy. Thus for a given size of tumor x at
time s <t the probability of reaching a specific size y can
be given by the following equation:

P(y,t) = fio P(t,y;s,x)P(s, x)dx (24)

5. Conclusions

Fokker Planck equation was set up in order to calculate the
evolution of the probability density function of the Cancer
Tumor Growth. The process are based on the Gompertz law
of growth and taken into the account the effect of therapy. A
finite element method was used to solve the time dependent
problem of the probability evolution. A numerical example
solved at the end and the effect of the therapy and the width

of the fluctuation are investigated on the probability history
of the tumor growth.
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