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Abstract  In the present study, vibratory behaviour of a robot arm with a single unit  impact  damper is investigated. To find 
the contact duration, oscillat ion of the impact mass and the main mass between and during the contacts is formulated. Using 
the contact duration and relative vibration of the masses, the restitution coefficient is obtained and employed to model the 
vibratory behaviour of the impact damper system. As a case study, effect of using the impact damper systems on application 
of a 3R robot is investigated. In this investigation, the third link of robot is considered laterally flexible with respect to other 
links. Effect iveness of using the impact dampers to suppress undesired vibration of robot arm is investigated with varying 
impact mass and gap size. Finally, the output force of the 3R robot tip with and without impact damper is compared. It is 
shown the impact damper can suppress undesired vibration of the robot arm and helps to improve application of the robot.   
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1. Introduction 
A single unit impact damper (or simply impact damper) is 

a lightweight auxiliary device, which consists of a container 
with a loose mass. The container has two barriers and it  is 
connected to the main vibratory mass. In impact dampers, 
the loose mass (impact mass) absorbs kinetic energy of the 
main v ibratory system (main mass) and converts it into heat 
through inelastic collisions between the secondary mass and 
the enclosure. This damper is effect ive for discrete and 
continuous systems in resonant operation and produces 
maximum displacement reduction during  two impacts per 
cycle of mot ion[1-2]. Applications of the impact dampers to 
reduce excessive vibration of industrial machinery have been 
extensively investigated by researchers[3-7]. The reason for 
this interest lies in the following features of an impact 
damper: 

● Small and simple in construction. 
● Easy to mount on the main vib ratory systems. 
● Effect ive applicat ion to suppress excess vibration. 
● No need to adjust parameters of an impact damper to the 

vibratory characteristics of the main vibratory systems. 
For suppressing vibrations, unlike viscose dampers, the 

impact dampers should not connect a non-vibrating mass. 
Furthermore, the impact dampers can dissipate undesired 
energy even  in  vacuum and  other harsh  env ironments. 
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Therefore, such systems are useful in aerospace applications. 
In the past few years, behavior of impact dampers has been 
investigated experimentally, analytically and numerically 
[8-13]. Son et al.[14] p roposed active momentum exchange 
impact dampers to suppress the first large peak value of the 
acceleration response due to a shock load. Bapat and 
Sankar[1] showed that the coefficient of restitution has a 
great effect on the performance of impact dampers. They 
demonstrated that in the case of single unit impact dampers, 
optimized parameters at resonance are not necessarily 
optimal at other frequencies. Cheng and Xu[6] obtained a 
relation between coefficient of restitution and impact 
damping ratio. They showed that optimal init ial 
displacement is a monotonically increasing function of 
damping.  

Although the impact damper has been investigated for a 
long time, there are still several shortcomings in this area of 
research that should be noticed. The effect o f impact 
dampers on better working of robot arm is one of the 
important aspects, which need to be further investigated. The 
main thrust of this paper lies in this subject. In doing so, in 
the present study, the governing equation of motion of a 
vibratory system, which is equipped with an impact damper, 
is formulated. The contact time (contact duration) is taken 
into consideration and it is achieved regarding to the 
formulat ion of the masses vibration. Using the calculated 
contact duration, the coefficient of restitution of the barriers 
is formulated. 

Finally, quenching undesired vibrat ion of the robot arm tip  
with impact damper is investigated. For this reason, a 3R 
robot is modeled in SimMechanics toolbox of MATLAB 
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software and it is equipped with a simple model o f a single 
unit impact damper. The third link of robot is considered 
laterally flexib le with respect to other links. The impact 
damper, which is constructed with spring, mass and viscous 
damper are connected to the third link t ip. The output forces 
of robot with and without impact damper are compared and 
ability of the impact dampers to suppress undesired vibration 
of the robot arm is discussed. 

2. Mathematical Modelling 
2.1. Impact Damper 

A simple model of a vibratory system, which is consist of 
an oscillator with linear stiffness K, mass M, viscous 
damping C and an impact damper with mass m and clearance 
d is considered. This system is schematically shown in figure 
(1). The impact mass motion within  the main system can be 
divided to two separate motions: 

● First mot ion: motion of the impact mass between 
barriers (|y-x|<d/2). 

● Second motion: mot ion of the impact mass when it 
collides with the barriers (|y-x |≥d/2) 

 
Figure 1.  Schematic of the single unit  impact damper 

2.2. Motion of the Impact Mass between Barriers 

Note that, in the present study, friction between the impact 
and the main masses is neglected because the gap size is 
assumed very small. Therefore, d ifferential equations of the 
first motion fo r the main and impact masses are as follows: 

𝑀𝑀𝑥𝑥̈ +  𝐶𝐶𝑥𝑥̇ + 𝐾𝐾𝐾𝐾 = 0    &    𝑚𝑚𝑦̈𝑦 = 0       (1) 
The above equation can be easily solved and motion of the 

primary mass between impacts i and i+1 can  be written as 
follows: 

𝑥𝑥(𝑡𝑡′) = 𝑒𝑒−𝜁𝜁𝜁𝜁𝑡𝑡
′ �� 𝑥𝑥̇ 𝑖𝑖𝑖𝑖

�1−𝜁𝜁2𝜔𝜔
+ 𝜁𝜁

�1−𝜁𝜁2 𝑥𝑥𝑖𝑖�sin��1 − 𝜁𝜁2𝜔𝜔𝜔𝜔′� +

𝑥𝑥𝑖𝑖 cos��1 − 𝜁𝜁2𝜔𝜔𝜔𝜔′��              (2) 

The subscript i represents the value of variables at the ith 
contact and parameters ω, ζ and t′ are defined as follows: 

𝜔𝜔2 = 𝑘𝑘
𝑀𝑀

  &  𝜁𝜁 = 𝑐𝑐
2√𝐾𝐾𝐾𝐾

  &  𝑡𝑡′ = 𝑡𝑡 − 𝑡𝑡𝑖𝑖       (3) 
And motion of the impact mass can be formulated as 

follows  
𝑦𝑦 = 𝑦̇𝑦𝑖𝑖𝑖𝑖 𝑡𝑡′ + 𝑦𝑦𝑖𝑖𝑖𝑖                  (4) 

where the subscript ia and ib represent the value of variables 
at just after and just before of the ith contact, respectively. 
Velocities after ith contact are determined using the 
restitution coefficient and conservation of momentum. 
Therefore, the main mass and impact mass velocities after ith 

impact are as fo llows: 
𝑥𝑥̇ 𝑖𝑖𝑖𝑖 = �1−𝜇𝜇𝜇𝜇

1+𝜇𝜇
�𝑥𝑥̇ 𝑖𝑖𝑖𝑖 + 𝜇𝜇 �1+𝑅𝑅

1 +𝜇𝜇
� 𝑧̇𝑧𝑖𝑖𝑖𝑖           (5) 

𝑦̇𝑦𝑖𝑖𝑖𝑖 = �1+𝑅𝑅
1+𝜇𝜇

�𝑥𝑥̇ 𝑖𝑖𝑖𝑖 + �𝜇𝜇 −𝑅𝑅
1 +𝜇𝜇

� 𝑧̇𝑧𝑖𝑖𝑖𝑖            (6) 
Where µ is the mass ratio (µ =m/M) and R is the restitution 

coefficient.  

2.3. Motion of the Impact Mass when it Collides with the 
Barriers 

When contact occurs, the vibratory system can be shown 
using a two degree of freedom system. This system is shown 
in figure (2), schemat ically. 

 
Figure 2.  Schematic while the impact mass colliding the primary mass 

Therefore, the governing equations of motion of the 
vibratory system should be written by two coupled equations 
which are shown in the following equations. 

𝑀𝑀𝑥𝑥̈ + 𝐶𝐶𝑥𝑥̇ + 𝐾𝐾𝐾𝐾 + 𝑐𝑐(𝑥𝑥̇ − 𝑦̇𝑦) + 𝑘𝑘(𝑥𝑥 − 𝑦𝑦) = 0   (7) 
𝑚𝑚𝑦̈𝑦 = 𝑐𝑐(𝑥𝑥̇ − 𝑦̇𝑦) + 𝑘𝑘(𝑥𝑥 − 𝑦𝑦)         (8) 

The above coupled equations can analytically be solved using and the main and impact mass displacements, when contact 
occurs, can be shown as follows[7]: 

𝑥𝑥 = −
2𝑚𝑚2𝑀𝑀𝑧̇𝑧0𝑒𝑒−

𝑐𝑐(𝑚𝑚+𝑀𝑀)
2𝑚𝑚𝑚𝑚 𝑡𝑡 sin�√𝑚𝑚+𝑀𝑀�4𝑘𝑘𝑘𝑘𝑘𝑘 −𝑐𝑐2(𝑚𝑚+𝑀𝑀)

2𝑚𝑚𝑚𝑚 𝑡𝑡�
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𝑦𝑦 =
2𝑚𝑚𝑀𝑀2𝑧𝑧̇0𝑒𝑒−

𝑐𝑐(𝑚𝑚+𝑀𝑀 )
2𝑚𝑚𝑚𝑚 𝑡𝑡 sin�√𝑚𝑚+𝑀𝑀�4𝑘𝑘𝑘𝑘𝑘𝑘 −𝑐𝑐2(𝑚𝑚+𝑀𝑀)

2𝑚𝑚𝑚𝑚 𝑡𝑡�
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where z=y‒x is the position of impact mass relative to the main mass. When the impact mass collides with the main mass, it 
stays in contact with the main  mass for half the resonance period, which is usually called  contact duration (tc). The contact 
duration is as follows: 

𝑡𝑡c = 2𝑚𝑚𝑚𝑚𝑚𝑚
√𝑚𝑚+𝑀𝑀�4𝑘𝑘𝑘𝑘𝑘𝑘−𝑐𝑐2(𝑚𝑚+𝑀𝑀)                                   (11) 
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Substituting Eq.(11) into the relative velocity (𝑦̇𝑦 − 𝑥𝑥̇) relation, which is calculated using Eq.(9) and Eq.(10), a relation can 
be obtained for the restitution coefficient. Therefore, the restitution coefficient can be formulated as follows: 

𝑅𝑅 = −(𝑚𝑚 + 𝑀𝑀)5 /6 exp �− 𝜋𝜋𝜋𝜋√𝑚𝑚+𝑀𝑀
�4𝑘𝑘𝑘𝑘𝑘𝑘 −𝑐𝑐2(𝑚𝑚+𝑀𝑀)�                                (12)

  
(A)                                     (B)  

Figure 3.  Schematic of the 3R robot (A); Lateral deformation of the link 3 (B) 

 
Figure 4.  The schematic block diagram of the 3R robot 

 
Figure 5.  The hybrid position/force controller block diagram 



52 J. E. Jam et al.:  Application of Single Unit Impact Dampers to Reduce Undesired Vibration of the 3R Robot Arms   
 

 

3. Case Study 
Effects of using the single unit impact dampers to suppress 

undesired vibration of structures are practical aspects in 
mechanics, which has not been fully investigated. In the 
present study, vibratory behavior of a serial robot, with and 
without impact damper is considered. The robot is equipped 
with a single unit impact damper, which is constructed using 
spring, mass and viscous damper. Figure (3-A) shows the 
presented robot, schematically. In the present study, the link 
3 is considered laterally flexib le with respect to other links. 
Lateral deflection of the link 3 is shown in figure (3-B).  

Dynamic properties of the link 3, which is shown in figure 
(4), are as K=3.0906EI/L3, M=0.25ρAL and C=2ζ(K.M)1/2. 
Note that ζ is the damping ratio and in  the present study it is 
equal to 0.0004. properties of link 3 and the impact damper, 
which is connected to it is shown in Table (1).  

Table 1.  Parameters for the robot arm (link 3) with an impact damper 

Robot arm 
Length 𝐿𝐿 = 1 m 
Density 𝜌𝜌 = 2700 kg/m3  

Young’s Modulus 𝐸𝐸 = 70 GPa 
Cross-sectional area 𝐴𝐴 = 1.4 × 10−3  m2  

Second moment of area 𝐼𝐼 = 4.9 × 10−8 m4 
Impact damper 

Impact mass 𝑚𝑚 = 0.1 kg 
Damping 𝑐𝑐 = 20 N. S m⁄  
Stiffness 𝑘𝑘 = 80000N m⁄  

Using the tabulated data (table 1), the dynamic properties 
of the 3rd link are as follows: 

K=10619.28 N/m    M=0.945 kg     C=0.041 N.s/m 
Substituting the impact damper properties and M  into Eq. 

(12) results in R=0.715. A computer program was written, in 
MATLAB, to simulate equations (2) and (9) in real t ime.  

Consider the 3rd link of robot is fixed in its base (in  other 
words w3=0 and dθ3/dt=0). The displacement response of 
link 3 (main mass) when it is subjected to the initial 
displacement x0=y0=-0.012m is shown in figure (3). In this 
figure great effect of using impact damper for suppressing 
undesired vibration is clearly shown. 

Figure 3 shows significant effect of using the impact 
damper for suppressing free vibrat ion of the 3rd arm of robot 
when the other links are immobile. At here this question may 
be posed that: ″ when the other links are moving, what is the 
effect of using the impact damper on forced  vibration o f the 
3rd link?″. To  answer this question, the serial robot is 
modeled in SimMechanics toolbox of MATLAB and it  is 
desired this robot apply constant force 450N at its wrist (as 
shown in figure 7-A). Variation of the output force, with and 
without impact damper is shown in figure (7-B).  

The tip force average, between 1 and 1.5 second, with the 
impact mass and the gap size is shown in Table (2). In this 
table, the t ip foces are compared  with 450N and the error is 
shown. The so-called parameter ′Error′ is defined as follows: 

Error  (%) = 100 ×
|tip  force  (N)−450|

450
     (13) 

Variation of the Error with variables d and m are shown in 
figure (8). Note that, without impact damper the tip force 
average is equal to 466.67N, so the corresponding Error is 
equal to 3.7%. As shown in this figure, in two points (1) and 
(2) the parameters Error are respectively maximum and 
minimum. 

Force response of the robot tip without impact damper and 
with two impact dampers in the point 1 (d=0.040m and 
m=0.18m) and the point 2 (d=0.045m and m=0.30m) are 
shown in figure (9). As shown in this figure, the impact 
damper in poin2, works better than point1. 

Table 2.  variation of the tip force average with varying the impact mass and gap size 

d (m)↓ m(kg)→ 0.10 Error (%) 0.20 Error (%) 0.30 Error (%) 0.40 Error (%) 
0.02 456.25 1.39 456.85 1.52 453.18 0.71 457.77 1.73 
0.04 456.02 1.34 457.72 1.72 449.47 0.12 455.36 1.19 
0.06 455.24 1.16 455.02 1.12 448.36 0.36 457.92 1.76 
0.08 454.87 1.08 455.60 1.24 446.51 0.78 456.22 1.38 

 
Figure 6.  Displacement response of the main mass without impact damper and with impact damper (d=0.01m) 
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(A)                                                                      (B) 

Figure 7.  3R robot and the desired tip force (A); Force response of the robot tip without impact damper and with impact damper (d=0.04m, m=0.1kg) (B) 

 
Figure 8.  Variation of the parameter error with d and m 

 
Figure 9.  Force response of the robot tip without impact damper and with two impact dampers 
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4. Conclusions 
In the present study, a practical and simple model of an 

impact damper is constructed using spring, mass and viscous 
damper. Formulat ion of the impact mass and the main  mass 
vibrations are presented, between and during impacts. The 
important feature, which is carried out in the present analysis 
is that the deformation of the barriers is considered during 
the collision between the impact mass and the main mass. 
Therefore, the contact duration can be obtained and taken 
into consideration. This feature, which is really important for 
a resilient impact damper, helps us to find  the coefficient of 
restitution.  

As a case study, the impact damper is used to  suppress 
undesired vibration of a 3R robot arm. It is clearly shown that 
the such systems can effectively reduce undesired free 
vibrations. Moreover, effect of using the impact dampers for 
suppressing vibration of a robot tip is investigated. It is 
shown that improving the impact damper parameters can 
decrese the so-called Error more than 3.4%. 
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