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Abstract  Energy Harvesting is a promising solution for powering Structural Health Monitoring (SHM) systems since 
various mechanical energy sources are generated by aircraft. Today, the main technique to harvest energy consists of using 
a specific conversion device to provide power to the SHM system. In  this paper however, a  novel technique to obtain a 
self-powered SHM system for aeronautical structures is proposed. This SHM system aims to have a double functionality: it 
will carry out classical SHM tasks using piezoelectric transducers bonded onto the aircraft structure and will also be fully 
autonomous since the same transducers will convert the mechanical v ibrations of the structure into electrical power. Using 
a bonded piezoelectric t ransducer to harvest energy will also bring wideband frequency energy harvesting capability. Th is 
autonomous system using a unique transducer being particularly innovative, the objective of this paper is to provide a 
complete Bond Graph model of the energy harvesting process in order to allow the optimisation of its performances. This 
approach is well-suited to monitor the power and energy transfer carried out during the process since it takes into account 
the interaction between multiphysics systems, here the electrical and mechanical domains in  terms of power and energy 
variables. Consequently, each part of the energy harvesting, i.e . the mechanical v ibration of the host structure, the vibration 
within the SHM energy harvester volume, the piezoelectric electromechanical conversion and the terminal electric load 
have been modelled analytically using this Bond Graph approach. Then, each submodel has been verified with a baseline 
Fin ite Element model. Good agreements have been found and it has been possible to carry out an estimat ion of the power 
harvested by the SHM energy harvester for a given mechanical excitation using this innovative complete analytical Bond 
Graph model. 

Keywords  SHM, Energy Harvesting, FEM, Mechanical Vibrations, Analytical Modelling, Bond Graph, Power 
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1. Introduction 

Nowadays, Structural Health Monitoring (SHM) systems 
have become a part of new avionic systems which will form 
future aircraft. Their objectives are to detect and locate 
damages occurring within the aircraft structure. They also 
have to be able to characterize the nature and the gravity of 
the damage as well as to estimate the remain ing lifespan of 
the structure. The place of such systems is rap idly evolv ing. 
They are currently used duringdevelopment test campaigns. 
However, a  technological gap must be overtaken  as a major 
objective is to use them on  production line and also to 
implement them on-board aircraft.  
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To ensure a good efficiency of the SHM system, a sensor 
network covering the structure has to be designed. These 
SHM transducers will have to be integrated and/or spread out 
over large areas like wings and fuselage to monitor the health 
of the structure. Integrating these transducers within the 
aircraft in hard access areas implies the need of wireless 
communicat ion capabilities as well as energy autonomy to 
minimize the wire clutter.The autonomy capability is also 
required to avoid  the use of batteries which have to be 
re-placed over the time and cause issues with their recycling 
process. Moreover, with the t rend to the all-electric  aircraft, 
more and more equipments need power. That is why the 
energy management of SHM devices is a very strategic topic 
as they must be designed as autonomous systems. Several 
energy harvesting solutions are available and many authors 
investigated their efficiencies with growing interests in the 
last few years. Mathuna et al.[1] and Harb[2] proposed a 
synthesis of the energy harvesting solutions. In[3], Park et al. 
particularly focused on the energy harvestingsolutions which 
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can be used in SHM systems. This work p rovided the trend 
for further studies. The conversion from mechanical 
vibration into electrical energy, the thermal gradient and the 
Radio Frequency (RF) energy conversion have been more 
particularly investigated subsequently. Samson et al.[4] 
presented a system based on the thermal conversion using an 
independent energy source combined with a wireless sensor 
unit. In[5], Roundy et al. investigated the potential of 
electro-magnetic, electrostatic and piezoelectric v ibration 
conversion. Following this work, Roundy et al.[6] continued 
to study the voltage response of piezoelectric cantilever 
beams used as energy harvester. Many other contributions 
can be found on the study of piezoelectric cantilever beams. 
One can cite the works from Lefeuvre et al.[7] and Lallart et 
al.[8-9] who more specifically focused on the optimization 
of the loading circu it using non-linear techniques to increase 
the power harvested level. Farinholt et al.[10] proposed an 
autonomous SHM system for civ ilian structures harvesting 
energy from multip le environment sources, or periodically 
delivered by a RF energy source. In[11], Ferrari et al. used 
several piezoelectric cantilever beams on which different 
masses have been bonded to convert energy over an 
extended frequency range. All these prior works 
demonstrated the possibility of using cantilever beams to 
carry out energy harvesting with a level of power harvested 
ranging from the hundreds of microwatt to the milliwatt. 
These results make this technique a particularly promising 
candidate for energy harvesting.Another contribution of 
these works is that a complete analytical response can be 
derived from the natural vibration of the beam.  

Here, the technology retained by the authors for the energy 
harvesting is not based on cantilever beams. The overall aim 
of their technology is to build an innovative SHM system 
having a double functionality. This system has to be able to 
carry out, only with the piezoelectric t ransducers bonded 
onto the structure, the classical SHM tasks like damage 
detection and/or location, and also harvest energy to be fully 
autonomous. This system, compared to cantilever beams, 
will not be centered around a single frequency but will work 
over an extended frequency range. Moreover, having a 
unique transducer for SHM and energy harvesting purposes 
reduces the number of devices required for the system. This 
is particularly  interesting when, on-board aircraft, one tends 
to implement systems in hard access areas with wireless 
connection. According to these requirements and to the 
previous literature, the mechanical vibration conversion 
seems to be an appropriate technology. Sodano et al.[12] 
presented such a configuration, showing the possibility of 
harvesting energy with a bonded piezoelectric sensor. 
In[13-15], the authors presented their SHM autonomous 
system and checked the feasibility of harvesting energy with 
the piezoelectric SHM energy harvester. 

However, the configuration of a SHM energy harvester 
bonded onto the vibrating structure differs drastically 
compared to the use of a p iezoelectric cantilever beam and an 
analytical model has to be created to obtain a fundamental 
understanding of the piezoelectric energy harvesting process. 

To do so, using the Thevenin equivalent circuit, the 
piezoelectric energy harvester is represented as a voltage 
source connected in serial with its internal output impedance 
Z, as shown in Figure 1. With this representation, and to 
evaluate its power harvesting capabilit ies, one has to 
determine both its voltage response and the current delivered 
to the load. 

Several models of the voltage response of bonded 
transducers have been developed. Prior works have been 
proposed by Di Scalea et al.[16], Raghavan et al.[17] and 
Chapuis[18], who have used a plane-stress model to obtain 
the voltage response of a thin piezoelectric transducer 
subjected to a Lamb wave excitation. However, the study of 
the power transferred  to a load by the p iezoelectric 
transducer was beyond the scope of these articles and 
consequently not carried out. 

In this paper, an innovative model of the complete energy 
harvesting process will be proposed using the Bond Graph 
approach to carry out the evaluation of the energy harvesting 
capabilit ies of the SHM energy harvester as shown in Figure 
1. It will allow the determination of the power harvested by a 
SHM energy harvester due to mechanical v ibrations since 
the Bond Graph technique is well-suited to study the power 
exchanges in multiphysics systems, i.e. between the 
mechanical and the electrical domains[19, 20]. In this 
representation, the inputs and outputs of each subsystem are 
defined by power variables represented by a conjugated pair 
of effort /  flow variables i.e. the pair F,v  for the mechanical 
domain (force and velocity) and V, i for the electrical domain 
(voltage and current). 

The configuration retained herein consists of a set of 
piezoelectric SHM energy harvesters bonded onto an 
alumin ium p late simply  supported on its four edges and 
associated with a terminal electric load. The SHM energy 
harvesters were primarily used to monitor the health of the 
structure with classical SHM techniques such as the 
electromechanical impedance technique[21], the Selective 
Lamb Mode Technique[22], Acoustic Emission Monitoring 
[23, 24] and Lamb waves interaction[25, 26]. In this study, 
the structure is excited by an electromechanical shaker at its 
resonant frequencies. When vibrating at these resonant 
frequencies, the structure provides displacements to the 
bonded energy harvesters which exh ibit a  voltage and 
subsequently provide power to the terminal electrical load.  

For each subsystem of the Bond Graph model, shown in 
Figure 1, representing each step of the energy harvesting 
process, the phenomena will be analytically described to 
allow the determination of the required data. The subscript 
irefers to the three space directions. The superscript P refers 
to the Piezoelectric energy harvester while the superscript S 
stands for the Structure. 

First, the piezoelectric electro-mechanical conversion will 
be presented in section 2. Th is subsystem has for input the 
mechanical force 𝐹𝐹𝑖𝑖𝑃𝑃  and velocities 𝑣𝑣𝑖𝑖𝑃𝑃  applied to the 
energy harvester. They are multibond graph elements as they 
take into account the three space directions. It has for outputs 
the voltage 𝑉𝑉𝑃𝑃  and current 𝑖𝑖𝑃𝑃 due to the electromechanical 
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conversion. Then, the structural mechanical vibrations will 
be treated in section 3. The displacements of the plate due to 
the external mechanical excitation noted 𝐹𝐹𝑠𝑠ℎ𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎  will be 
determined. 𝐹𝐹𝑠𝑠ℎ𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎  is the input signal of the block diagram 
representing the energy harvesting process. These 
displacements will allow the determination of the velocities 
𝑣𝑣𝑖𝑖𝑃𝑃  applied to the SHM energy harvester. The modelling of 
the terminal electric load will be carried out in section 4. The 
output 𝑖𝑖𝐿𝐿  and 𝑉𝑉𝐿𝐿  will lead to the power harvested and 
transferred to a resistive load. In section 5, the results of the 
simulation using this model will be presented. A Finite 
Element Method (FEM) model will be used to validate and 
discuss the accuracy of the model. 

 
Figure 1.  Energy harvesting process and associated Word Bond Graph 

2. PiezoelectricElectro-Mechanical 
Conversion 

In this part, the electro-mechanical conversion carried out 
by the SHM energy harvester is studied. This subsystem is 
the key part of the global energy harvesting system since it 
depends on the mechanical excitation from the structure it is 
bonded onto, and also provides the harvested power to  a 
terminal electric load.  

The analytical voltage response of the SHM energy 
harvester is obtained by coupling the direct piezoelectric 
effect to the strain field applied to the energy harvester. The 
major feature of the analytical model is its ability to provide 
an easily computable voltage response for any kind of 
deformation. Although Di Scalea et al.[16], Raghavan and 
Cesnik[17] and Chapuis[18] on ly considered plane stress 
case for the transducer response to mechanical vibrat ion, 
Ali[27,28] developed a more accurate model taking into 
account the stress distribution throughout the thickness of the 
transducer. Here, a three dimensional (3D) model of the 
transducer response, i.e. taking into account the three space 
directions is proposed. The piezoelectric SHM transducers 
used herein are PZT (Lead Zirconate Titanate) Pz 27 from 
FerropermPiezoceramicsS/A, i.e . having a 6mm hexagonal 
crystal system. 

Using the PZT transducer as a SHM energy harvester, the 
following set of equations is more appropriate compared to 
the other sets of piezoelectric constitutive equations ([18]).  

𝑇𝑇𝑖𝑖𝑖𝑖𝑃𝑃 =  −ℎ𝑘𝑘𝑘𝑘𝑘𝑘 𝐷𝐷𝑘𝑘𝑃𝑃 + 𝐶𝐶𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝐷𝐷 𝑆𝑆𝑘𝑘𝑘𝑘𝑃𝑃

𝐸𝐸𝑖𝑖𝑃𝑃 =  −ℎ𝑘𝑘𝑘𝑘𝑘𝑘 𝑆𝑆𝑘𝑘𝑘𝑘𝑃𝑃 + 𝛽𝛽𝑖𝑖𝑖𝑖𝑆𝑆 𝐷𝐷𝑗𝑗𝑃𝑃
            (1) 

with i,j,k,l Є[1, 3]. 
EP  is the electric field, D P the electrical d isplacement, 

T P the mechanical stress applied to the piezoelectric energy 
harvester, SP  the mechanical strain, h the piezoelectric 
matrix, CD  the stiffness matrix measured with open circuit  
and βS  the impermittiv ity matrix at constant strains. All 
these variables are listed in the Nomenclature.  

For the piezoelectric SHM energy harvester considered in 
this study, electric  charges are only p resent on the electrodes. 
Moreover, only the electric field and electrical displacement 
components parallel to the polarization d irection are non-null 
i.e. D1

P = D2
P = 0  and E1

P = E2
P = 0 . As its voltage 

response would be measured using a high impedance device, 
one can consider the energy harvester being in open circuit 
conditions[16-18], i.e .: 

∬𝐷𝐷3
𝑃𝑃𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 = 0              (2) 

One also has 
𝐸𝐸𝑃𝑃����⃗ = −𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔����������⃗ (𝑉𝑉𝑃𝑃 )            (3) 

with VP the voltage exhibited by the SHM energy harvester. 
The mechanical strain being defined as follows:  

𝑆𝑆𝑖𝑖𝑖𝑖𝑃𝑃 =  1
2
�𝑑𝑑𝑢𝑢𝑖𝑖

𝑃𝑃

𝑑𝑑𝑥𝑥𝑗𝑗
+

𝑑𝑑𝑢𝑢𝑗𝑗
𝑃𝑃

𝑑𝑑𝑥𝑥𝑖𝑖
�            (4) 

the voltage response can be written as: 
𝑉𝑉𝑃𝑃 = 1

Γ𝑃𝑃
∭ [ℎ31(𝑆𝑆11

𝑃𝑃 + 𝑆𝑆22
𝑃𝑃 ) + ℎ33 𝑆𝑆33

𝑃𝑃 ]Ω𝑃𝑃 𝑑𝑑Ω𝑃𝑃      (5) 
ΩP and ΓP are the volume and the surface of the 

piezoelectric SHM energy harvester.  
The current flowed into the piezoelectric static 

capacitance is derived from equation (5) as shown in 
equation (6). 

𝑖𝑖𝑃𝑃 = 𝐶𝐶𝑆𝑆
𝜕𝜕𝑉𝑉𝑃𝑃

𝜕𝜕𝜕𝜕
= 𝑟𝑟1𝑣𝑣1

𝑃𝑃 + 𝑟𝑟2 𝑣𝑣2
𝑃𝑃 + 𝑟𝑟3 𝑣𝑣3

𝑃𝑃         (6) 
with:  

𝑣𝑣𝑖𝑖𝑃𝑃 = 𝜕𝜕
𝜕𝜕𝜕𝜕
∭ 1  

Γ𝑃𝑃
𝑆𝑆𝑖𝑖𝑖𝑖𝑃𝑃𝑑𝑑Ω𝑃𝑃Ω𝑃𝑃 𝑓𝑓𝑓𝑓𝑓𝑓 1 ≤ 𝑖𝑖 ≤ 3        (7) 
𝑟𝑟1 = 𝑟𝑟2 = ℎ31 𝐶𝐶𝑆𝑆             (8) 
𝑟𝑟3 = ℎ33 𝐶𝐶𝑆𝑆                  (9) 

𝐶𝐶𝑆𝑆 = 𝜖𝜖33
𝐿𝐿𝑃𝑃𝑊𝑊𝑃𝑃
𝑇𝑇𝑃𝑃

                (10) 

LP, WP, Tp, ε33
T  correspond to the length, width, 

thickness and the permittivity coefficient at  constant stress 
of the piezoelectric transducer, respectively.v1

P, v2
P and v3

P 
correspond to the velocities of the transducer along its 
length, width and thickness, respectively.  

The Bond Graph model of the piezoelectric 
electro-mechanical conversion is derived from equations (5) 
and (6) to (10) and is presented Figure 2. The three space 
directions are taken into account with the three branches 
corresponding to v1

P , v2
P  and v3

P . The p iezoelectric 
transformation is modelled by the TF elements r1 , r2  and 
r3 . The current is the sum of the three contributions at the 
0-junction. The static capacitance of the energy harvester is 
added using the storage C-element. 

The submodel referred as the "Piezoelectric 
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electro-mechanical conversion" is now completed and 
provides the voltage response VP  of the SHM energy 
harvester in response to the strain field applied. 
Consequently, one has to obtain the required inputs coming 
from the structural mechanical vibrations and applied to the 
SHM energy harvester, i.e. S11

P , S22
P  and S33

P . The 
determination of these values is presented in the next section. 

 
Figure 2.  Bond Graph model of the SHM energy harvester 

3. Structural Mechanical Vibrations 
Figure 3 is a Bond Graph representation of equations (6) to 

(10). The input is the signal corresponding to the mechanical 
vibration Fshaker. The strain field experienced by the energy 
harvester, S11

P , S22
P , S33

P  and subsequently the velocities v1
P, 

v2
P, v3

P are determined analytically. The Bond Graph MSf 
elements are Modulated Sources Flow which are the output 
of the Structural Mechanical Vibrat ions submodel. They 
represent the harmonic excitation which is applied to the 
SHM energy harvester in the three space directions. ui

S  are 
the displacement components at the top surface of the 
alumin ium p late whileui

P  are the d isplacements components 
within the energy harvester. Knowing these parameters leads 
to the voltage response as shown in section 2. 

 
Figure 3.  Bond Graph representation of the mechanical vibrations 

Figure 4 presents the setup of the SHM energy harvester 
bonded onto the plate and Figure 5 presents the different 
displacement fields of the plate and of the SHM energy 
harvester. The length, width and thickness of the plate are 
noted LS , WS , TS , respectively. A Cartesian basis, noted 
(o, x1, x2 , x3) is defined as shown in Figure 5. 

 
Figure 4.  Dimensions of the structure and of the SHM energy harvester 

 
Figure 5.  Displacements transmitted by the plate to the SHM energy 
harvester 

To start with, it is necessary to model the vibrations 
occurring within  the aluminium p late. Th is modelling is 
carried out using the plate theory.  

The natural modes of a plate subjected to a mechanical 
punctual force applied by the shaker at 𝑥𝑥1,0, 𝑥𝑥2,0coordinates 
can be determined analytically using the bending plate 
equation: 

𝜌𝜌𝑇𝑇𝑆𝑆
𝜕𝜕2 𝑢𝑢3

𝑆𝑆(𝑥𝑥1,𝑥𝑥2,𝑡𝑡)

𝜕𝜕𝑡𝑡2 + 𝐷𝐷𝛻𝛻4𝑢𝑢3
𝑆𝑆 (𝑥𝑥1,𝑥𝑥2,𝑡𝑡) = 

𝐹𝐹𝑠𝑠ℎ𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎 (𝑡𝑡)𝛿𝛿�𝑥𝑥1 − 𝑥𝑥1,0�𝛿𝛿�𝑥𝑥2 − 𝑥𝑥2,0�       (11) 
with 𝜌𝜌 the density of the material, 𝑇𝑇𝑆𝑆  the thickness of the 
plate, D the bending stiffness, E the Young modulus, 𝜈𝜈 the 
Poisson coefficient, ∇4= Δ2 , the double Lap lacian operator 
and 𝛿𝛿  the Dirac function. These operators are presented in 
the Nomenclature. 

The total equation of displacement of a plate simply  
supported on its four edges is determined analytically as 
presented in[28]: 

𝑢𝑢3
𝑆𝑆(𝑥𝑥1,𝑥𝑥2,𝑡𝑡) = ∑ ∑ 𝑎𝑎𝑚𝑚𝑚𝑚 (𝑡𝑡)𝜙𝜙𝑚𝑚𝑚𝑚 (𝑥𝑥1,𝑥𝑥2)∞

𝑛𝑛
∞
𝑚𝑚     (12) 

with 𝜙𝜙𝑚𝑚𝑚𝑚  the modal deformat ion: 
𝜙𝜙𝑚𝑚𝑚𝑚 (𝑥𝑥1,𝑥𝑥2) = 𝑠𝑠𝑠𝑠𝑠𝑠 �𝑚𝑚𝑚𝑚

𝐿𝐿𝑆𝑆
𝑥𝑥1�𝑠𝑠𝑠𝑠𝑠𝑠 �

𝑛𝑛𝑛𝑛
𝑊𝑊𝑆𝑆
𝑥𝑥2�      (13) 

With equations (12) and (13), the vert ical component of 
displacement is completely determined analytically. The 
variable 𝑎𝑎𝑚𝑚𝑚𝑚 (𝑡𝑡) corresponds to the amplitude of 
displacement for the mode (m,n) considered.Taking into 
account the mechanical damping  ξ, the modal decomposition 
presented in equation (14) provides the vertical displacement 
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𝑢𝑢3
𝑆𝑆  in response to an harmonic excitation 𝐹𝐹𝑚𝑚𝑚𝑚𝑠𝑠ℎ𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎 𝑒𝑒𝑗𝑗𝑗𝑗𝑗𝑗 as 

shown in equation (15).  
𝑎𝑎𝑚𝑚𝑚𝑚̈ (𝑡𝑡) + 2𝜉𝜉𝑚𝑚𝑚𝑚𝜔𝜔𝑚𝑚𝑚𝑚 𝑎𝑎𝑚𝑚𝑚𝑚̇ (𝑡𝑡) +𝜔𝜔𝑚𝑚𝑚𝑚2 𝑎𝑎𝑚𝑚𝑚𝑚 (𝑡𝑡) = 𝐹𝐹𝑚𝑚𝑚𝑚𝑠𝑠ℎ𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎 (𝑡𝑡)

𝑀𝑀𝑚𝑚𝑚𝑚
 (14) 

with ω mn the natural pulsation of the mode (m,n) considered, 
ξmn the damping factor, Mmn the generalized mass, 
Fmn

shaker the modal force. These variables are also presented in 
the Nomenclature.  

�𝑢𝑢3
𝑆𝑆(𝑥𝑥1,𝑥𝑥2,𝑡𝑡)|𝜔𝜔 = ∑ ∑ 𝐹𝐹𝑚𝑚𝑚𝑚𝑠𝑠ℎ𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎

𝑀𝑀𝑚𝑚𝑚𝑚 �𝜔𝜔𝑚𝑚𝑚𝑚2 −𝜔𝜔2 +𝑗𝑗 2 𝜔𝜔𝜔𝜔𝑚𝑚𝑚𝑚 𝜉𝜉𝑚𝑚𝑚𝑚 �
∞
𝑛𝑛

∞
𝑚𝑚  (15) 

Using the Kirchhoff-Love plate theory, the in-plane 
displacements at the surface of the plate are derived from 
�u3

S �ω . For a specific natural mode (m,n) one has: 
�𝑢𝑢1
𝑆𝑆 (𝑥𝑥1,𝑥𝑥2,𝑡𝑡)|𝜔𝜔𝑚𝑚𝑚𝑚 = 𝐴𝐴1

𝜕𝜕𝜕𝜕 (𝑥𝑥1,𝑥𝑥2 )
𝜕𝜕𝑥𝑥1

𝑒𝑒𝑗𝑗 𝜔𝜔𝑚𝑚𝑚𝑚 𝑡𝑡

�𝑢𝑢2
𝑆𝑆(𝑥𝑥1,𝑥𝑥2,𝑡𝑡)|𝜔𝜔𝑚𝑚𝑚𝑚 = 𝐴𝐴2

𝜕𝜕𝜕𝜕 (𝑥𝑥1 ,𝑥𝑥2)
𝜕𝜕 𝑥𝑥2

𝑒𝑒𝑗𝑗 𝜔𝜔𝑚𝑚𝑚𝑚 𝑡𝑡

�𝑢𝑢3
𝑆𝑆(𝑥𝑥1,𝑥𝑥2,𝑡𝑡)|𝜔𝜔𝑚𝑚𝑚𝑚 = 𝐴𝐴3𝜙𝜙(𝑥𝑥1,𝑥𝑥2)𝑒𝑒𝑗𝑗𝜔𝜔𝑚𝑚𝑚𝑚 𝑡𝑡

      (16) 

with  
𝐴𝐴1 = 𝐴𝐴2 = 𝑇𝑇𝑆𝑆 𝐹𝐹𝑚𝑚𝑚𝑚𝑠𝑠ℎ𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎

2  𝑀𝑀𝑚𝑚𝑚𝑚 𝜔𝜔𝑚𝑚𝑚𝑚2 𝜉𝜉𝑚𝑚𝑚𝑚

𝐴𝐴3 = 𝐹𝐹𝑚𝑚𝑚𝑚𝑠𝑠ℎ𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎

2 𝑀𝑀𝑚𝑚𝑚𝑚 𝜔𝜔𝑚𝑚𝑚𝑚2 𝜉𝜉𝑚𝑚𝑚𝑚

          (17) 

The displacements field of the plate beingnow determined, 
one has to obtain the displacement field in the SHM 
transducer.  

A first hypothesis is to consider a plane stress state for the 
energy harvester. In that case, the thickness of the energy 
harvester being small compared  to its in-plane d imension, it 
is assumed that the stresses within the thickness are smaller 
than the in-plane stresses and consequently negligible. In 
that case, 𝑆𝑆33

𝑃𝑃 = 0 and 𝑆𝑆11
𝑃𝑃 , 𝑆𝑆22

𝑃𝑃  are not vary ing within the 
thickness. In this configuration, only 𝑢𝑢1

𝑃𝑃  and 𝑢𝑢2
𝑃𝑃 , the 

tangential displacements, have to be determined and one has 
equation (18). Th is model is referred as a 2 d imensions (2D) 
model. 

𝑢𝑢1
𝑃𝑃(𝑥𝑥1,𝑥𝑥2) = 𝑢𝑢1

𝑆𝑆(𝑥𝑥1,𝑥𝑥2)
𝑢𝑢2
𝑃𝑃(𝑥𝑥1,𝑥𝑥2) = 𝑢𝑢2

𝑆𝑆(𝑥𝑥1,𝑥𝑥2)            (18) 

A second configuration has been developed. It 
correspondsto a 3D configuration, where all direct ions are 
taken into account. The SHM transducer being thin, the 
influence of the thickness on the tangential components 𝑢𝑢1

𝑃𝑃  
and 𝑢𝑢2

𝑃𝑃 remains negligib le. However, the vertical 
displacement is not necessarily constant along the thickness 
as shown by[27, 28]. 

u1
S  and u2

S  applied to the energy harvester will generate a 
variation of the vertical component of displacement u3

P . To 
determine the average d isplacement  variat ion, represented 
by the tilde symbol, equation (19) is used.   

𝑆𝑆33
𝑃𝑃� = 𝑠𝑠13

𝐸𝐸 (𝑠𝑠12
𝐸𝐸 −𝑠𝑠11

𝐸𝐸 )

�𝑠𝑠12
𝐸𝐸 �2

−�𝑠𝑠11
𝐸𝐸 �2 �

𝑆𝑆11
𝑆𝑆�

2
+

𝑆𝑆22
𝑆𝑆�

2
� =

Δ𝑢𝑢3
𝑃𝑃�

𝑇𝑇𝑃𝑃
        (19) 

The displacement field experienced by the SHM energy 
harvester is subsequently obtained by summing the 
displacement components applied at the structure/transducer 
interface and the vertical d isplacement within the thickness 
as shown in equation (20). In section 5, this model will be 
tested and verified using a FEM baseline model. 

𝑢𝑢1
𝑃𝑃(𝑥𝑥1,𝑥𝑥2,𝑥𝑥3) = 𝑢𝑢1

𝑆𝑆(𝑥𝑥1,𝑥𝑥2) = 𝐴𝐴1
𝜕𝜕𝜕𝜕 (𝑥𝑥1,𝑥𝑥2 )

𝜕𝜕𝑥𝑥1

𝑢𝑢2
𝑃𝑃(𝑥𝑥1,𝑥𝑥2,𝑥𝑥3) = 𝑢𝑢2

𝑆𝑆(𝑥𝑥1,𝑥𝑥2) = 𝐴𝐴2
𝜕𝜕𝜕𝜕 (𝑥𝑥1 ,𝑥𝑥2)

𝜕𝜕 𝑥𝑥2

𝑢𝑢3
𝑃𝑃(𝑥𝑥1,𝑥𝑥2,𝑥𝑥3) = 𝑢𝑢3

𝑆𝑆(𝑥𝑥1,𝑥𝑥2) +  Δ𝑢𝑢3
𝑃𝑃�(𝑥𝑥1,𝑥𝑥2 )

𝑇𝑇𝑃𝑃
. 𝑥𝑥3 =

�𝐴𝐴3 +
Δ𝑢𝑢3

𝑃𝑃�

𝑇𝑇𝑃𝑃
 . 𝑥𝑥3�𝜙𝜙(𝑥𝑥1,𝑥𝑥2)

  (20) 

4. Terminal Electric Load 
In order to evaluate the power provided by the 

piezoelectric SHM energy harvester, a terminal electric  load 
represented by a pure resistor noted RL has been 
incorporated,[5]. 

The SHM energy harvester generates an AC voltage while 
classical electronic equipments need a stabilized DC voltage. 
Consequently, a full wave rectifier bridge is required. A 
capacitance may also be used to smooth the rectified voltage 
leading to a classical circuit  for rectifying and s moothing an 
alternating voltage[8],[30], as represented in Figure 6. In[14], 
the authors used a Linear Technology component integrating 
a full-wave rectifier as well as a storage capacitance.  

 
Figure 6.  SHM energy harvester and terminal electric load 

In the following modelling, it has been assumed that the 
power is directly transmitted to the resistive load. As a result, 
the diodes and the smoothing capacitance have not been 
represented. Only the efficiency of this rectifier bridge, 
𝜂𝜂 = 𝑃𝑃𝐴𝐴𝐴𝐴

𝑃𝑃𝐷𝐷𝐷𝐷
 with PDC the DC output power and PAC the AC input 

power, has been taken into account. Consequently, the Bond 
Graph model of the complete energy harvesting process is 
readily obtained as shown in Figure 7. 

 
Figure 7.  Complete Bond Graph model of the SHM energy harvester 

At this stage, the energy harvesting process is completely  
modelled using the Bond Graph approach.  

Running this model provides the harvested power for each 
given mechanical excitation. 

5. Results and Models Validation 
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In this section, the Bond Graph submodels presented in the 
previous parts are computed using the software 20-sim 4.1. 

A FEM model of the set-up has been built to check the 
accuracy of the models. Some part of the modelling aspects 
have been already checked in[14] by comparing the FEM 
model with experimental results. 

5.1. Structural Mechanical Vibration 

The aluminium p late (LS=500mm, WS=300mm, TS=3mm) 
simply supported on its edges and instrumented with the 
SHM piezoelectric energy harvester has been modelled by 
FEM using the software ComsolMultiphysics 4.2. The SHM 
energy harvester is a square shape PZT Pz 27 from 
Piezoceramics A/S. Its dimensions are LP=25mm, 
WP=25mm, TP=0.5mm. The adding of the p iezoelectric 
SHM energy harvester is assumed to not modify the 
deformation of the plate. However, the presence of the 
energy harvester implied the need of a refinement of the 
meshing in the vicinity of the bonding location as shown in 
Figure 8. In order to improve the efficiency of the computing, 
the meshing size has been increased in others areas to 
counterbalance the previous refinement. The total meshing is 
composed of 14520 tetrahedral elements. The boundaries 
conditions are the four simply supported edges, modelled by 
constraining the vertical displacements of these edges. A 
modal analysis has been conducted to determine the plate's 
natural frequencies. Then, at each natural frequency, an 
harmonic analysis has been performed to obtain the 
displacement field within the SHM energy harvester. 

 
Figure 8.  Meshing of the plate instrumented with a SHM energy harvester 

The resonance frequencies correspond between the FEM 
simulation and the analytical modelling. The displacement 
fields obtained from the analytical p late theory have been 
also compared  with the displacements obtained by the FEM 
simulation for the first ten natural modes of the structure.As 
an example, Figures 9 and 10 present the total displacement 
obtained from the plate theory, i.e. the sum of in-p lane and 
out-of-plane components of the plate at 441Hz and 550Hz, 
respectively. The theoretical results are close to the results 
obtained using the FEM model, with, for every case, less 
than 5% of difference. 

The modelling of the mechanical vib rations using plate 
theory provided accurate results compared to the FEM 
simulation, which  allowed  the validation of the models of the 
subsystem referred as "Structural mechanical v ibrations". 
Moreover, the SHM energy harvester was not taken into 
account in the plate theory equations but was integrated in 

the FEM model. No difference in terms of displacement 
around the SHM energy harvester area has been noticed. 
This confirms that the presence of the SHM energy harvester 
does not modify significantly the d isplacement field o f the 
structure at these low frequencies.  

 
Figure 9.  Analytical total plate's displacement at 441Hz 

 
Figure 10.  Analytical total plate's displacement at 550Hz 

5.2. Piezoelectric Electro-Mechanical Conversion 

This electro-mechanical conversion and the subsequent 
voltage across the piezoelectric energy harvester static 
capacitance are obtained running the Bond Graph model for 
the two configurations used in this paper i.e . the 2D plane 
stress case and the 3D configurat ion. As explained in section 
2, the voltage response corresponds to an open circuit 
configuration.  

The first configuration tested is the p lane-stress case. In 
that case, only the first two branches of the Bond Graph 
model are considered. Th is formulat ion has been tested for 
the ten natural modes of the plate determined in section 3 and 
compared with the FEM voltage response. The results 
provided by the Bond Graph model are presented in Figure 
11. One can note a major difference between the plane-stress 
voltage response and the FEM response taken as a baseline. 
To reduce this difference, and fo llowing the work o f A li [16], 
the influence of the SHM energy harvester thickness has 
been evaluated. 

The second configuration treats the 3D response of the 
SHM energy harvester. With the displacements determined 
analytically as presented in section 3, and the corresponding 
Bond Graph parameters (equation (7) to equation (10)), the 
analytical voltage responses obtained from the Bond Graph 
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model have been computed and are also presented in Figure 
11. 

The voltage response taking into account the three 
directions of the SHM energy harvester, i.e. the 𝑆𝑆11

𝑃𝑃 , 𝑆𝑆22
𝑃𝑃  

and 𝑆𝑆33
𝑃𝑃  components, is close to the baseline FEM model 

and brings indication of the level of voltage one can expect 
from a g iven mechanical excitation at  a g iven frequency. 
These close voltage responses validate the 3D model that has 
been developed. Moreover, this shows that the variation of 
displacement within the thickness has been correctly 
modelled with the approximat ion done in equations (19) and 
(20). Moreover, this analytical approach provides the 
required informat ion to evaluate the energy harvesting 
capabilit ies of the system. Th is model can be used to 
determine what frequencies should be chosen to harvest 
energy at a promising level and which frequencies should not 
been chosen for energy harvesting purpose, here 344Hz and 
588Hz. It also shows the importance of the vertical 
contribution in the voltage response since taking into account 
the vertical component of displacement leads to more 
accurate results. 

 
Figure 11.  Open circuit voltage response VP of the SHM energy harvester 

5.3. Terminal Electric Load 

One of the major features of the Bond Graph is also the 
possibility to  evaluate and monitor the power harvested and 
transmitted to the terminal electric load. With equation (5) or 
with the previous FEM model, the voltage response of the 
SHM energy harvester is readily determined. In this case, 
one considered the SHM energy harvester to be an open 
circuit. However, in this configuration, there is no power 
transfer. Therefore, to determine how much power this SHM 
energy harvester is able to provide, a  load had to be taken 
into account. The Bond Graph approach allows to rapidly 
and easily determine this power t ransfer as a load can be 
readily added to the SHM energy harvester. 

Running the complete model, the level of power harvested 
is determined for various values of resistive load. This 
provides the maximum of power that can be harvested as 
well as the optimum resistive load as presented in Figure 12. 
This simulat ion can be conducted for all the previously 
determined natural modes of the vibrating structure as well 
as for various locations of the SHM energy harvester. One 
can note that, for this specific configuration, the optimum 

load seems to decrease with  the frequency increasing. The 
maximum of power also depends of the level of deformation 
at the different natural frequencies. As an example, at 110Hz 
and 355Hz, the maximum power that can be harvested are 
6.8mW and 3.5mW , respectively. 

 
Figure 12.  Optimum resistive load and maximum power for the structure 
natural modes 

6. Conclusions  
In this paper, a novel technical solution has been proposed 

to obtain a self-powered SHM system for aeronautical 
applications. This system has a double functionality since it 
carries out, with a single p iezoelectric SHM transducer both 
the SHM tasks and the vibrational energy harvesting.  

The energy harvesting process of this autonomous SHM 
system has been completely modelled using an innovative 
Bond Graph approach. The Bond Graph approach has been 
chosen since it is particularly well suited to study the power 
and energy transfer within a multiphysics system. The three 
steps of the energy harvesting process have been modelled. 
First, the structural mechanical vibrat ions of the plate have 
been determined. Then, the piezoelectric electromechanical 
conversion submodel provided the energy harvester voltage 
response to the displacements applied by the vibrating 
structure. Finally, thanks to the Bond Graph capabilities, the 
power harvested and transferred to a resistive load has been 
evaluated. A baseline FEM model has been used to verify the 
accuracy of the mechanical vibration modelling as well as 
the SHM energy harvester voltage response. Good 
correlations have been found for both submodels.  

With this complete model, the full energy harvesting 
process has been represented analytically. One can know, for 
a natural mode of the plate and for a mechanical excitation, 
the level of power that can be harvested by a SHM 
piezoelectric energy harvester. This modelling can lead to 
numerous applications like comparison between different 
types of piezoelectric materials, different shapes of energy 
harvesters and different kinds of terminal load. One can also 
determine what frequencies are potentially supposed to 
provide enough mechanical energy to be harvested. This 
model can consequently be used to optimize the location of 
the SHM energy harvester and the material to be used. 
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The future objectives are to focus on other kinds of 
mechanical v ibrations, not only at the structure resonant 
frequencies. Other energy harvester shapes will be tested. 
The work on the loading circuit will be continued to improve 
the power harvested level.  

Nomenclature 
• ΩP : volume of the piezoelectric transducer, 
• ΓP: surface of the piezoelectric transducer, 
• LP = LM − Lm : length of the piezoelectric transducer, 
• WP = WM − Wm : width of the piezoelectric transducer, 
• TP: thickness of the piezoelectric t ransducer, 
• LS : length of the mechanical structure,  
• WS : width of the mechanical structure, 
• TS: thickness of the mechanical structure, 
• Fshaker : input excitation force applied on the structure 

to generate vibrations, 
• ui

S : resulting displacement field at the top surface of the 
structure, 
• Fi

P : resulting force components applied to the 
piezoelectric t ransducer, 
• vi

P: corresponding velocity components applied to the 
piezoelectric t ransducer, 
• ui

P : resulting displacement field applied to the 
piezoelectric t ransducer within its volume, 
• VP: voltage exhib ited by the piezoelectric transducer, 
• iP: corresponding current flowed by the piezoelectric 

transducer, 
• VL : voltage applied to a resistive load, 
• iL : corresponding current flowed to the resistive load, 
• EP  : electrical field, 
• D P: electrical displacement, 
• T P : mechanical stress applied to the piezoelectric 

transducer, 
• SP : mechanical strain, 
• h: p iezoelectric matrix, 
• CD  : stiffness matrix measured with open circuit, 
• βS :impermittivity matrix at constant strains, 
• εT : permittivity matrix at constant stress, 
• Sij

P : mechanical strain components, 
• CS : static capacitance of the piezoelectric t ransducer, 
• ri : TF elements modelling the electromechanical 

conversion in the i-d irection, 
• x1 ,0 , x2 ,0 : coordinates of the force application, 
• ρ: density of the mechanical structure (aluminium), 
• E : Young modulus of the mechanical structure 

(aluminium), 
• υ : Po isson coefficient of the mechanical structure 

(aluminium), 
• vouble Lap lacian operator 

∇4= Δ2 =
∂4

∂x1
4 + 2

∂4

∂x1
2 ∂x2

2 +
∂4

∂x2
4  

• Bending stiffness:  

D =
E (TS )3

12(1 − ν)
 

• Natural pulsation:  

ωmn = �
Kmn

Mmn
= �

D
ρTS

��
mπ
LS
�

2
+ �

nπ
WS

�
2
� 

• Modal deformation : 
ϕmn (x1, x2 ) = sin �

mπ
LS

x1� sin�
nπ
WS

x2 � 

• Damping factor: 𝜀𝜀𝑚𝑚𝑚𝑚 , fixed at 0.01 for a standard 
mechanical system 
• Generalized mass:  

Mmn = ρTS � � ϕmn
2 (x1, x2 )dx1dx2 =  

ρTS LS WS

4

WS

0

LS

0
 

• Modal force:  

Fmn
shaker (t) = � � Fshaker (t) δ�x1 − x1 ,0�

WS

0

LS

0

δ�x2 − x2,0�ϕmn (x1, x2) dx1 dx2

=  Fshaker (t) sin�
m π x1,0

LS
� sin�

n π x1,0

WS
�

 

• Efficiency of the rectifier bridge 

η =
PAC

PDC
 

• PDC: DC output power, 
• PAC: AC input power. 
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